
Measuring Economic Growth with Many Signals

Supplemental Appendix

1 Proofs

1.1 Proof of Proposition 1

Proof. Given the model, Assumption 1 implies that we then are able to estimate the γk as follows:

γ2 =
cov(x2, x3)

cov(x1, x3)
=

γ2γ3var(x
∗)

γ3var(x∗)

σ2
x∗ = cov(x1, x2)/γ2 =

cov(x1, x2)cov(x1, x3)

cov(x2, x3)

γk =
cov(xk, x1)

σ2
x∗

=
γkvar(x

∗)

σ2
x∗

, k = 3, ...,K.

The normalization condition in Assumption 2 implies that the means of the errors can be estimated

as follows:

E[x∗] = E[x1]

E[ε] = E[x]− γE[x∗]

= E[x]− γE[x1]

The linear combination of the measurements to approximate the latent x∗ is defined as

x̂∗(λ) ≡ λ0 + (λ1, λ2, ..., λK)(x1, x2, ..., xK)T

≡ λ0 + λT
1 x.

We pick λ to minimize the mean squared error as follows:

λblue = argmin
λ

E[λ0 + λT
1 x− x∗]2. (13)

The first order condition with respect to λ0 follows:

E[λ0 + λT
1 x− x∗] = 0,
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which implies

λ0 = −λT
1 E[x] + E[x∗], (14)

and

x̂∗(λ) = λ0 + λT
1 x

= −λT
1 E[x] + E[x∗] + λT

1 (γx
∗ + ε)

= −λT
1 E[γx∗ + ε] + E[x∗] + λT

1 (γx
∗ + ε)

= E[x∗] + λT
1 (γx

∗ + ε− E[γx∗ + ε])

= E[x∗] + λT
1 γ(x

∗ − E[x∗]) + λT
1 (ε− E[ε])

= x∗ + (λT
1 γ − 1)(x∗ − E[x∗]) + λT

1 (ε− E[ε]).

The mean squared error can be simplified as follows:

E[x̂∗(λ)− x∗]2 = (λT
1 γ − 1)2σ2

x∗ + λT
1 V (ε)λ1

= (λ̄T
1 1− 1)2σ2

x∗ + λ̄T
1 Γ

−1V (ε)Γ−1λ̄1

≡ (λ̄T
1 1− 1)2σ2

x∗ + λ̄T
1 V̄ λ̄1

where Γ = diag{γ1, γ2, ..., γK} and λ̄1 = Γλ1.

Part (i): MSE-optimal (bias-allowing) case. We minimize

E[x̂∗(λ)− x∗]2 = (λT
1 γ − 1)2σ2

x∗ + λT
1 V λ1

over λ1 without any constraint. The first-order condition is

∂

∂λ1

[
(λT

1 γ − 1)2σ2
x∗ + λT

1 V λ1

]
= 2(λT

1 γ − 1)σ2
x∗γ + 2V λ1 = 0.

Letting c := 1− λT
1 γ, this rearranges to V λ1 = cσ2

x∗γ, so

λmse
1 = c σ2

x∗ V −1γ.

Premultiplying by γT gives γTλmse
1 = c σ2

x∗γTV −1γ = 1− c, which yields

c =
1

1 + σ2
x∗γTV −1γ

, λmse
1 =

σ2
x∗ V −1γ

1 + σ2
x∗γTV −1γ

.

Substituting into λ0 = E[x1]− λT
1 E[x] gives the predictor

x̂∗(λmse) =
σ2
x∗

1 + σ2
x∗γTV −1γ

γTV −1(x− E[x]) + E[x1].
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The minimum mean squared error follows by substituting λmse
1 back into the decomposition. With

λT
1 γ − 1 = −c and λT

1 V λ1 = c2σ4
x∗γTV −1γ,

E[x̂∗(λmse)− x∗]2 = c2σ2
x∗ + c2σ4

x∗γTV −1γ = c2σ2
x∗(1 + σ2

x∗γTV −1γ)

=
σ2
x∗

1 + σ2
x∗γTV −1γ

.

