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Since Arrow’s theorem [l], social choice theory for more than two
alternatives has been concerned to a great degree with impossibility
theorems, that is, statements to the effect that no desirable social decision
functions exist satisfying certain proposed axioms. The point of view
taken in this paper is that more positive results can be obtained by con-
sidering different types of axioms. In particular, we do not insist on the
“independence of irrelevant alternatives.” This allows us to consider
various “scoring” methods, and in particular, Borda's rule. The object
of this paper is to present a set of axioms that characterize Borda’s rule
uniquely. :

We shall assume only that we want to find a social choice function,
that is, a rule which specifies a set of winning alternatives for any specifica-
tion of voters’ preferences. This notion has been very successfully
developed by Fishburn [4]. However, unlike Fishburn, we shall assume
that a given social choice function is defined for any finite number of
voters.

Let 4 ={a,,a,,..,a,} be the set of alternatives for election, and’
let the voters be named by elements of N, the set of natural numbers.
We shall assume for the present that every voter’s preferences can be
expressed by a linear order on the alternative set 4. (Later we shall see
‘that this assumption can be relaxed.) We denote a linear order by a
sequence a; , 4;, ..., d;_ , where for j < k, a;, 1s preferred to a; i

Let 2 be the set of all hnear orders on A. A profile is a function w from
a finite subset ¥’ C N to 2. A social choice function (abbreviated SCF) is
a function f that assigns, to each profile, a monempty subset of A called
the choice set for that profile.

The following two non-bias conditions are generally conszdered
desirable for any SCF f. fis anonymous if it depends only on the numbers
of voters having each preference order, that is, f(w) depends only on the
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numbers | w-}(P)| for all P e Z. Any permutation o of the alternative
set 4 induces a permutation é on the profiles in a natural way. We say
that fis neutral if f(6(w)) = of (w) for any such permutation ¢ and every
profile w.

By allowing the number of voters to vary, we are led to consider certain
consistency conditions which relate choices made by subsets of voters
to choices made by their union. In particular, if two disjoint subsets of
-voters ¥ and V'’ would choose the same alternative using f, then their
union should also choose this alternative using f. Furthermore, any
alternative not chosen by at least one of the subsets is in some sense not
as ““good” as an alternative chosen by both. Formally, f is consistent if
whenever w, w’ are profiles for disjoint voter sets ¥ and V', then

fwynfw) # @ implies f(w)Nfw) =f(w+w), (1)

where w + w' is the profile on ¥ U V' that agrees with w on ¥ and with
w’ on V. Consistency is thus a kind of Pareto condition on subsets of
voters. (Independently of this author, Smith [6] and Fine and Fine [3]
define a notion similar to consistency for social ordering functions, and
they prove some related results.)

The connection with the Pareto condition is illustrated by our next
definition. A SCF is said to be faithful if *“‘socially most preferred” and
“individually most preferred” have the same meaning when society
consists of a single individual; i.e., f(w) = {a,} when w represents a single
individual whose most preferred alternative is a,. If fis faithful and
consistent, then clearly f is Parero, that is, f(w) = {a;} for any profile w
in which a; is preferred to all other alternatives by every voter.

Black [2] gives an excellent survey of various types of social choice
functions. We shall now mention several examples relevant to this
discussion. The Condorcer SCF is the function that chooses those alterna-
tives that tie or beat every other alternative under pairwise simple majority
voting. Although the Condorcet function is not everywhere defined, i.e.,
may yield nb choice for certain profiles, it is clearly consistent on its
domain of definition. The plurality SCF is the function that chooses
those alternatives with the most first-place votes. Clearly the plurality
function is also consistent.

A third consistent function that is well known is the so-called Borda
rule. Given a profile w on m alternatives we assign a score of m + 1 — 2i
to an alternative every time it is jith most preferred by some voter. The
Borda rule chooses the alternative(s) with highest total score, summed
over all voters. Denote the total score of alternative a, by Bi(w). Also,
for any distinct j and k£, 1 <J, k << m, let 7;(w) be the number of voters
in w preferring a; to a, . Now an alternative is ith most preferred by a
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voter if and only if it is preferred to m — i others and i — | others are
preferred to it. Hence for the whole profile w we have

Bx(w) = Z (W) — m(W)- (2)

lg%m ~
We say that a SCF f has the cancellation property if any one voter’s
statement of binary preference—e.g., “a; is preferred to a,” —can be
balanced or cancelled by any other voter’s contrary statement, “‘a 1S
preferred to a;.” Thus, if for all pairs (a; , a;) of alternatives the number
of voters preferring a; to a; equals the number preferring a; to a;, then
a tie between all alternatives should be declared. Formally then we say
that f has the cancellation property if for any profile w
(W) = (W) forall i/ implies fi(w) = 4. 3)

While the plurality function does not have this property, both th
Condorcet and Borda functions do. One difficulty with the Condorcet
function, however, is that it is not a SCF in the full sense of the word,
since it is not everywhere defined.

