IMPLEMENTING RANDOM ASSIGNMENTS, PART I: A
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ABSTRACT. The Birkhoff-von Neumann Theorem shows that any bistochastic matrix
can be written as a convex combination of permutation matrices. In particular, in a
setting where n objects must be assigned to n agents, one object per agent, any random
assignment matrix can be resolved into a deterministic assignment in accordance with
the specified probability matrix. We generalize the theorem to accommodate constraints
encountered in many real-life market design problems. Specifically, the theorem can be
extended to any environment in which the set of constraints can be partitioned into
two hierarchies. Further, we show that this bihierarchy structure constitutes a maximal
domain for the theorem, and we provide a constructive algorithm for implementing a
random assignment under bihierarchical constraints. We provide several applications,
including (i) single-unit random assignment, such as school choice; (ii) multi-unit ran-
dom assignment, such as course allocation and fair division; and (iii) two-sided matching
problems, such as the scheduling of inter-league sports matchups. The same method
also finds applications beyond economics, generalizing previous results on the minimize

makespan problem in the computer science literature.

KeEywoRrDs: Birkhoff-von Neumann Theorem, Market Design, Random Assignment,
Probabilistic Serial, Utility Guarantee, Makespan, Maximal Domain, Fair Allocation,

Santa Claus Problem, Optimal Assignment, Assignment Auction.

1. INTRODUCTION

A prevalent allocation problem facing an organization is to assign agents to indivisible
objects. Examples range from the allocation of slots in public schools, to the assignment
of tasks within an organization, to the allocation of course seats or dormitory rooms at

universities, to the allocation of organs amongst patients needing transplants. In many
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such problems, monetary transfers are impractical or undesirable or outright illegal, so
they are not used. Introducing randomness in the assignment then becomes crucial for
ensuring fairness, for assignment of potentially heterogeneous objects can be very unfair,
no matter how it is done. Randomization over different assignments can help to “even
things out.”

This paper answers a fundamental question in such market design problems: what ran-
dom assignments can be implemented (and how)." To motivate the conceptual difficulty,
consider a random assignment in which three agents {1, 2,3} are assigned to three objects

{a, b, c} according to the following matrix:

0.5 05 0
P=10 05 05
05 0 0.5

where entry P, represents the probability that agent 7 is assigned to object a. If we resolve
each agent’s lottery independently, we might allocate some object to two agents while
some other object goes unallocated, violating feasibility. To be feasible, whenever agent 1
receives object a, she cannot have anything else, so b should be assigned to agent 2, which
in turn implies agent 3 must receive c. Likewise, whenever agent 1 does not receive object
a, she must receive b, and a and ¢ must go to agents 3 and 2, respectively. Consequently,
random assignment is resolved by choosing the assignments (1 — a,2 — b,3 — ¢) and
(1 = b,2 — ¢,3 — a) with equal probabilities.

As the above example illustrates, implementation of a given random assignment requires
resolving uncertainty in a way that judiciously correlates assignments across agents. The
precise method for correlating one agent’s allocation to another’s is not always obvious
from the random assignment itself, and whether a method can be found to implement
every arbitrary random assignment is unclear. The celebrated Birkhoff-von Neumann
theorem (Birkhoff (1946); von Neumann (1953)) provides an answer for this simple setting,.

2 can be expressed as a convex combination of

It shows that any bistochastic matrix
permutation matrices, i.e., bistochastic matrices each containing only zeros or ones as
entries. This ensures that any random assignment can be implemented in the single-unit
assignment setting, in which the number of agents equals the number of objects, and

agents have unit demand. The theorem has proved useful in two important market design

!Through, we use the term “implementation” for the particular purpose described here; in particular,

the term will not used to mean “satisfying incentive compatibility,” as is often used in the literature.
2A square matrix is bistochastic if (i) all entries are between 0 and 1 inclusive, and (ii) all rows and

columns sum to one.
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algorithms, namely the pseudo-market mechanism by Hylland and Zeckhauser (1979) and
more recently the probabilistic serial mechanism by Bogomolnaia and Moulin (2001).

Many real world assignment problems, however, include features and constraints that
are not accommodated by the Birkhoff-von Neumann theorem (indeed, despite their the-
oretical appeal, we are not aware of either the pseudo-market mechanism or the prob-
abilistic serial mechanism ever being used in practice). Two useful generalizations are
straightforward to handle. First, in many allocation problems it is acceptable for some
agents or objects to remain unassigned; for instance, in the (public) school choice prob-
lem, some students may exit the system, opting for a private school. Second, some agents
might consume multiple units; for instance, in the course-allocation problem, students
seek a schedule consisting of multiple courses. The first generalization can be accomo-
dated easily by introducing a “null” object, which represents the option of not receiving
any proper object. The second is only slightly more complicated.

Other constraints are more challenging to deal with. One difficult problem occurs when
different groups of agents must be treated differently in the assignment. For instance,
schools may wish to seek balance between the genders, or may require that the number of
students of a certain racial, ethnic, geographic or income group may not exceed and /or fall
short of some target quota. Another difficult problem occurs when the supply of objects is
not exogenously fixed but rather produced endogenously according to some technological
constraint. This feature arises when a public school authority wishes to install multiple
school programs in one building and the relative sizes of these programs can be changed,
but the total number of students in these programs is constrained by the building size. In
multi-unit assignment problems such as course allocation, agents might have constraints
on the kinds of objects they are able to consume. For instance, a student might have
a preference to take no more than a certain number of courses in a particular subject
matter, or be required to take at least a certain number.

These are just a few well-known examples of constraints that are not readily accommo-
dated by the Birkhoff-von Neumann Theorem. There are many other similar examples.
It is thus useful to extend the theorem beyond the original one-to-one setting.

We generalize the Birkhoff-von Neumann theorem in two directions. First, we allow for
the number of agents to differ from the number of objects, and for the supply of objects
and agents’ demands for them to take any integer amount, positive or negative (a negative
integer is interpreted as supply by that agent of the object in question). Accordingly, the
notion of a random assignment is generalized to allow for any real (positive or negative)

values for the entries of the associated matrix.
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The second direction is in terms of the kinds of constraints we accommodate. In prin-
ciple, it is possible to define constraints on any subset of entries in the matrix. The
Birkhoff-von Neumann theorem allows for just two kinds of constraints: constraints on
whole rows of the matrix (the number of objects an agent consumes), and constraints
on whole columns of the matrix (the number of times an object is allocated). We allow
for constraints to be placed on arbitrary subsets of the matrix, and we allow for both
floor and ceiling constraints, not necessarily equal to each other as in the Birkhoff-von
Neumann theorem. What we require is that the set of constraint sets can be partitioned
into two hierarchies; that is, for any pair of sets in the same hierarchy, either they are
disjoint or one set is a subset of the other. Under this bihierarchy structure, we show
that any generalized random assignment matrix can be expressed as a convex combination
of integer-valued matrices satisfying all the constraints on the sets in the two hierarchies.
This means that as long as the subsets of entries that are subject to quota constraints
form a bihierarchical structure and the quota ceilings/floors are integer-valued, any ran-
dom assignment satisfying these constraints can be implemented by conducting a lottery
over non-random assignments each of which satisfies all the constraints. Moreover, we pro-
vide a constructive algorithm for implementing random assignments under bihierarchical
constraints.

The above extension is the most general statement to our knowledge and accommodates
all kinds of real-world constraints we discussed above. Furthermore, we show that ours
is the most general statement possible subject to some technical conditions. That is, if
the desired constraints do not form a bihierarchy, then there exists a random assignment
that satisfies all the constraints but cannot be implemented by a lottery over outcomes
each of which satisfies the constraints.

We believe that our generalization of the Birkhoff-von Neummann theorem will find
a wide variety of applications in mechanism design (and that the “necessity” result will
facilitate the understanding of what kinds of random mechanisms are not possible). In
this paper we discuss two distinct ways to use the bihierarchical structure to yield new
design possibilities.

The first kind of application involves extending some known mechanisms that require
the Birkhoff-von Neumann theorem for implementation to accommodate real-life con-
straints mentioned above. To motivate, consider assignment problems such as school
choice, or housing or office allocation, where one agent is assigned to one object. This

problem is commonly handled by a procedure known as the random priority mechanism
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(RP). A priority mechanism is a deterministic mechanism in which agents choose their fa-
vorite remaining objects one at a time according to an exogenously specified priority order.
In the random priority mechanism, agents are randomly ordered with equal probability
and then the priority mechanism is conducted according to the realized order. Because
the randomization rule is specified by the mechanism itself, RP can be conducted without
the Birkhoff-von Neumann theorem and can be easily made to accommodate such features
as group-specific quotas and/or flexible capacity constraints. (For example, suppose an
agent reaches her turn to choose; if the group quota of her favorite remaining object has
been already filled, then the object can be made simply unavailable to her.)