Part (ii): BLUE (unbiased) case. If we additionally require the linear approximation to have condi-

tional mean equal to the latent variable, i.e., E[x̂∗(λ)|x∗] = x∗ whenever the errors are conditional

mean independent of x∗, then we impose λ̄T
1 1 = 1. Define

Λ := {λ : λT
1 γ = 1;λ0 = −λT

1 E[x] + E[x1]}.

We pick λ or λ̄ to minimize the mean squared errors as follows:

λblue = argmin
λ∈Λ

E[x̂∗(λ)− x∗]2 (15)

or

λ̄blue
1 = arg min

λ̄T
1 1=1

λ̄T
1 V̄ λ̄1 (16)

The first-order condition of this minimization problem with the Lagrange multiplier δ

∂

∂λ1
[λ̄T

1 V̄ λ̄1 + δ(1− 1T λ̄1)] = 2V̄ λ̄1 − δ1 = 0

λ̄1 = V̄ −1 × 1× δ/2

With λ̄T
1 1 = 1, we have

δ =
2

1T × V̄ −1 × 1

λ̄1 =
V̄ −1 × 1

1T × V̄ −1 × 1

λ1 = Γ−1λ̄1 =
1

γTV −1γ
V −1γ

We may then solve for λ0 as follows

λ0 = −λT
1 E[x] + E[x∗]

= −λT
1 E[x] + E[x1]
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That means

x̂∗(λblue) = λ0 + λT
1 x

= −λT
1 E[x] + E[x1] + λT

1 x

=
1

γTV −1γ
γTV −1(x− E[x]) + E[x1]

Notice that the variance-covariance matrix V

V (ε) =



σ2
1 0 0 0 ... 0

0 σ2
2 0 σ24 ... σ2K

0 0 σ2
3 σ34 ... σ3K

0 σ42 σ43 σ2
4 ... σ4K

...
...

...
... ...

...

0 σK2 σK3 σK4 ... σ2
K=K


can be directly estimated as follows:

σ2
x∗ =

cov(x1, x2)cov(x1, x3)

cov(x2, x3)

σjk = cov(xj , xk)− γjγkσ
2
x∗

σ2
k = σkk

1.2 Proof of Proposition 2

Proof. We have V = UTDU where UTU = I and D := diag{ς21 , ς22 , ..., ς2K} is a diagonal matrix

containing all the eigenvalues of V with ς21 ≥ ς22 ≥ ... ≥ ς2K > 0. Based on the results in Proposition

1, the minimum mean squared error can written as

E[x̂∗(λblue)− x∗]2 = E[λT
1 (ε− E[ε])]2

= λT
1 V λ1

=

(
1

γTV −1γ

)2

(V −1γ)TV V −1γ

=
(
γTV −1γ

)−1

4



With a diagonal V = UTDU and K → ∞, we have

E[x̂∗(λblue)− x∗]2 =
(
γTV −1γ

)−1

=
(
γTUTD−1Uγ

)−1

≤
(

1

(ς2K)−1γTUTUγ

)
=

(
1

(ς2K)−1γTγ

)
=

(
ς2K∑K
k=1 γ

2
K

)

= O

(
K−β∑K
k=1 k

−2α

)

The results then follow.

1.3 Proof of Proposition 3

Proof. The BLUE linear approximation is

x̂∗(λ̂blue
N ) =

1

γ̂T V̂ −1γ̂
γ̂T V̂ −1(x− x̄) + x̄1

≡
K∑
k=0

λ̂k,N × xk

where x0 ≡ 1. Our goal is to show the mean square convergence of x̂∗n(λ), i.e.,

lim
N→∞

E[x̂∗(λ̂)− x̂∗(λ)]2 = 0.

We consider a plug-in estimator as follows:

λ̂k,N ≡ Gk(x̄1, ..., x̄K ,

∑N
i=1 x1,ix1,i

N
, ...,

∑N
i=1 x1,ixK,i

N
, ...,

∑N
i=1 xK,ixK,i

N
)

≡ Gk(µ̂)

where µ̂ is a (K×(K+3)
2 ) by 1 vector of all the sample averages 1

N

∑N
i=1 xj,ixk,i for j ≥ k and

j, k = 0, 1, ...,K. Let µ = Eµ̂. Notice that λk = Gk(µ). Similarly, we may define λ0 = G0(µ).

Although Gk are complicated, it is a known analytic function over the real line.