Now we can state the principal result of this paper.

THEOREM 1. For any fixed number m of alternatives, there is one and
only one social choice function that is neutral, consistent, faithful, and has
the cancellation property —namely, Borda's rule.

Before proving Theorem 1 let us consider some particular consequences
of the assumptions. We say that a SCF f is based on pairwise comparisons
if f depends only on the net number of voters for or against in all votings
between pairs of alternatives, that is, if f(w) depends only on the numbers
(W) — m(w) for 1 <i#j < m. In other words, fis based on pairwise
comparisons means that all assertions of preference between two alterna-
tives carry equal weight, independent of the names of the voters and
independent of their preferences on other pairs. This equal treatment of
all binary assertions-of preference seems intrinsically desirable for many
applications.

Equation (2) shows at once that the Borda rule is based on pairwise
comparisons. The Condorcet function is also based on pairwise compari-
sons, and, except for special tie-breaking rules, so is the so-called sequential
method of voting used in the U.S. House of Representatives. In fact,
the property of being based on pairwise comparisons is very desirable
from a practical standpoint, since it reduces the amount of information
needed to make a social choice to just the outcomes of all votings between

pairs.
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LEMMA 1. If f is consistent and has the cancellation property, then f is
based on pairwise comparisons.

Proof. Let w, and w, be profiles on voter sets ¥; and V, respectively
such that w, and w, yield the same net number of votes for and against
in all pairwise comparisons,

mi(wy) — mi(wy) = mi(We) — mii(Wy) forall i #}j. (6)

Since every voter either prefers g; to a; or g, to a; We also have
ma(wy) + mawy) = | Vil for i), (M
mi(We) + ma(wy) = | Vo | for 1) ®)

Adding (7) and (8) to (6) we obtain
2 5(wy) + | Vel = 2m(w) + | V1| for i #]. )

Without loss of generality n = |V, | — | V.| = 0 and (9) implies n
is even. Let t be any profile for a set T of n voters disjoint from ¥; U V3
such that n/2 voters in T have preference order a; , @; ,..-, Gm and the n/2
remaining voters in T have preference order @, , @m-is--- 91 Then
7,(t) = my(1) = 1 for i # j, so by (3), f(1) = A. By consistency,

flwg +1) = f(wy) N f(1) = f(w»). (10)
Also, by construction, | Vo U T| = | V| and

Tri,-(w2 + t) = Wij(w,l) fOl” all 1 "-}'L-— j. (11)

Let u, «' be isomorphic copies of w, defined on new voter sets Uand U,
where |U| =|U'| =V, UN U = @, and U, U’ are disjoint from
V,u ¥V, U T. Let i’ be obtained from u’ by inverting all preference
orders. By the cancellation property, f(u + @) = f(w, + ') = A, hence
by consistency,

fw) =fuyn4 = f(u + (m, +u")) = f(w, + (v +u))
= fwp) N 4 = f(wy).

Similarly, (11) implies i (wy + t + u') = m;i(Wy + 1 4+ ') for all i # j,
o f(wg + 1+ ) =fu+u)= A and it follows as above that f(u) =
f(wy +1). Thus by (10),

fwy) = f(w, + 1) = f(u) = f(wy),

and the lemma is proved.
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If fis based on pairwise comparisons then any profile w can be repre-
sented simply by a weighted, complete, directed graph having vertex
set A, where the weight associated with (a; , a;)—the edge directed from a;
to a; —is just m;(w), the number of voters preferring a; to a; . (See Fig. 1.)
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Any such representation of a profile will be called a voting. For algebraic
manipulation, we shall represent the voting obtained from w by the
formal sum

Z i (w)(a; , a;). (12)

1 i igm
(£

D = 3(01;‘12) +(a1sa3) + ((14,01) + 3(“23“3) + (02,04) + 3(03,(11)

Since f depends only on the net number of voters for any pair, we may
identify (a; , a;) with —(a;, a;) in any such expression, e.g.,

mii(w)a; , ag) + miia; , a;) = (mi(w) — m(w))a; , aj).