One problem with RP, though, is that the assignment it produces is inefficient ex
ante in the sense that all agents can be made better off by another assignment that
increases their chances of obtaining more preferred objects (the nature of inefficiency will
be explained more formally later.) An influential recent paper by Bogomolnaia and Moulin
(2001) proposes a mechanism called probabilistic serial (PS), which eliminates the form
of inefficiencies under RP.? Despite this advantage, we are not aware of any incidences
where PS has ever been used in practice. PS directly produces a random assignment in
response to agents’ reports of their preferences, so it requires the Birkhoff-von Neumann
theorem for implementation. One practical issue with PS is whether, given its reliance on
Birkhoff-von Neumann theorem, the mechanism can be adapted to accommodate the kinds
of real-life constraints mentioned above. We suggest one possible adaptation of PS that
handles general bihierarchical constraints and can be implemented by our generalization
of Birkhoff-von Neumann theorem.

In our second application, we show how our method can be used to implement any
random assignment in a way that guarantees that agents’ utilities are always “close” to the
(expected) utility associated with the random assignment. This result is of course vacuous
in the context of single-unit assignment. But it can be quite powerful in the context of
multi-unit resource allocation problems such as course allocation, task assignment, and
the fair division of estates. One attractive method for solving such problems is to treat
objects as “divisible” and solve for an optimal fractional (random) assignment. The
difficulty is that there are many ways to resolve a given random assignment, some of

which could entail an outcome quite different from the original random assignment. For

3RP is strategyproof in any market, whereas PS is strategyproof only in an ordinal sense; namely, no
agent under that mechanism can do strictly better by lying in the sense of first-order stochastic dominance
(Bogomolnaia and Moulin 2001). In large finite markets PS becomes strategyproof (Kojima and Manea
2008).
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instance, suppose in the context of course allocation that under an attractive divisible-
goods allocation procedure some student receives a fractional assignment in which he has
a one-half probability of obtaining each of twenty courses, ten of which are “good” and
ten of which are “bad.” The only constraint is that he receive ten courses overall. One
way to resolve this lottery would be to give the agent a one-half chance of obtaining all
ten good courses and a one-half chance of obtaining all ten bad courses. This resolution
exposes the agent to substantial risk. We propose a method to avoid such resolution of
uncertainty. The idea is to “impose” artificial new constraints in a way that bounds the
extent to which each agent’s utility can vary over different resolutions of the (artificially
constrained) random assignment. We add different constraints for different agents in a
way that depends on their preferences, and use the generalized Birkhoff-von Neumann
theorem to ensure that the resulting artificially constrained random assignment can be
implemented.

Our framework lends itself to extension to the two-sided matching setting in which
both sides of the market are agents. This can be done by interpreting the object side as
another set of agents. The utility guarantee can then be readily adapted to a two-sided
matching problem: starting with any random matching, we can find an exact matching
that always gives the agents on both sides realized utilities that are similar to those they
expect from the random matching. This method can be used to design a fair schedule of

inter-league matchups in sports scheduling or a fair speed-dating mechanism.

Related Literature. The paper extends the Birkhoff-von Neumann Theorem due to
Birkhoff (1946) and von Neumann (1953). Extensions of this theorem have been obtained
by Watkins and Merris (1974), Lewandowski, Liu, and Liu (1986) and de Werra (1984),
among others. All these results are special cases of this paper. (***to be expanded™**)
In a precursor to our work, Milgrom (2008) extends the Shapley-Shubik model of match-
ing by introducing a particular bihierarchy of constraints to describe substitution possibil-
ities among various goods. He shows that a competitive equilibrium in integer assignments
exists, that the bihierarchy constraints describe goods that are substitutes (no complemen-
tarities), and that certain constraints must form a hierarchy for certain results, including

(*** give more discussion? ***)

Kokok

the substitutes property, to be satisfied generally.

K write about the literatures on application (PS, course allocation, etc.)

2. SETUP

An environment is a tuple £ = (N, O, H, ¢) where N and O are sets of objects and
agents where |O],|N| > 2, H C 2¥*9 is a set of subsets from N x O that includes all
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singletons, and ¢ = (25755)5671 is the set of quota constraints for each set in H. We
call ¢ g the floor constraint and gg the ceiling constraint for S. For each S € 'H, we
assume ¢, € ZU{—oo} and gy € Z U {oc}, where Z is the set of integers.

A (generalized) random assignment is a |N| x |O| matrix P = [P,,] where P;, €
(—o00,00) for all i € N,a € O. A deterministic assignment is a random assignment P
each of whose entries is an integer. Note that we allow for assigning more than one unit of
a good and even for assigning a negative amount of a good. One interpretation of receiving
a negative amount of a good is supplying the good. Given environment & = (N, O, H, q),
P is said to be feasible in & if

g4 < Ps <7qg, forall SewH,

where we define

Ps:= ) Pa,

(3,0)€S

for any random assignment P and S € H. Our convention to include all singleton sets in
‘H follows from the natural real-life restriction that individual assignments are discrete.
This convention simplifies our analysis but plays no important role. We denote by Pg the

set of random assignments that are feasible in £.

Definition 1. The constraint structure H is Birkhoff~-von Neumann decomposable
(BvN decomposable) if, for each (gsﬁqS)SEH and P with ¢, < Ps < qg for all S € H,
there exist A\!, ..., \% and P!, ..., PX such that

(1) P= Zi{:l Akpka

(2) N> 0,k=1,..,K,and Y1 A\ =1,

(3) PE is an integer for each (i, a),

(4) g, < P§ <ggforeach k=1,..,K and S € H,

If H is BvN decomposable, then every P satisfying all the given constraints in H can be
expressed as a convex combination of deterministic assignments satisfying the constraints.
In other words, any random assignment satisfying constraints in H can be implemented
as a lottery over deterministic outcomes that respects constraints in H. Equivalently, H is
BvN decomposable if and only if for every random assignment P there exist A\', A2, ... A\
and P!, ..., P¥ such that

(1) P = Zf:l )‘kPka
(2) N> 0,k=1,..,K,and Y1 A\ =1,
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(3) Pt e {|Ps],[Ps]} forall ke {1,...,K} and S € H.*

This definition requires that each assignment in decomposition round the random assign-
ment up or down to the nearest integer, with respect to each S € ‘H. This definition
coincides with the original definition since the nearest integer to any feasible random
assignment must satisfy any (integer-valued) quotas and since the singleton sets are all

included in ‘H by assumption.

3. THE ROUNDING THEOREM

A collection H of constraint sets is a hierarchy if S € S or S’ C S or SN S = ( for
every S,S" € H. The following concept plays a central role in the rest of this paper.

Definition 2. A set H C 2V*9 is a bihierarchy if there exist Hy and Ho such that

(1) H=Hy UHp and Hy N'Ho = 0, that is, Hy and Hp partition H, and
(2) Hy and Ho are hierarchies.

In many applications Hy and Ho include, respectively, sets of the form {i} x O and
N x{a} where i € N, a € O. These sets represent constraints imposed on each agent and
object, thus the mnemonic notation ‘Hy and Ho. However, at this point we do not impose
such a restriction, and we will state the restriction whenever applicable. (Partition of the
sets ‘H into Hy and Hp need not be unique, either. For instance, singleton sets can be

partitioned into the latter two in any arbitrary fashion.)
Theorem 1 (Rounding Theorem). If H is a bihierarchy, then it is BuN decomposable.

The proof of Theorem 1 is in the appendix. We also provide in the appendix a con-
structive algorithm for implementing the theorem. The Theorem shows that any random
assignment P can be decomposed into matrices where the sum of the entries within each
element of the bihierarchy is rounded up or down to the nearest integer.

Below is a particularly simple environment, which we call the Birkhoff-von Neumann

environment. The environment is defined by E8*N = (N, 0, HB"Y ¢) where
HEN = {{(i,a)}|(i,a) € N x O} U{{i} x Oli € NYU{N x {a}|a € O}
g{(i,a)} = O7g{(i,a)} = 1, for all (i,a) € N x O,

9, =7qs=1, forall SeH\{{(i,a)}|(i,a) € N x O}.

YFor any ¢ € R, || and [x] are the largest integer no larger than = and the smallest integer no smaller

than x, respectively.
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This is an environment in which each agent receives exactly one object and each object
is allocated to exactly one agent, and no other constraints are imposed. HP"Y is a
bihierarchy since it can be partitioned, for example, into HE"Y and H5*™ where
HEN = {{(i,a)}|(i,a) € N x O}y U {{i} x O|i € N},
HEY ;= {N x {a}|a € O},
BuN

and clearly HR"Y and H5"V are hierarchies.

SBvN

A random assignment feasible in is called a bistochastic matrix or a doubly

stochastic matrix. Equivalently, P is a bistochastic matrix if

(1) P, >0forallie N and a € O,
(2) > peco Pia =1 for alli € N, and
(3) > jen Pia=1foralla € O.

An integer-valued bistochastic matrix is called a permutation matrix. Since HZ*N

is a
bihierarchy, the following Birkhoff-von Neumann Theorem is an immediate corollary of

Theorem 1.

Corollary 1 (Birkhoff (1946); von Neumann (1953)). Any bistochastic matriz can be

written as a convexr combination of permutation matrices.

3.1. Examples. As discussed above, HP"Y is a bihierarchy. This section discusses more

examples.