We define the remaining term in a Taylor expansion as follows:

ek,N ≡ λ̂k,N (µ̂)− λk −
∂Gk(µ)

∂µT
(µ̂− µ).
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We have

E|x̂∗(λ̂blue
N )− x̂∗(λblue)|2 = E

∣∣∣∣∣
K∑
k=0

[(λ̂k,N − λk)xk

∣∣∣∣∣
2

≤ E

[(
K∑
k=0

∣∣∣∣∂Gk(µ)

∂µT
(µ̂− µ) + ek,N

∣∣∣∣2
)(

K∑
k=0

|xk|2
)]

≤ 2E

[(
K∑
k=0

∣∣∣∣∂Gk(µ)

∂µT
(µ̂− µ)

∣∣∣∣2 + K∑
k=0

|ek,N |2
)(

K∑
k=0

|xk|2
)]

≤ 2E

[(
K∑
k=0

∣∣∣∣∂Gk(µ)

∂µT
(µ̂− µ)

∣∣∣∣2
)(

K∑
k=0

|xk|2
)]

+2E

[(
K∑
k=0

|ek,N |2
)(

K∑
k=0

|xk|2
)]

(17)

The first term in Equation (17) is

E

[(
K∑
k=0

∣∣∣∣∂Gk(µ)

∂µT
(µ̂− µ)

∣∣∣∣2
)(

K∑
k=0

|xk|2
)]

≤

E( K∑
k=0

∣∣∣∣∂Gk(µ)

∂µT
(µ̂− µ)

∣∣∣∣2
)2

E

(
K∑
k=0

|xk|2
)2
1/2

=

E
 K∑

k=0

∣∣∣∣∣∣∣
K(K+3)

2∑
j=1

∂Gk(µ)

∂µj
(µ̂j − µj)

∣∣∣∣∣∣∣
2

2

E

(
K∑
k=0

|xk|2
)2


1/2

≤

E
 K∑

k=0

K(K + 3)

2

K(K+3)
2∑

j=1

∣∣∣∣∂Gk(µ)

∂µj
(µ̂j − µj)

∣∣∣∣2


2

E

(
K∑
k=0

|xk|2
)2

1/2

≤ K(K + 3)

2

K(K + 1)(K + 3)

2
E

 K∑
k=0

K(K+3)
2∑

j=1

∣∣∣∣∂Gk(µ)

∂µj
(µ̂j − µj)

∣∣∣∣4
E

(
K∑
k=0

|xk|2
)2

1/2

≤ K(K + 3)

2

(K(K + 1)(K + 3)

2

)2

E

(
max

0≤k≤K;1≤j≤K(K+3)
2

∣∣∣∣∂Gk(µ)

∂µj
(µ̂j − µj)

∣∣∣∣4
)
E

(
K∑
k=0

|xk|2
)2
1/2
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and

≤ K(K + 3)

2

K(K + 1)(K + 3)

2

E( max
0≤k≤K;1≤j≤K(K+3)

2

∣∣∣∣∂Gk(µ)

∂µj
(µ̂j − µj)

∣∣∣∣4
)
E

(
K∑
k=0

|xk|2
)2
1/2

≤ O(K5)

[
E

(
max

0≤k≤K;1≤j≤K(K+3)
2

∣∣∣∣∂Gk(µ)

∂µj
(µ̂j − µj)

∣∣∣∣4
)
(K + 1)E

(
K∑
k=0

|xk|4
)]1/2

≤ O(K5)

[
E

(
max

0≤k≤K;1≤j≤K(K+3)
2

∣∣∣∣∂Gk(µ)

∂µj
(µ̂j − µj)

∣∣∣∣4
)
(K + 1)2E

(
max

0≤k≤K
|xk|4

)]1/2

≤ O(K5)(K + 1)

[
E

(
max

0≤k≤K;1≤j≤K(K+3)
2

∣∣∣∣∂Gk(µ)

∂µj
(µ̂j − µj)

∣∣∣∣4
)
E

(
max

0≤k≤K
|xk|4

)]1/2

≤ O(K6)

[
E

(
max

0≤k≤K;1≤j≤K(K+3)
2

∣∣∣∣∂Gk(µ)

∂µj
(µ̂j − µj)

∣∣∣∣4
)
E

(
max

0≤k≤K
|xk|4

)]1/2

≤ O(K6)

[
E

(
max

0≤k≤K;1≤j≤K(K+3)
2

∣∣∣∣∂Gk(µ)

∂µj
(µ̂j − µj)

∣∣∣∣4
)
(K + 1)

(
max

0≤k≤K
E|xk|4

)]1/2

≤ O(K6.5)

[
E

(
max

0≤k≤K;1≤j≤K(K+3)
2

∣∣∣∣∂Gk(µ)

∂µj
(µ̂j − µj)

∣∣∣∣4
)(

max
0≤k≤K

E|xk|4
)]1/2

The second last step uses the fact that maxi |Zi| ≤
∑

i |Zi|.Assumption 5 guarantees max0≤k≤K E|xk|4 <
∞. We consider the first-order term

∂Gk(µ)

∂µj
(µ̂j − µj) ≡

1

N

N∑
i=1

∂Gk(µ)

∂µj
(xk,ixl,i − E(xk,ixl,i))

where µj corresponds to E(xk,ixl,i) in vector µ. Notice that the expression above has a zero mean

and Gk is a real analytic function. Assumption 5 implies for each k

E

∣∣∣∣∂Gk(µ)

∂µj
(xk,ixl,i − E(xk,ixl,i))

∣∣∣∣4 ≤ 4!