(We can simply omit any terms with zero coefficients.)

The set 2 of all sums Y ;%; q:;(a; , a;), where the g;;’s are rational and
(a;, a;) is identified with —(a;, a;), forms a dimension () vector space
over the field Q of rationals, vector addition and scalar multiplication
being defined in the obvious way. The set 2’ of all votings is a subset of &
which is evidently closed under vector addition and scalar multiplication
by integers. The vector 2(a, , a,) is in &, for it is the voting obtained,
after cancellations, from any profile on two voters in which one voter
has preference a, , a;, a; ,..., @m_y , @, and the other voter has preference
A » Am—y 5---» A3, 4y , A5 . Similarly, we conclude that 2(a;, a;) € 2’ for all
i #J.

Now any vector D = 3 ;«; q;i(a; , a;) In & can be written

D =3 gi{a;,a)  where gj; >0 forall i+

Ty] .

642/9/1-4
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For a suitably large integer n, ng/; are all nonnegative integers, hence
2nD € @' by the above. It follows that @ = {D/n: D € &', n any positive
integer}, and we may interpret & as the set of votings that arise from
profiles in which fractional numbers of voters are allowed. We will call
these generalized votings and generalized profiles.

Suppose now that f is consistent. This is equivalent to saying that for
any D, D' e &',

f(D)Nf(D) # @  implies f(D)Nf(D) =f(D+ D). (13)

In particular, for any DeZ’ and positive integer n, we have
f(nD) =f(D + D + --- + D) = f(D). Wecan therefore extend f'to & by
defining f(D/n) = f(D). This is unambiguous, because if D/n =D’'[|n,
then n'D = nD’ and so f(D) = f(D’). Moreover, this extension is con-
sistent in that (13) is satisfied for all D, D’ € &. We also have f(AD) = f(D)
for all positive rational A.

Proof of Theorem 1. It is left to the reader to verify that the Borda
function is neutral, consistent, faithful, and has the cancellation property.

Conversely, if f satisfies these conditions then f is based on pairwise
comparisons, and by the preceding discussion we may extend f in a
natural way to the domain &. Moreover, this extension 1s also neutral,
consistent, and faithful. In particular, neutrality implies that for any
permutation o of A we have

f(&(D)) = o(f(D)), (14)

where & i the permutation of the components of £ induced by o.
Given 1a generalized voting D = 3 ;»; g:5(a; , a;) it follows from (2)
and (12) that the Borda score for alternative & 1s

Bk(D) = Z qri — ik » 1 <k <m. (15)

ik

(15) defines a linear function § from the vector space 2 to the vector
space Q™:

B [Z q:5(a; , a,-)] = (Z (91 — 95> Z (Gos — Gi2)re-- Z (Gmi — qjm))-

(£ =l %2 j#m
(16)

For each i, 1 < i < m, let w' be the generalized profile in which } voter
has preference order a;, ay, ds,...; @ioy 5 Qicy 5o dm-15 9m and } voter
has preference order @;,am, @m-1 5+ Giv1> dizyseees G2 A1 Since f is
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faithful and consistent, f is Pareto, so {a;} is the choice set for wi. The
voting corresponding to w is

E: = Z l(ai ’ ai)9

j=1
FE )

S0,
f(EH) ={a}, 1<ism (17)

We also have
B(EY) = (m — 1, —1,..., —1)

B({Sz) = (—1, ):n ~—-.1,..., _.-1) (18)

B(E'm) = (_1’ :"13'“3 m ‘_': l)' !

These vectors have dimension m — 1 in Q™, and since 3_; Bi(D) =0
for all De 9, they span image B. Now the dimension of kernel
B={De2:8(D)=(0,0,..0) is dim 2 — dim(image B), so

dim(kernel B) = (’;} —m—+ 1. (19)

A k-cycle (k > 3) is a voting of form
(ail ’ a!',) + (ai, 3 ai,) +' e (aik_.,_ H aik) + (aik ’ az'l),

where i, , iy ,..., I are distinct. We denote this particular k-cycle by
Ciigonnniy - For 3 < k < m every k-cycle is a rational linear combination
of (k + 1)-cycles, since for any index i; # iy , Iz ..., x WE have

(k - l) Ci,t, ..... iy = Ci,i, ..... i + Ci'li, ..... iy + -+ Ciliz ..... ip—1itie