3.1.1. Flexible Capacity, Group-specific Quotas. Consider situations where objects can be
produced or procured in a flexible manner subject to certain constraints. In the context
of school choice, the school authority may wish to run several education programs within
one building; in such a case, relative sizes of different programs may be adjustable as long
as the total number of attending students is within capacity of the building. Similarly,
within each education program, different disciplines and activities may be provided flexibly
subject to resource constraints in the program. Such a situation can be represented by a
hierarchy Ho containing sets of the form S = N x O" with |O'| > 2. The ceiling gg then
describes the total capacity that can be allocated within O’. Note that the hierarchical
structure allows for the flexible production to be nested; e.g., a subset of programs may
be chosen and, within each chosen program, a subset of subprograms may be chosen, and
SO on.

As another case in which Hp plays a role, consider a situation in which the mechanism
designer needs to treat different groups of agents differently. For example, affirmative ac-

tion policies may impose quotas specific to applicants of certain racial or economic profiles.
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Such a practice is called “controlled choice” and is used in many school districts in the
United States.® Some other forms of constraints are mathematically similar. For example,
a subset of schools in New York City (the so-called Educational Option programs) require
balanced distributions of test score: Namely, 16 percent of the seats should be allocated to
students who were rated top performers in a standardized English Language Arts exam,
68 percent to middle performers, and 16 percent to lower performers (Abdulkadiroglu,
Pathak, and Roth 2005).°® Quotas may be based on the residence of applicants as well:
The school choice program set to begin in 2010 in Seoul, Korea, limits the percentage of
seats allocated to the applicants from outside the district to 20 percent,” and a number
of school choice programs in Japan have similar quotas based on residential areas as well.
Such constraints can be incorporated by Ho containing sets of the form N’ x {a} for
a € Oand N'G N. The ceiling G, {a} then determines the maximum number of agents
school a can admit from group N’. Quotas on multiple groups can be imposed for each
a without violating a hierarchical structure of Hp as long as they do not overlap with
each other. Moreover, a nested series of constraints can be accommodated. For instance,
a school system can require that a school admit at most 50 students from district one, at
most 50 students from district two, and at most 80 students from either district one or
two.

Moreover, clearly it is possible to express both of the above constraints simultaneously

in Ho that forms a hierarchy.

3.1.2. Course Allocation. Consider the course allocation problem described as follows.
Within a school, seats in courses need to be allocated to students. Each course has its
own quota. Each student can enroll in more than one course but cannot receive more
than one seat in the same course for an obvious reason. Moreover, she does not take more
than a certain number from a subset of courses, either because the system prohibits it or
because she does not want to. For example, a student might be prohibited from taking
two courses that meet during the same time slot. Or, a student might prefer to take at
most two courses on finance, at most three on marketing, and at most four on finance or

marketing in total.

5 Abdulkadiroglu and Sénmez (2003) and Abdulkadiroglu (2005) analyze assignment mechanisms under

affirmative action constraints.
6An exact implementation can be slightly different from the quotas analyzed by most of the literature

cited above. See Kojima (2008a) for further discussion on this point.
"See “Students’ High School Choice in Seoul Outlined,” Digital Chosun Ilbo, October 16, 2008

(http://english.chosun.com/w21data/html/news/200810/200810160016.html).
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Such restrictions can be modeled using a bihierarchy such that Hy > HE*N. By setting
Qi = 1 and G0 > 1 for each i € N and a € O, we can assure that student ¢ can
enroll up to ;.0 > 1 courses while she will receive at most one seat in each course.
Letting F' and M be finance courses and marketing courses, if Hy contains {i} x F,
{i} x M and {i} x (F'U M), then we can express the constraints “student i can take
at most Gy, p courses in finance, Gy, p, courses in marketing, and Gy (puar in finance
and marketing combined.” Scheduling constraints are handled similarly; for instance, F'
and M are sets of classes offered at different times (e.g., Friday morning and Monday
morning).®

Note that the hierarchy Hp can be an arbitrary hierarchy without violating a bihier-
archical structure of H = Hy U Ho. A consequence of this observation is that flexible
production and group-specific quota as described in Section 3.1.1 can be incorporated into
the course allocation problem while retaining the bihierarchical structure of the constraint

sets.

3.1.3. Interleague Play. Some professional sports, most notably Major League Baseball
(MLB) and the National Football League (NFL), have two separate leagues. In MLB,
teams in the American League (AL) and National League (NL) had traditionally played
against teams only within their own league during the regular season, but play across
the AL and NL, called interleague play, was introduced in 1997.° Unlike the intraleague
games, the number of interleague games is relatively small, and this can make the indivis-
ibility problem particularly difficult to deal with in designing the matchups. For example,
suppose there are two leagues, N and O, each with 9 teams. Suppose each team must
play 15 games against teams in the other league. There are some matchup constraints:
Each team in N has a geographic rival in O, and they must play twice. For fairness
reasons, teams in each league must face opponents in the other league of similar difficulty.
Specifically, one could require each team to play at least 4 games with the top 3 teams, 4
games with the middle 3 teams and 4 games with the bottom 3 teams of the other league.

It is not difficult to see that the resulting constraint sets form a bihierarchy.

3.2. Necessity of a bihierarchical structure. What is the role of bihierarchy in mak-

ing decomposition possible? We provide some answers to this question in this section.

8While very flexible, there are some limitations to the kinds of constraints that can be accommodated
without violating bihierarchy. The course-allocation procedure proposed in Budish (2008) accommodates
arbitrary constraints. See Section 5 for further discussion.

9See “Interleague play”, Wikipedia (http://en.wikipedia.org/wiki/Interleagueplay).
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First of all, the following example offers a non-bihierarchical constraint structure that is

not BvN decomposable.

Example 1. Consider the following environment with 2 goods and 2 agents and the

constraint sets

H={{{1,a),(1,0)},{(1,a),(2,0)},{(1,0),(2,a)}}.

Clearly, H is not a bihierarchy. Suppose each set in H has common floor and ceiling quota

of one. The following random assignment

b (0.5 0.5>
0.5 0.5
cannot be decomposed into feasible deterministic assignments. To see this first observe
that, for any convex decomposition of P, there exists P* that is part of the decomposition
of P with P = 1. Since the constraint set {(1,a), (1,b)} has constraint one, it follows
that P = 0. Since the quota of one binds for {(1,b), (2,a)}, it follows that P¥ = 1. This

is a contradiction because P{k(l,a),(Q,a)} = PE + P = 2 violates the quota for {(1,a), (2,a)},

which is one.

Example 1 suggests that the failure of decomposability is caused by a “cycle” of an odd
number formed by constraint sets. In the above example, for instance, a cycle formed
by three constraint sets {(1,a),(1,b)},{(1,a),(2,a)},{(1,b),(2,a)} leads to a situation
where at least one of the constraints is violated. Generalizing this idea, we say that a
sequence (Si,...,5;) € H' is an odd cycle if S; # S; for all i # j, [ is odd, and there
exists a sequence (z1,...,7;) € (N x O)! such that for each i = 1,...,1, z; € S;N.S;41 and
x; ¢ S; for any j # 4,7 + 1, where subscript { + 1 is understood to be 1. An argument
generalizing the above example shows the following observation (a formal proof is in the

Appendix).

Lemma 1. If there exists an odd cycle formed by elements of H, then H s not BuN

decomposable.

This lemma helps to understand one role the bihierarchy structure plays: It rules out
odd cycles. To see this, suppose H contains an odd cycle, {51, ..., S;}. Suppose they were
partitioned into two hierarchies, Hy and Hp, and assume without loss S; € Hy. Then,
Sy must belong to Hop, since S; NSy # @ and neither is a subset of the other (since
o € 99\ 51 and z; € 51\ S2). Arguing in the same fashion, S3 must be in Hy, Sy in
Ho, ..., and S; must be in Hy since [ is an odd number. But S; NS} # () and neither is a

subset of the other, so Hy cannot be a hierarchy, producing a contradiction.
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Is bihierarchy necessary for BvN decomposition? The next example shows that this is

not the case.

Example 2. Consider an environment with 2 goods and 2 agents as before, but let

H = {{(17 CL), (17 b)}7 {(17 a)v (2a CL)}, {(17 a)v (2a b)}}>

with each quota being one. The following random assignment

0.5 0.5
P =
(0.5 0.5)

can be decomposed by a convex combination of deterministic assignments as

05 05\ 11 0\ 1(0 1
pP= == i .
05 05/ 2\o o/ 2\1 1

Note that the current constraint sets do not allow for an odd cycle although it is not a

bihierarchy.

Notice, however, Example 2 is somewhat non-standard in that some row and column
constraints are not present. One could easily see that BvN decomposability would fail if
all row and column constraints are added to the constraint sets of Example 2 as the new
collection of constraint sets has an odd cycle. This observation turns out to be true more
generally. We show that bihierarchy is in fact necessary for BuN decomposability in an

important sense — namely, whenever all the “standard” constraint sets are present:

Theorem 2 (Necessity). Suppose HP*N C H. If H is not a bihierarchy, then it is not
BuN decomposable.