2
M2.

holds for a finite M . Bernstein’s inequality (Corollary 14.1 in Bühlmann and Van De Geer (2011)
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) then implies that

E

(
max

0≤k≤K;1≤j≤K(K+3)
2

∣∣∣∣∂Gk(µ)

∂µj
(µ̂j − µj)

∣∣∣∣4
)

=

(√
2 ln(K(K + 1)(K + 3))

N
+

M ln(K(K + 1)(K + 3))

N

)4

= O

(
(lnK)2

N2

)

Thus the first term in Equation (17) is bounded as follows:

E

[(
K∑
k=0

∣∣∣∣∂Gk(µ)

∂µT
(µ̂− µ)

∣∣∣∣2
)(

K∑
k=0

|xk|2
)]

= O(K6.5)O

(
lnK

N

)
= O

(
K6.5 lnK

N

)

We then consider the second term in Equation (17):

E|x̂∗(λ̂blue
N )− x̂∗(λblue)|2

≤ 2E

[(
K∑
k=0

∣∣∣∣∂Gk(µ)

∂µT
(µ̂− µ)

∣∣∣∣2
)(

K∑
k=0

|xk|2
)]

+2E

[(
K∑
k=0

|ek,N |2
)(

K∑
k=0

|xk|2
)]

= O

(
K6.5 lnK

N

)
+ 2E

[(
K∑
k=0

|ek,N |2
)(

K∑
k=0

|xk|2
)]

≤ O

(
K6.5 lnK

N

)
+ 2

E( K∑
k=0

|ek,N |2
)2

E

(
K∑
k=0

|xk|2
)2
1/2

≤ O

(
K6.5 lnK

N

)
+ 2

[
(K + 1)E

(
K∑
k=0

|ek,N |4
)
(K + 1)E

(
K∑
k=0

|xk|4
)]1/2

≤ O

(
K6.5 lnK

N

)
+ 2

[
(K + 1)2E

(
max

0≤k≤K
|ek,N |4

)
(K + 1)2E

(
max

0≤k≤K
|xk|4

)]1/2
= O

(
K6.5 lnK

N

)
+O(K2)

[
E

(
max

0≤k≤K
|ek,N |4

)
E

(
max

0≤k≤K
|xk|4

)]1/2
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Again, we use

E

(
max

0≤k≤K
|ek,N |4

)
≤ (K + 1)

(
max

0≤k≤K
E|ek,N |4

)

E

(
max

0≤k≤K
|xk|4

)
≤ (K + 1)

(
max

0≤k≤K
E|xk|4

)
Therefore,

E|x̂∗(λ̂blue
N )− x̂∗(λblue)|2.

≤ O

(
K6.5 lnK

N

)
+O(K2)

[
(K + 1)

(
max

0≤k≤K
(E|ek,N |4)1/4

)4

(K + 1)

(
max

0≤k≤K
E|xk|4

)]1/2

≤ O

(
K6.5 lnK

N

)
+O(K3)

(
max

0≤k≤K
(E|ek,N |4)1/4

)2(
max

0≤k≤K
E|xk|4

)1/2

We have shown max0≤k≤K E|xk|4 < ∞. The second term is negligible when it converges faster

than the leading term so that

max
0≤k≤K

(E|ek,N |4)1/4 = o

(√
K6.5−3 lnK

N

)

which is implied by Assumption 5.

Finally, we have

E|x̂∗(λ̂blue
N )− x̂∗(λblue)|2 = O

(
K6.5 lnK

N

)
.