By induction on k we conclude that every k-cycle is a rational linear
combination of m-cycles. Since the set of all k-cycles (k > 3) has dimension
‘(™) — m + 1 (see, for example, Harary [4]), this is also the dimension of
the set of m-cycles. But every m-cycle is in kernel B, so by (19) the m-cycles
span kernel B. Thus for any D € kernel B, we have D = 3, q,Cr for some
m-cycles C* and rationals ¢, , and by proper orientation of the cycles we
may assume all g, > 0. However, every m-cycle is invariant under a
transitive cyclic permutation of 4, hence by neutrality, f(CT) = A forall r.
By consistency

f(D)y = Nfg,CH = Nf(C) =4,
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that is,
f(D) =4 for all D € kernel B.

Suppose now that B(D) = B(D’) for D, D' € 2. Then D — D’ € kernel B
so f(D — D’) = A. Then by consistency again

f(D) =f(D' + (D — D)) =f(D)nA=f(D)

from which we conclude that for any voting D, f(D) depends only on the
Borda scores B(D).

To prove the theorem, it remains only to show that f depends on the
Borda scores in the “right” way, i.e., that f choose the alternatives with
highest Borda score. Given D € @, suppose without loss of generality
that B;(D) = By(D) = -+ = Bm(D), and we will show that f(D) =
{a;: B;(D) = B,(D)}. Since the vectors B(E?) of (18) span image B, we have
B(D) = 1 AB(EY) for some rationals A; . Since 5., B(E") = 0 this can
be rewritten as

ﬂm=§ﬂ&~h&2&@=ﬁﬁﬂ%~hﬂiﬁ}(M

j=l i i=1 i<i
By (18),
BD) — B0) = [(m = DA = T A] = [ = DA = T A
= m(A; — A)),
_hence by our hypothesis on B(D),
N —Aa =0 for 1<j<m—L 1)
Moreover,
{j: B{D) = Bu(D)} = {j: A; = Ay} (22)

Next, we prove by induction on m — j that
f(z E’) = {al > Qg 5eeey ai}' (23:
i<

In case m — j = 0, fCi<m E¥) = 4, by neutrality. Suppose that (23
holds for m —j — 1. Y., E* is invariant under the permutations d
and & induced by the cyclic permutations o = (@, ,..., a;) anc
o' = (G;,18;42 s> Am)- 1f fOr sSOmME k& > j, a3 € f(Ti<; EY), then by applying

o’ to f(Tic; EY) we conclude by neutrality (14) that a;,, € fCig; EY). Bu
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then by (17) and consistency, f (Ticjs EY) = f(Sics £ O F(E*) = (a1}
contradicting the induction hypothesis. Hence

k<j foral akef(ZE‘);éQ.
ich
Applying o to f(Xics EY) we conclude that f(3.<; E*) = {a;, a3 ,..., aj},
-and (23) is proved. .
By (20), f(D) =f[Zicr (A — A4 Zicy E*], and since Ay — Ayyy 2> 0,
consistency implies

[

f["'f N — A T E] —d () (s} = {2zl = A

j=1 iy J:Aj—A; >0

= {a;: B(D) = By(D)}, ~
the last by (22). This proves that fis the Borda rule. W

The reader may verify by constructing examples that the four conditions
of the theorem are independent. Theorem | and Lemma | can also be
proved in much the same way if individual voters are allowed to express
their preferences on the alternatives by weak orders, or, even more
generally, by partial, antisymmetric relations. In these cases we simply
define the Borda scores as in Eq. (2). .

A particularly noteworthy aspect of Theorem 1 is that, while we only
require a social choice function under our assumptions, the function we
actually get (Borda’s rule) in fact produces a (weak) social ordering of
the alternatives for any profile. Indeed, it can be shown more generally
that any social choice function which is anonymous, neutral, and con-
sistent yields a weak social ordering of the alternatives. Specifically, we
say that a SCF on m alternatives is a scoring function if there is a finite
sequence si, s2,..., s* of vectors from R™ such that every voter assigns

_score s to his ith most preferred alternative, and the alternatives are
“socidlly”” ranked according to their total scores. Ties produced by the
scoring vector s' are resolved using s%, and so forth. The choice set then

. consists of the top-ranked alternatives in the social order. In [7] it is
shown that a social choice function is anonymous, neutral, and consistent
if and only if it is a scoring function.
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