Recall that the condition HZ"N C ‘H is natural in any bilateral matching setting and
is imposed in all applications in this paper. The formal proof is in the Appendix. The
basic strategy of the proof is to show that there exists an odd cycle whenever H is not a

bihierarchy while containing HZ"V.

Remark 1. In light of Examples 1 and 2, one might wonder whether an absence of odd
cycles is sufficient for BvN decomposability. This turns out to be false. Consider H =
{{(1,a),(1,0)},{(1,a),(2,a)},{(1,a),(2,0)},{(1,a),(1,b),(2,a),(2,b)}}. This structure
does not contain an odd cycle (and it is not a bihierarchy). Assume the quota for each
of the first three sets is one and the quota for the last set is two. One can check that the

random assignment P above cannot be feasibly decomposed.
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4. APPLICATION: SINGLE-UNIT ASSIGNMENT

Consider a problem of assigning indivisible objects to agents who can consume at most
one object each. University housing allocation, public housing allocation, office assign-
ment, and student placement in public schools are real-life examples.

A common method to allocate objects in such a setting is the random priority mech-
anism. [In this mechanism, every agent reports preference rankings of the objects. The
designer then orders the agents at random, with each ordered list chosen with equal proba-
bility. Given a realized list, the first agent in the list receives her stated favorite (the most
preferred) object, the next agent receives his stated favorite object among the remaining
ones, and so on. Random priority is strategy-proof, that is, reporting ordinal preferences
truthfully is a weakly dominant strategy for every agent. Moreover, random priority is ex-
post efficient, that is, every deterministic assignment that occurs with positive probability
under the mechanism is Pareto efficient.

Despite its many advantages, the random priority mechanism may entail unambiguous
efficiency loss ex ante. Adapting an example by Bogomolnaia and Moulin (2001), suppose
that there are two types of objects a and b with one copy each and the “null object” ¢
representing the outside option. There are four agents 1,2,3 and 4, where agents 1 and
2 prefer a to b to ¢ while agents 3 and 4 prefer b to a to ¢. By calculation the resulting
random assignments is
5/12 1/12 1/2
5/12 1/12 1/2
1/12 5/12 1/2
1/12 5/12 1/2
This assignment entails an unambiguous efficiency loss. For instance, every agent prefers

an alternative random assignment,

1/2 0 1/2
a2 0 12
0 1/2 1/2
0 1/2 1/2

A random assignment is ordinally efficient if it is not first-order stochastically domi-
nated for all agents by any other random assignment. The example implies that random
priority may result in an ordinally inefficient random assignment.

The probabilistic serial (PS) mechanism, introduced by Bogomolnaia and Moulin (2001)
in PN eliminates this form of inefficiency. Imagine that each indivisible object is a

divisible object of probability shares: If an agent receives fraction p of an object, we
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interpret that she receives the object with probability p. Given reported preferences,

7

consider the following “eating algorithm.” Time runs continuously from 0 to 1. At every
point in time, each agent “eats” her favorite object with speed one among those that have
not been completely eaten up. At timet = 1, each agent is endowed with probability shares
of objects. The PS assignment is defined as the resulting probability shares. In the current
example, agents 1 and 2 start eating a and agents 3 and 4 start eating b at ¢ = 0 in the
eating algorithm. Since two agents are consuming one unit of each object, both a and b
are eaten away at time ¢t = % As no (proper) object remains, agents consume the null
object between t = % and t = 1. Thus the resulting PS assignment is given by P’. In
particular, the probabilistic serial mechanism eliminates the inefficiency that was present
under RP. More generally, Bogomolnaia and Moulin (2001) show that the probabilistic
serial random assignment is ordinally efficient with respect to any reported preferences.

As discussed in Section 3.1.1, there are additional constraints of interest assumed away
by Bogomolnaia and Moulin (2001). First, the objects may be produced or procured
endogenously based on preferences of the agents. In the context of school choice, for
instance, different types of objects may represent multiple school programs in the same
building, where sizes of programs can be changed as long as the sum of students in
these programs is constrained by the building size. There may also exist quotas specific
to certain ethnic or economic groups, as in controlled choice programs of many school
districts in the United States. As explained in Section 3.1.1, the former class of constraints
can be represented by sets of the form S = N x O’ with |0’| > 2 while the latter by
N’ x {a} for a € O and N’ & N. In either case the ceiling constraint gg specifies the
quota associated with S, while we set ¢ s=10 for all S.

Based on Theorem 1, the probabilistic serial mechanism can be generalized using the
following eating algorithm. As in HB*N, time runs continuously from 0 to 1. At every
point in time, each agent “eats” her favorite object with speed one among those that are
“available” at that instance, and the PS assignment is defined as the probability shares
eaten by each agent at time 1. In order to obtain a feasible random assignment in the
presence of additional constraints, however, we modify the definition of the algorithm.
More specifically, we say that object a is “available” to agent i if and only if the total
amount of probability shares eaten away within S (the sum, over every agent-object pair
(7,b) € S, of shares of b eaten by j) is less than the quota Gg for every constraint set
S (i,a).

By construction, the generalized PS mechanism produces a random assignment that

satisfies the quotas defined over all constraint sets. Since the constraint sets form a
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bihierarchy, Theorem 1 ensures that the random assignment can be implemented by a
lottery over deterministic assignments each satisfying the constraints. In this sense, our
generalization of the Birkhoff-von Neumann theorem enables the PS mechanism to be
applicable to a broader real-life market design environments than has been possible.!’ An
important remaining question is whether our adaptation of PS will continue to have the
desirable properties in efficiency, fairness and incentives. It turns out that these questions
are answered in the affirmative. Yet, full treatment of these questions will take us far
afield from the current focus, so we postpone them to our companion paper (Budish,
Che, Kojima, and Milgrom 2009).

5. APPLICATION: MULTI-UNIT ASSIGNMENT

This section considers multi-unit resource allocation problems in which monetary trans-
fers are prohibited. Examples include the assignment of course schedules to students, the
assignment of tasks within an organization, the division of heirloom and estates among
heirs, and the allocation of access to jointly-owned scientific resources. For concreteness
consider the course allocation problem, where the course administrator in a school assigns
seats in courses. Sénmez and Unver (2008) point out that mechanisms used in many busi-
ness schools suffer from incentive issues and inefficiency. Other schools use generalizations
of random priority mechanisms. For example, Harvard Business School uses a mechanism
similar to those used in some professional sports draft. The mechanism is manipulable
unlike the random priority mechanism for single-unit assignment and, like the random
priority mechanism, suffers from efficiency loss (Budish and Cantillon 2008). Designing
good course allocation mechanisms remains a challenging market design problem.!!

One possible market design idea is, like the PS mechanism, to find a desirable random
assignment directly. Such an approach is taken by Hylland and Zeckhauser (1979) in
the single-unit assignment environment. They propose a mechanism based on the idea

of Competitive Equilibrium from Equal Incomes (CEEI). In that mechanism, agents are

10For instance, the upcoming Korean school choice program involves quotas at each school for appli-
cants from outside districts, but the schools have no priorities. Hence the problem becomes essentially
random assignment with group specific quotas. Currently, the algorithm appears to be that of the so-
called Boston mechanism (see Abdulkadiroglu and Sénmez (2003) for description). One can apply the

PS instead, for instance.
" Axiomatic analysis on this problem has also obtained negative conclusions. Papai (2001) shows

that sequential dictatorships (considered unrealistic for many applications) are the only deterministic
mechanisms that are nonbossy, strategy-proof, and Pareto optimal. Ehlers and Klaus (2003), Hatfield
(2008), and Kojima (2008b) provide similarly pessimistic results.
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given an equal budget of artificial currency. Based on agents’ reported preferences, the
mechanism computes a competitive equilibrium where commodities are probabilities of
objects and each agent is allocated the random assignment corresponding to her con-
sumption bundle in equilibrium. The first welfare theorem guarantees that a random
assignment constructed in this way is (ex ante) Pareto efficient. (The use of equal in-
comes ensures that the random assignment satisfies attractive fairness properties, such
as envy freeness.) Since this mechanism produces a random assignment directly, the
Birkhoff-von Neumann theorem is again crucial for implementing the mechanism.

Adapting their idea, we can consider a mechanism based on competitive equilibrium in
multi-unit assignment environments (see e.g. Pratt (2007)). As with Hylland and Zeck-
hauser’s mechanism, the resulting assignment promises to have desirable ex-ante efficiency
and fairness properties. This simple multiunit extension of the Hylland-Zeckhauser model
conforms to a bihierarchy, so our Theorem 1 can be used to implement the random as-
signments. Obviously, we can accommodate additional constraints within the bihierarchy
framework.

In the multi-unit assignment setting, Theorem 1 has another important application. In
multi-unit assignment, a given random assignment can be implemented in many different
ways, some much less fair than others. To motivate, suppose that two agents are to divide
n objects (where n is even) and ordinal preferences of agents are common. A fair random
assignment would be for each agent to receive half of each object. One way to implement
this random assignment is to give any n/2 randomly chosen objects to one agent and give
the remaining n/2 to the other. This method could entail a highly unfair outcome ex post
if n is large, however, in which one agent gets the n/2 best objects and the other gets the
n/2 worst ones.