That leads to

E[x̂∗(λ̂blue
N )− x∗]2 = E[x̂∗(λ̂blue

N )− x̂∗(λblue) + x̂∗(λblue)− x∗]2

≤ 2E[x̂∗(λ̂blue
N )− x̂∗(λblue)]2 + 2E[x̂∗(λblue)− x∗]2

= O

(
K6.5 lnK

N

)
+O

(
K−β∑K
k=1 k

−2α

)

1.4 Proof of Proposition 4

Proof. Let us denote σ2
∗|23 := Var(x∗ | x2, x3) = E

[
(x∗ − E[x∗ | x2, x3])2

]
for the smallest mean

squared error in predicting x∗ from (x2, x3) alone, and σ2
1 := Var(ε1). Recall x1 = x∗ + ε1, and

that by Corollary 1 each generated measurement xa = h(x2, x3) satisfies cov(ε1, xa) = 0.
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First, we show the MSE-optimal limit equals the oracle bound. By Corollary 1, under Assump-

tions 1, 2 and equation (5) the augmented system {x1, x2, x3, h1, . . . , hKd
} satisfies Proposition 1

for every d. The MSE-optimal combination is the L2 projection of x∗ onto the closed linear span

Hd := span{1, x1, x2, x3, h1, . . . , hKd
}, so

E
[
x̂∗(λmse

Kd
)− x∗

]2
=
∥∥x∗ − PHd

x∗
∥∥2,

where PHd
is orthogonal projection and ∥ · ∥2 = E[(·)2]. The subspaces are nested and increasing;

since polynomials are dense in L2(x2, x3) and the sieve contains no powers of x1, their closure is

H∞ =
{
b x1 + g(x2, x3) : b ∈ R, g ∈ L2(x2, x3)

}
.

Orthogonal projections onto an increasing sequence of closed subspaces converge strongly to the

projection onto the closure of their union, so ∥x∗ − PHd
x∗∥2 ↓ ∥x∗ − PH∞x∗∥2. To evaluate the

limit, minimize E
[
(x∗− b x1−g(x2, x3))

2
]
over b ∈ R and g ∈ L2(x2, x3). Substituting x1 = x∗+ε1

and using equation (5), which makes ε1 mean-independent of (x∗, x2, x3) and hence orthogonal to

(1− b)x∗ − g(x2, x3), the objective separates:

E
[
(x∗ − b x1 − g)2

]
= E

[(
(1− b)x∗ − g(x2, x3)

)2]
+ b2σ2

1.

For fixed b the inner minimizer is g = (1− b)E[x∗ | x2, x3], leaving (1− b)2σ2
∗|23 + b2σ2

1; minimizing

over b gives ∥∥x∗ − PH∞x∗
∥∥2 = ( 1

σ2
1
+ 1

σ2
∗|23

)−1
,

attained by x̂∗∞ = b⋆x1 + (1 − b⋆)E[x∗ | x2, x3] with b⋆ = σ2
∗|23/(σ

2
∗|23 + σ2

1). Under the affine

restriction (7), E[x∗ | x1, x2, x3] has the form b x1 + g(x2, x3) and therefore coincides with x̂∗∞;

hence ∥x∗ − PH∞x∗∥2 = Var(x∗ | x1, x2, x3) = O, which establishes (8).

Second, we show that the sufficient condition implies (7). Under the stated Gaussianity, condi-

tional on (x2, x3) we have a Gaussian location model with prior x∗ ∼ N
(
E[x∗ | x2, x3], σ2

∗|23
)
and

one observation x1 = x∗ + ε1, ε1 ∼ N (0, σ2
1) independent. The posterior is Gaussian with mean

b⋆x1 + (1 − b⋆)E[x∗ | x2, x3]—affine in x1—and constant variance
(
1/σ2

1 + 1/σ2
∗|23
)−1

. Thus (7)

holds with β = b⋆, and Var(x∗ | x1, x2, x3) =
(
1/σ2

1 + 1/σ2
∗|23
)−1

= O.

Lastly, the BLUE limit derives from the relationship in equation (4). Applying it to the degree-d

system and writing Pd := γTKd
V −1
Kd

γKd
for its precision, (4) reads

1

E[x̂∗(λmse
Kd

)− x∗]2
=

1

σ2
x∗

+ Pd =
1

σ2
x∗

+
1

E[x̂∗(λblue
Kd

)− x∗]2
,

so that
1

E[x̂∗(λblue
Kd

)− x∗]2
=

1

E[x̂∗(λmse
Kd

)− x∗]2
− 1

σ2
x∗
.
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Letting d → ∞ and substituting the limit (8),

lim
d→∞

1

E[x̂∗(λblue
Kd

)− x∗]2
=

1

O
− 1

σ2
x∗

=
σ2
x∗ −O

σ2
x∗ O

,

which is positive because O < σ2
x∗ . Inverting gives limd→∞E[x̂∗(λblue

Kd
) − x∗]2 = σ2

x∗O/(σ2
x∗ − O),

and this exceeds O since σ2
x∗/(σ2

x∗ −O) > 1. This proves (9).
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