Based on Theorem 1, we provide a method to avoid such outcomes. To state the claim,
consider an input (N, O, P,’H) where H is a bihierarchy partitioned into hierarchies Ho
and Hy = HRN. Assume 44y w0 = dgipxo for each i € N.

Theorem 3 (Utility Guarantee). Suppose that there is a set of values (Viq)(a)enxo Such

that, for each i, agent i’s expected utility from a random assignment P is > P v;q. Then,
acO
for any P, there exists a decomposition of P that satisfies all of the conditions of Theorem

1, and also:
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(1) Z Pivia — Z Plvia € [=Aq, Al

(2) Z Pi,avia € Z Piavia - Aia Z ]Diavia + Az )

for each i and each P" and P" in the conver combination, where A; := max{v,, —vp|a,b €
Oa Piaa Bb ¢ Z}

A proof sketch can be given based on Theorem 1. The idea is to supplement the actual
constraints of the problem with a set of “artificial” hierarchical constraints, in a manner
that limits variation in utilities. Specifically, if there are n objects, for each agent we
create n additional constraints, one each for his j most preferred objects for j = 1...n.
The resulting collection of the constraint sets is still a bihierarchy after this addition, so
Theorem 1 guarantees that the random assignment can be implemented with all of the
constraints satisfied. Satisfying the new constraints on all “upper contour” sets (i.e., set
of j most preferred objects for each j) means that in each realized (deterministic) assign-
ment, each agent receives her j most preferred objects, for each j, with approximately
the same probability as the original random assignment. Our method thus ensures that
each realized assignment inherits roughly the same fairness property as the original ran-
dom assignment; more precisely, the approximation error is at most the utility difference
between those of the most valuable and the least valuable objects. The current method
is most useful when each agent obtains a large number of objects, since in such a case the
valuation of one object will often be relatively small compared to the utility of the bundle

of goods as a whole.

Remark 2. Theorem 3 can be applied to any given random assignment regardless of
the mechanism to decide the random assignment. Thus the method can be used in
conjunction with, for instance, a multi-unit demand generalization of the probabilistic
serial mechanism, although the mechanism has more serious incentive issues in the multi-
unit demand setting (Kojima 2008b).

5.1. Further Applications of Theorem 3. Theorem 3 turns out to be useful in other

applications. This section describes them in some detail.

5.1.1. The Mazimin Approach to Fair Division. Consider the following problem. The
social planner has a number of indivisible objects O to be allocated to agents N. Utility

of agents is additive in objects up to a fixed quota (the quota can be infinite), so utility of
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agent ¢ from random assignment P is ZaEO Vi Piq if her quota constraint is satisfied. The
social planner wishes to maximize the utility of the worst-off agent. This is sometimes
called the Santa Claus problem: Santa Claus wants to give presents to children in such a
way that the least fortunate child is as happy as possible given the fixed set of available

presents. Formally, consider the social planner’s problem:

(3) maximize w subject to
P,eN forallie N,aecO,

Ps <qg, forall SeHp,
ZPw < Q<o) forallie N,
aco
w < Zvaia forallz € N,
acOo
where N = {0,1,2,... } is the set of natural numbers (nonnegative integers). This problem
is known to be computationally difficult. Thus in practice, the social planner may need
to use a mechanism that is easier to implement. On the other hand, she wants to attain
the objective at least approximately.

To attain these conflicting goals, consider the following two-stage algorithm. In the
first stage, solve the associated linear programming problem, that is, a problem
identical to (3) except that the constraint P, € N is replaced by P, € [0,00). Since
the problem relaxes the integrality of the first constraint, the solution may be infeasible.
On the other hand the optimal solution of this problem is easy to compute since it is
a simple linear programming problem. In the second stage, given the optimal solution
of the associated linear programming problem, round the solution into an integer-valued
solution, making the assignment a feasible solution in problem (3). The cost of doing so
is that the social welfare typically decreases when the social planner modifies the optimal
fractional solution into an integral one. However, the following claim guarantees that the
loss of efficiency can be bounded. Let P* and w* be a solution and the optimal value of

the linear programming problem associated with (3).

Corollary 2. There exists a solution of the problem (3) with value w' > w* — max;ey U;,
where T; = max{vy|a € O, P% ¢ N}. In particular, w' > w** — max;en U; where w*™ is

the optimal value of the problem (3).

The proof is a direct application of Theorem 3. The theorem gives a bound on the
utility loss for each agent in an integer solution associated with the optimal fractional

solution of the linear programming problem.



20 ERIC BUDISH, YEON-KOO CHE, FUHITO KOJIMA, AND PAUL MILGROM

Corollary 2 generalizes Bezdkova and Dani (2005), who proposed a similar two-stage
algorithm for £BN. While we acknowledge that Corollary 2 is only a mild extension,
we emphasize the methodological innovation. Corollary 2 is shown by Theorem 3, which
in turn is a direct consequence of Theorem 1. Our contribution here is that apparently
dissimilar results such as utility guarantee and fair division mechanisms can be derived

from one fundamental result.

5.1.2. Scheduling Jobs on Parallel Machines: Minimize Makespan Problem. Our approach
can be applied to the so-called “minimize makespan problem” studied widely in computer
science. Consider the problem, slightly generalizing Lenstra, Shmoys, and Tardos (1990),
in which a set N of parallel machines must be assigned to perform a set O of independent
jobs. The job is indivisible, that is, each job requires one machine in its entirety (or
equivalently, it is prohibitively costly to process part of a job in one machine and process
remaining parts in others). The processing of job a on machine i takes time ¢;,. The
machines are parallel and jobs are independent, that is, more than one machines can
process jobs simultaneously and any job can be processed irrespective of whether other
jobs are already completed. The makespan of the assignment of jobs to machines is
the time needed to finish all jobs. The objective is to find a schedule that minimizes the
makespan.

Let J;(t) denote the set of jobs that require at most time ¢t when processed by machine
i, and let M,(t) denote the set of machines that can process job a in no more than time
t. Consider the relaxed problem in which random assignments are allowed, and let P
be a fractional assignment of jobs to machines where each machine ¢ finishes processing
jobs by deadline d; (a fractional solution is often easy to find because linear programming
techniques are applicable). We will show the following slight generalization of the rounding
theorem of Lenstra, Shmoys, and Tardos (1990).

Corollary 3 (Theorem 1 of Lenstra, Shmoys, and Tardos (1990)). Let ¢ = (¢iq)(,a)enx0 €
R'frle‘ol, d = (dy)eco € RLLO‘ and t € Ry be given. If there is a feasible solution P to the

(in)equalities,

Z P,=1, fora e O,
€M, (t)
Z Piacia S dia fO?" ac Oa
a€J;(t)

P, >0, fora € Ji(t),i € N,
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then there is an integer solution P’ to the following set of conditions,

(4) Z P =1, fora€ O,
1€Mq ()
Z P! cio < d; +t, fora € O,
a€J;(t)
P! € {0,1}, fora € Ji(t),i € N.

Proof. By Theorem 3, there exists P’ that is integer-valued and satisfies (4) and

P/ 1a < -Pia 1a a a — Uib-

; iaCia = ; Cia + a,beo:%ébe(m) ¢ i
Since ZieMa(t) P, =1, P, > 0 means i € M,(t), which in turn implies that ¢ > ¢;, >
Cia — Cip for any b € O. This completes the proof. O

The result implies that there exists a feasible integer solution whose makespan is within
time ¢ of the optimal (infeasible) fractional solution, where t is the time of the single
slowest job processed in the fractional solution. Since the optimal fractional solution is
weakly better than the optimal feasible integer solution, we have a method that finds an
integer solution that is “close” to the true optimum. Some generalizations of the minimize
makespan problem, such as Theorem 2.1 of Shmoys and Tardos (1993), are also corollaries

of Theorem 3, via a logic similar to the proof of Corollary 3.

6. APPLICATION: TwO-SIDED MATCHING

Our approach can be applied to the two-sided matching environment. In this section,
both N and O are sets of agents. We allow for many-to-many matching, that is, some

agents in N can be matched with more than one agent in O each and vice versa.

Theorem 4. Consider a problem as in Theorem 1 where the collection of constraint sets is
HPBN . Suppose that there are sets of values (Via) (i,a)enxo and (Wiq)i,a)enxo such that, for
each agenti € N (respectively agent a € O), her expected utility from a random assignment

P is > Piavi, (respectively > Pigwi,). Then, for any P, there exists a decomposition of
acO 1EN
P that satisfies all of the conditions of Theorem 1, and also:



22 ERIC BUDISH, YEON-KOO CHE, FUHITO KOJIMA, AND PAUL MILGROM

> Pl — Z Pivia € [-Ai A}

Z P! v, € Z Piavia — A, Z Piavia + A;
TN TR

Z Pi'aww & Z Piawia - Aaa Z ]Diawia + Aa

for each i,a and each P’ and P" being part of the convex decomposition, where A; =
max{v;, — Vip|a,b € O, Py, Py ¢ N} and A, = max{w;, — wj,|i,j € N, Py, Pjo ¢ N}.

Proof. The proof is a straightforward adaptation of the proof of Theorem 3 and hence is
omitted. U

Let us suggest one possible application. There are two leagues of sports teams N and O,
say the American League and National League in professional baseball, and the planner
wants to schedule interleague play. The planner wants to ensure that the strength of
opponents that teams in a league play against is as equalized as possible among teams in
the same league. For that goal, the planner could first give a uniform probability for each
match: That will give one specific random assignment in which any pair of teams in the
same league is treated equally. Then, using Theorem 4, the planner finds a feasible match,
that is, a deterministic assignment matrix, in which differences in strength of opponents
is bounded by one game with the strongest opponent and one with the weakest opponent
in the other league, no matter how many games are scheduled for each team.

We note that transforming this feasible match into a specific schedule - i.e., not only
how often does Team A play Team B, but when - is considerably more complicated.
For example, the problem involves scheduling both intraleague and interleague matches
simultaneously, dealing with geographical constraints and so forth. We do not claim that
our method can be directly used to such complicated situations. Rather, our point here is
to suggest a possibility that our analysis may be a useful first step to solve some problems
that have not been considered to be related to questions such as school choice or fair

allocation. See Nemhauser and Trick (1998) for further discussion of sport scheduling.
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7. GENERALIZATION

Throughout the paper we have focused on random assignment of objects (or agents) to
agents. However, some of our results can be extended to a more general environment as
described below.

Let X be a finite set and H be a collection of subsets of X. We call pair X = (X, H)
a hypergraph. A (generalized) random assignment is a vector P = [P,| where P, €
(—00,00) for all z € X. For each S € H, Ps =} s P,. A deterministic assignment is a
random assignment each of whose entries is an integer. As before, the constraint structure
‘H is BvN decomposable if, for each (QS:QS)SGH and P with ¢, < Ps <qg for all S € H,
there exist \!,..., \® and P!, ..., PX such that

(1) P= Zf:l AFPE,

(2) N> 0,k=1,...,K,and S5 A =1,

(3) PFis an integer for each z,

(4) ¢4 < Pt <ggforeachk=1,..,K and S € H.

We say that X forms a bihierarchy if there exist H; and Hy such that H; U Hy = H,
Hy NHay = 0, and H; is a hierarchy for each ¢ = {1,2}: if S, 5" € H;, then SNS" =0 or
ScSorScCS.

It is useful to define the dual of a hypergraph. Given a hypergraph X = (X, H), its
dual is X7 = (H,X). A bihierarchy can be defined for its dual. To this end, for each
x € X, let S(x) := {5 € H|x € S} be the collection of sets in H each containing z. We
say the dual of X forms a bihierarchy if there are X; and X, such that X; U X, = X
X;NXy; =0 and X;, i =1,2, is a dual hierarchy: if z,2’ € X, then S(z)NS(z') =0
or S(z) C S(a') or S(a') C S(z).

A hypergraph X = (X,H) can be represented by an incidence matrix A = [a,s] such

that a,s = 11;esy. The incidence matrix of the dual X7 is AT, the transpose of A.

Theorem 5. A hypergraph is BuN decomposable if either it forms a bihiearchy or its dual

forms a bihierarchy.

Example 3. Consider X = {a,b,c,d,e, f}, and

H = {{a,d}, {a, e}, {a, f},{b,d}, {b e}, {0, f}, {c, d}, {c e}, {c, [}

The hypergraph X = (X, H) is in fact a bipartite graph in this case. Even though it does
not form a bihierarchy, its dual forms a bihierarchy. Its dual is assignment between three

agents and three objects, with only row and column constraints.
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Example 4. Consider X = {a,b,c,d,e, f,,3,0,€}, and

H= {{av d, o, 5}7 {aa e, &, 6}7 {a, f}v {bv d, ﬁ» 5}7 {b7 €, ﬁa 6}7 {bv f}a {Cv d}v {07 6}’ {C, f}}

The hypergraph X = (X, H) again does not form a bihierarchy, but its dual forms a
bihierarchy. Its dual is the 3 by 3 matching, with row and column constraints, and two

subrow and two subcolumn constraints.

We note that Lemma 1 clearly holds in this general environment (with an identical

proof), providing a necessary condition for decomposability.

8. CONCLUSION

We generalize the Birkhoff-von Neumann theorem so that the implementation of lot-
teries is possible whenever the set of constraints can be partitioned into two hierarchies.
Thus, given any random assignment satisfying constraints in two hierarchies, the assign-
ment can be realized by using a lottery over outcomes each of which satisfies all the
constraints. Moreover, we provide a maximal domain result, that indicates that the bi-
hierarchical structure is necessary (subject to a technical condition) to guarantee that a
random assignment can always be implemented by lotteries over feasible outcomes. We
presented several applications, including (i) random assignment mechanisms (especially
the probabilistic serial mechanism), (ii) utility guarantee for problems with multi-unit
demand, (iii) fair division, (iv) the minimize-makespan problem, (v) two-sided matching,
and (vi) optimal assignment.

As the basic result is applicable to a wide range of situations as exemplified in this
paper, we envision that the result will prove useful in other economic and non-economic

applications. Finding more applications is an interesting topic left for the future.

APPENDIX A. PROOFS OF THEOREMS 1 AND 5

Since Theorem 1 is a special case of Theorem 5, we prove the latter.
A matrix is totally unimodular if the determinant of every square submatrix is 0,
—1 or +1.

Lemma 2. (Hoffman and Kruskal) If a matriz A is totally unimodular, then the vertices

of the polytope defined by linear integral constraints are integer valued.

We can easily use one of the conditions to say that if the incidence matrix of a hyper-

graph is totally unimodular, then the hypergraph is BvN decomposable.
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Lemma 3. (Ghouila-Houri) A {0,1} incidence matriz is totally unimodular if and only
if each subcollection of its columns can be partitioned into red and blue columns such that
for every row of that collection, the sum of entries in the red columns differs by at most

one from the sum of the entries in the blue columns.

Proof of Theorem 5. Suppose first X forms a bihierarchy, with H; and Hs such that
H,UHy =H, Hi N"Hs = 0 and both H; and H, are hierarchies. Let A be the associated
incidence matrix. Take any collection of columns of A, corresponding to a subcollection
E of H. We shall partition F into two sets, B and R. First, for each i = 1, 2, we partition
ENH,; into nonempty sets E}, E?, ..., E¥ defined recursively as follows: Set EP = {) and,

for each j =1, ..., we let

j—1
={Sec(ENH,) U EI) |35 € (EnH)\ (| E/ U{S}) such that S’ > S}.
j'=1
(The non-emptiness requirment means that once all sets in £ NH; are accounted for, the
recursive definition stops, which it does at a finite j = k;.) Since H; is a hierarchy, any
two sets in EZ] must be disjoint, for each 7 = 1,..., k;. Hence, any element of X can belong
to at most one set in each E/. Observe next for j < I, Usert S € Ugeps S In other
words, if an element of X belongs to a set in Ef, it must also i)elong to alset in Ef for
each j < [.
We now define sets B and R that partition E:

B:={S € E|S € E!,i+ j is an even number },

and
R:={S € E|S € FE,i+jisan odd number }.

We call the elements of B “blue” sets, and call the elements of R “red” sets.

Fix any € X. If x belongs to any set in £ NH;y, then it must belong to exactly one set
S{ € E{, for each j =1, ...,1 for some [ < k;. These sets alternate in colors in j = 1,2..,
starting with blue: S} is blue, S? is red, S} is blue, and so forth. Hence, the number of
blue sets in £ N H; containing x either equals or exceeds by one the number of red sets
in £ N H; containing z. By the same reasoning, if  belongs to any set in £ N H,y, then
it must belong to one set Sg € Eg, for each j = 1,...,m for some m < ky. These sets
alternate in colors in j = 1,2.., starting with red: S} is red, S2 is blue, S5 is red, and so
forth. Hence, the number of blue sets in £ N H; containing x is less by one than or equal
to the number of red sets in £ N H; containing x. In sum, the number of blue sets in E

containing x differs at most by one from the number of red sets in E containing x. Thus
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A is totally unimodular by Lemma 3. By Lemma 2, for any random assignment P, the
vertices of the set
{P'[|Ps] < P§ < [Ps],VS € H}

are integer valued, so the hypergraph X is BvN decomposable.

We next consider the case where the dual of X’ forms a bihierarchy. To this end, consider
a hypergraph X* = (X*,’H*) such that X* = H and H* = X. That is, X* is a finite
ground set whose elements share the same labels as the hyperedges in ‘H, and H* is a
collection of subsets of H* that have the same labels as X. Assume that S € X* is an
element of z € H* in A* if and only if x is an element of S in X. The fact that the
dual of X forms a bihierarchy means that (the primal of) X* forms a bihierarchy. The
argument made above then implies that the incidence matrix A* associated with X'* is
totally unimodular. Since this matrix coincides with the incidence matrix of the dual of
X, A* = AT, Since a transpose of a totally unimodular matrix is totally unimodular in
general by definition, it follows that the incidence matrix A of X must be also totally

unimodular. Hence, X is BvN decomposable. O

A.1. Computable Algorithm for Bihierarchy. For the case of bihierarchy, we provide
the following algorithm to find a decomposition. Observe that the algorithm gives a
constructive proof of the Theorem for the bihierarchy case. We say a set S C X is
integral [resp. nonintegral] (under P) if Ps € Z. In case there is no confusion, we
suppress the qualifier inside the parenthesis.

We define the degree of integrality of P with respect to H:
deg[P(H)] := #{S € H|Ps € Z}.

Lemma 4. (Decomposition) Suppose a hypergraph X = (X, H) forms bihierarchy. Then,
for any P such that deg|P(H)] < |H|, there exist P* and P? and v € (0,1) such that

(i) P =~yP' + (1 —~)P?:

(ii) Pg, P§ € [|Ps],[Psl]], VS € H.

(iii) deg[P'(H)] > deg[P(H)] fori=1,2.

Our algorithm consists of two parts: the Fission algorithm and the Decomposition

algorithm.

[] Fission Algorithm
1. Within-Hierarchy Unnesting Phase

(1) Let CP, i = 1,2, be the collection of all integral sets of H; under P.
(2) Step t =1,...: Find sets S,S" in C'' such that S C S’
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(a) If no such sets exist, move to the Dividing Phase.
(b) If such sets exist, find a pair of sets S C S” such that S is not a subset of any
other set in C!~" and S’ is the only proper superset of S” in C!™" (it is easy to
see that such sets exist). Then remove S’ from C:~' and replace it by S\ S,
and call the resulting collection Ct, and iterate to Step t + 1.
(3) The unnesting phase stops in finite interations for each H;, i = 1,2. Call the

resulting collections DY and DY, respectively, and move to Dividing Phase.
2. Dividing Phase
(1) Stept=1,... Find S € D{"" and S’ € D5 ! such that S\ S, S\ S and SN S’

are all nonempty and integral.
(a) If no such sets exist, stop and move to the Cross-Hierarchy Unnesting Phase.
(b) If such sets exist, then remove them from D' U DL and add S\ S’ and
SNS to DY, and add S'\ 'S to D5, and call them D and D}, respectively,
and move to Step t + 1.
2) This process ends in finite steps. Call the resulting collections, G and G2, respec-
( p p g » J1 2 p

tively, and move to the Cross-Hierarchy Unnesting Phase.
3. Cross-Hierarchy Unnesting Phase
(1) Stept=1,... FindScG'"tand S’ € Q;i’l, i=1,2,7 =3—1,such that S C 5"

(a) If no such sets exist, stop and move to the Decomposition Algorithm.
(b) If such sets exist, then remove S from G;~' and S from G¢~', and add S and
S"\ S to Qj-_l, and call the resulting collections G! and Q;, respectively, and
iterate to Step ¢t + 1.
(2) This process ends in finite steps. Call the resulting collections, H; and Hs, re-

spectively, and move to the Decomposition Algorithm.

We make several observations on H; and Hs:

J Observations

(1) The sets in H; U H, are integral under P. Conversely, if all sets in H; U H,
are integral under any P’ € F, then any set in H that is integral under P is also
integral under P’. This latter observation follows from the fact that, by the Fission
Algorithm, any set in H that is integral under P can be expressed as a union of
disjoint sets in Hqi U Ho.

(2) The sets within each H;, i = 1,2, are disjoint: Any nesting within each hierarchy
is eliminated by the end of the within-unnesting phases, and the dividing phase

and cross-unnesting phases do not create any new nesting within each hierarchy.
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(3) There are no two sets S,S" € H; U Hy such that S C S”: This follows from
Observation (2) and the cross-unnesting phase.

(4) Each element of X could be in at most one set of each H;: This follows from
Observation (2).

(5) If there are S, S’ € H; UHy such that S\ S’, S\ S and SN S’ are all nonempty,
then all these sets must be non-integral: This follows from the original bihierarchy

structure and the dividing phase.

Let N = {z € X|AS € Hi UH, s.t. © € S} be the elements of X not in any integral

sets in C.

[J Decomposition Algorithm
(1) Step O:
(a) If NV is non-empty, then circle any non-integral element of N and proceed to
Termination - Dead End.
(b) If there does not exist any non-integral element in A/, then move to Step 1.
(2) Step 1:
(a) If no set in H; UH, contains any non-integral element, then stop the Decom-
position Algorithm. [Every element in X is then integral.]
(b) If there exists a non-integral element z; in some S; € H, U H,, then circle it
and proceed to Step 2.
(3) Stept=2,...:
(a) In case 2,1 € S,_; is circled, where S;_; € H;, i = 1,2:
(i) Find a non-integral element in S;_; \ S;_o different from x; ;. (Let
So = (0.) Such an element exists since S;_; is integral by Observation
(1), and since, by Observation (5), S;_1 \ Si_2 is non-integral whenever
St_1MS;_5 is non-empty. If there is any such element that is an element
of S; for some 7 € {1,...,t — 2}, then erase the markings (e.g., circle
and square) of all x;, for j =1,...,7 — 1, and proceed to Termination
- Cycle (note that S, € H3z_; by observation (4)). Otherwise, choose
one element x; # z;_1, xy € S;_1 \ Si_o arbitrarily and square it.
(ii) If no set other than S;_; contains z;, then stop and proceed to Termi-
nation - Chain.
(iii) Suppose another set, S;, contains x,. Then, S; € Hs_; since, by Obser-
vation (2), all sets in H; are disjoint. Also, by the construction in Step
3(a)i above, Sy # S; for any 7 = {1,...,t — 1}. Proceed to Step t + 1.
(b) In case z,_, € S;_; is squared, where S;,_; € H;, i =1,2:
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(i) Find a non-integral element in S;_; \ S;_o different from z;_;. (Let

So = (0.) Such an element exists since S;_; is integral by Observation

(1), and since, by Observation (5), S;—1 \ Si—2 is non-integral whenever

S;_1MNS;_5 is non-empty. If there is any such element that is an element

of S; for some 7 € {1,...,t — 2}, then erase the markings (e.g., circle

and square) of all z;, for j =1,...,7 — 1, and proceed to Termination

- Cycle (note that S, € Hs_; by observation (4)). Otherwise, choose

one element z; # x; 1, ¥y € S;_1 \ Sy_o arbitrarily and circle it.

(ii) If no set other than S;_; contains z;, then stop and proceed to Termi-
nation - Chain.

(iii) Suppose another set, S;, contains x,. Then, S; € Hs_; since, by Obser-

vation (2), all sets in H; are disjoint. Also, by the construction in Step

3(b)i above, S; # S, for any 7 = {1,...,¢t — 1}. Proceed to Step ¢+ 1.

Since X is finite, we eventually reach the Termination Step.

(4) Termination - Dead End

(a) Construct a random assignment P! which is the same as P, except at the
circled element z. P! is obtained by raising P, as high as possible without
“crossing” any constraint in ‘H. This amount « is positive.

(b) Construct a random assignment P? which is the same as P, except at the
circled element x. P2 is obtained by reducing P, as low as possible without
“crossing” any constraint in H. The amount of reduction [ is positive.

(c) Set v by yao + (1 = v)(=0) =0, i.e., v = aLiB

(d) The decomposition of P into P = yP! + (1 — ) P? satisfies the requirements
of the Lemma by construction.

(5) Termination - Chain

(a) Observe that the sets in H; U H, containing either circled or squared term
does not form a cycle. By construction, each of these sets contains precisely
one circled element and one squared element.

(b) Construct a random assignment P! in F which is the same as P, except at
the circled elements, X, and at squared elements, Xg. For each z € X,
set P! = P, + a, and for each z € Xg, set P! = P, — «, where a > 0 is
the largest number that still satisfies all constraints in H. By construction,
P! = Pg for all S € H; UH,. Observation (1) then ensures that P = Ps for
each integral set S € H.



30

()

(d)
(e)

ERIC BUDISH, YEON-KOO CHE, FUHITO KOJIMA, AND PAUL MILGROM

Construct a random assignment P? which is the same as P, except at the
circled elements, X, and at squared elements, Xg. For each x € X, set
P? = P, — 3, and for each * € Xg, set P> = P, + 3, where 3 > 0 is
the largest number that still satisfies all constraints in H. By construction,
P2% = Ps for all S € H; UH,. Observation (1) then ensures that P2 = Ps for
each integral set S € H.

Set v by yao + (1 —v)(=0) =0, i.e., v = aLiﬁ

The decomposition of P into P = yP! + (1 — ~) P? satisfies the requirements

of the Lemma by construction.

(6) Termination - Cycle

(a)

()
(e)

Observe that the sets Sy, ..., Sk form a cycle (recall that ¢ = 1, unless the con-
struction involves the erasing of markings). Since these sets altenate between
H; and Hs_;, the order of the cycle must be even. Further, by construc-
tion, each of these sets contains precisely one circled element and one squared
element.

Construct a random assignment P! which is the same as P, except at the
circled elements, X, and at squared elements, Xg. For each x € X, set
P! = P, + a, and for each z € Xg, set P! = P, — a, where a > 0 is
the largest number that still satisfies all constraints in H. By construction,
P! = Pg for all S € H; UH,. Observation (1) then ensures that P = Ps for
all integral set S € H.

Construct a mapping P? which is the same as P, except at the circled ele-
ments, X¢, and at squared elements, Xg. For each x € X¢, set P? = P, — 3,
and for each z € Xg, set P? = P, + 3, where 8 > 0 is the largest num-
ber that still satisfies all constraints in H. By construction, P2 = Ps for all
S € H; UHy. Observation (1) then ensures that P2 = Ps for all integral set
S eH.

Set v by yao+ (1 —7)(=0) =0, i.e., v = aLiﬁ

The decomposition of P into P = yP! + (1 — 7) P? satisfies the requirements

of the Lemma by construction.
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APPENDIX B. PROOFS OF LEMMA 1 AND THEOREM 2
Proof of Lemma 1. Suppose for contradiction that H is BvN decomposable. Consider a
random assignment P specified by

P — if v € {xy,..., 2},

1
2
0 otherwise,
where P, is the entry corresponding to z € N x O. By definition of an odd cycle, Ps, =1
for all 4 € {1,...,k}. Since H is BvN decomposable, there exist P!, P% ... PX and
AL A2 ME such that
K
(1) P =5 M\pPF
k=1
(2) ¥ € (0,1] for all k and Y1 AF =1,
(3) Pk e {|Ps|,[Ps]} forall k€ {1,...,K} and S € H.
In particular, it follows that P§ = 1 for each ¢ and k. Thus there exists k such that
Pfl = 1. Since sz = 1, it follows that sz = 0. The latter equality and the assumption
that ng = 1 imply Pfg = 1. Arguing inductively, it follows that Pwkl_ = 0 if 7 is even and
Pfi = 1if ¢ is odd. In particular, we obtain Pfl = 1 since [ is odd by assumption. Thus
P§ = P} + P} =2, contradicting P§ = 1. O

Proof of Theorem 2. In order to prove the Theorem, we study several cases.

e Assume there is S € H such that S = N’ x O" where 2 < |N'| < |N| and
2 < |0 < |0O|. Let {i,j} x {a,b} € S, k ¢ N and ¢ ¢ O’ (observe that such
i,7,k € N and a, b, c € O exist by the assumption of this case). Then the sequence

of constraint sets
S1=205,9 ={i} x 0,53 =N x{c},Sy ={k} x O,S5 = N x {b},
is an odd cycle together with
x1 = (i,a),29 = (i,¢),23 = (k,c), x4 = (k,b), 5 = (4,b).

Therefore, by Lemma 1, H is not BvN decomposable.
e Assume there is S € ‘H such that, for some 7,7 € N and a,b € O, we have
(1,a),(4,b) € S with ¢ # j and a # b, and (i,0) ¢ S. Then the sequence of

constraint sets

Slzs,SQZ{i}XO,ngNX{b},
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is an odd cycle together with
x1 = (i,a),xe = (i,b), 23 = (J,b).

Thus, by Lemma 1, H is not BvN decomposable.

By the above arguments, it suffices to consider cases where all constraint sets in H have
one of the following forms.

(1) {i} x O’ where i € N and O’ C O,

(2) N’ x O where N' C N,

(3) N' x {a} where a € O and N' C N,

(4) N x O" where O’ C O.
Therefore it suffices to consider the following cases.

(1) Assume that there are ', S” € H such that S" = {i} x O" and S” = {i} x O for
some 7 € N and some O', 0" € O, S'NS” # () and S’ is neither a subset nor a
superset of S”. Then we can find a,b,c € O such that a € O'\ 0", b € O'NO"
and c € 0"\ O'. Fix j # i, who exists by assumption |N| > 2. Then the sequence

of constraint sets
S1=58,8=95"53=Nx{c},Sy={j} xO,S; =N x {a},
is an odd cycle together with
1 = (1,a), 29 = (1,b0), 23 = (1,¢), x4 = (J, ¢), x5 = (J,a).

Therefore, by Lemma 1, H is not BvN decomposable.

(2) Assume that there are S’,S” € H such that S = N’ x O and S” = N” x O for
some N/, N”" C N, "N S” # () and S’ is neither a subset nor a superset of S”.
In such a case, we can find 4,5,k € N such that i € N'\ N”, j € NN N” and
ke N"\ N'. Fix a,b € O. The sequence of constraint sets

Sl = S/, 52 = S”, Sg =N X {b},
is an odd cycle together with
21 = (j,a), v2 = (k,b), x5 = (i, ).

Hence, by Lemma 1, H is not BvN decomposable.

(3) Assume that there are S’,S” € H such that S’ = N’ x {a} and S” = N” x {a}
for some a € O and some N',N”" € N, SN S" # () and S’ is neither a subset
nor a superset of S”. This is a symmetric situation with Case 1, so an analogous

argument as before goes through.
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(4) Assume that there are S’,S” € H such that S = N x O and S” = N x O” for
some O', 0" C O, S'NS" # () and S is neither a subset nor a superset of S”. This

is a symmetric situation with Case 2, so an analogous argument as before goes

through.
O
APPENDIX C. PROOF OF THEOREM 3
Proof. For each i € N, let (a},a?,... ,alol) be a sequence of objects ordered in the de-
creasing order of ¢’s preferences so that v;,1 > vie2 > ..., v, o). Define the class of sets

H = Hy UH by

Hy = Hy U U i} x{al,....af} |,
i€EN,
ke{1,...,|0|}

M. = Ho.

By inspection, H’ is a bihierarchy. Therefore, by Theorem 1, there exists a convex de-

composition such that

(5) > P Pled| Y Pal.| > Pa for all S € H/,

(i,a)€S (i,a)€S (i,a)€S (i,a)€S
for any integer-valued matrices P’ and P” that are part of the decomposition. In partic-
ular, property (5) holds for each {(i,a)} € Hyy and {i} x {a},...,a¥} € H}. This means
that

e Observation 1: For any i and k, P, , — P/, € {—1,0,1}. This follows from
the fact that [P, — P",| < [Pgr] — LP,m}j <1 and that P/ . and P!, are integer
valued. l l Z 1

e Observation 2: By the same logic as for Observation 1, it follows that Zle (Pi/a]f —
Pz',;g'> € {—1,0,1} for any i and k.

e Observation 3: Let (a)l_, be the (largest) subsequence of (al, ..., a¥) such

»

that Pi/afl + Pz'/:lfl for all I. Then, (i) mel ¢ 7 for all [, and (ii) Pi’a,?zl, — Pi’;,‘cm,

/
ia

Koy 1

) forany I'=1,...1/2.

Observation 3 (ii) can be shown as follows. First, the result must hold for I’ = 1,
or else Z?il(pilaj —P')) = Pi/a’,“l _ Pi/(/l]?1 + Pz'/a’?2 _ Pi’(/l]:Q € {—2,2}, which violates

zai
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Observation 2. Now, working inductively, suppose the statement holds for all
I'=1,...,m — 1 for m <1/2. Then the statement must hold for I’ = m, or else

kom

> (P, =Pl

k2
J=1

m—1
- / 1" / / 1" / 1"
- § : (P koyr—q1 P. "21'-1 + Pia’fzz/ - Pa ) + P kzm 1 Piaka_l + P7,'ak2m - P- kom
k2 1

ia, ia;
'=1

i 7 7
_Pl

’L

_ P//

kom,
lai

/
ka 1 _Pik2m 1+pZ k2m
K

must be either —2 or 2, which again violates Observation 2.

These observations imply that

[
2 : / § : 7 2 : / /"
P, Via Piavia (Pwk Pwk)vzak
K
acO acO k=1
1
/ 1/
= (P kl_P. kl)'U k;
a 1a; a
=1
/2

< § :UA kop 1 — U ko
Q.- zai

SV ok — U K
ia, ia;

S Ai?

where the first inequality follows from v, k= o for k < kK’ and Observations 1 and
3-(ii), the second inequality follows from v;,r > v; o' for k < k', and the last inequality
follows from the definition of A; and Observatlon 3 (i). Therefore, we obtain property
(1). Property (2) follows immediately from property (1). O

ApPPENDIX D. PROOF OF COROLLARY 2

Proof. Let P* and w* be a solution and the optimal value of the associated linear pro-
gramming problem. Observe that we can assume P = 0 for every (i,a) € N x O with
Vi < 0 without loss of generality. Introduce a “null object” ¢ such that v;, = 0 for all ¢
and define P = qriyxo — P{*i}XO for all 7. With these technical definitions Theorem 3 is
applicable to (P,)(ia)enx(0u{a}), and it implies that there exists P’ = (P},)(a)enxo that

is integer-valued, satisfies all the constraints in problem (3), and

(6) Z Pi/avia Z Z P{;’Uia - Uia
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for each . Since > Pjv;, > w* for each i by construction, inequality (6) implies that
a

> Pl v, > w*—7;, implying w’ > w*—max;ey ;. Finally, w* > w** since w* is the optimal

a
value of a less constrained problem than problem (3). Thus we have ' > w** — max;en Ty,

completing the proof. 0
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