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Abstract

In this paper we consider the nonparametric identification of Markov dynamic games
models in which each firm has its own unobserved state variable, which is persistent
over time. This class of models includes most models in the Ericson and Pakes (1995)
and Pakes and McGuire (1994) framework. We provide conditions under which the
joint Markov equilibrium process of the firms’ observed and unobserved variables can
be nonparametrically identified from data. For stationary continuous action games, we
show that only three observations of the observed component are required to identify
the equilibrium Markov process of the dynamic game. When agents’ choice variables
are discrete, but the unobserved state variables are continuous, four observations are
required.

1 Introduction

In this paper, we consider nonparametric identification in Markovian dynamic games models
where each agent may have its own serially-correlated unobserved state variable. This class

of models includes most models in the Ericson and Pakes (1995) and Pakes and McGuire

*The authors can be reached at yhu@jhu.edu and mshum@caltech.edu.



(1994) framework.! These models have been the basis for much of the recent empirical
applications of dynamic game models. Throughout, by “unobservable”, we mean variables
which are commonly observed by all agents, and condition their actions, but are unobserved

by the researcher.

Consider a dynamic duopoly game in which two firms compete. It is straightforward to
extend our assumptions and arguments to the case of N firms. A dynamic duopoly is

described by the sequence of variables (Wit1, x¢+1) s (Wi, xt) 5 -, (W1, x1) where

Wi = (Wi, Way),
Xt = (X1.t:X2¢) -

W; i stands for the observed information on firm ¢ and x;; denotes the unobserved hetero-

geneity of firm ¢ at period ¢, which we allow to vary over time and be serially-correlated.

In empirical dynamic games model, the observed variables W; ; consist of two variables:
VVz’,t = (Yi,ta Mi,t),

where Y;; denotes firm ¢’s choice, or control variable in period ¢, and M;; denotes the state
variables of firm ¢ which are observed by both the firms and the researcher. We assume that
the serially-correlated variables xi: and x2: are observed by both firms prior to making
their choices of Y14, Y2 in period ¢, but the researcher never observes x;. For simplicity,

we assume that each firm’s variables Y;;, M; ;, x;; are scalar-valued.

Main Results: Our goal is to identify the density

th,Xt\Wt—hXt—l? (1)

which corresponds to the equilibrium transition density of the choice and state variables
along the Markov equilibrium path of the dynamic game.? The identification of this stochas-
tic process plays a key role in the identification of dynamic games because it can be inter-
preted as the “reduced form” equations of the model and contains all the information that

is needed to identify and estimate the structural parameters under standard exclusion re-

1Qur framework is one of incomplete information but our results apply both to models of incomplete
information and, as a particular case, to dynamic games of complete information.

2Markov Perfect Equilibrium (MPE) is the equilibrium concept that has been used in this literature and
this concept assumes that players’ strategies depend only on payoff-relevant state variables.



strictions.

In Markovian dynamic settings, the transition density can be factored into two components

of interest:

th,xtIWtA,Xtﬂ = fYtaMhXt|Yt717Mt717Xt71

_ . 2
= fYt\MuXt meXt\Yt—hMt—l,Xt—1 : ( )
N——
CCP state transition

The first term denotes the conditional choice probabilities (CCP) for the firms’ actions
in period ¢, conditional on the current state (My, x;). In the Markov equilibrium, firms’
optimal strategies typically depends just on the current state variables (Mg, x¢), but not
past values. The second term denotes is the equilibrium Markovian transition probabilities
for the state variables (M, x:). As shown in Hotz and Miller (1993) and Magnac and
Thesmar (2002), once these two structural components are known, it is possible to recover

the “deep” structural elements of the model, including the period utility functions.

In an earlier paper (Hu and Shum (2013)), we focused on nonparametric identification of
Markovian single-agent dynamic optimization models. There, we showed that in stationary
models, four periods of data Wy, 1,..., Wy_o were enough to identify the Markov transition
Wi, xt|Wi—1, Xt—1, while five observations W41, ..., W;_3 were required for the nonstation-
ary case. In this paper, we focus on Markovian dynamic games. We show that, once
additional features of the dynamic optimization framework are taken into account, only
three observations Wy, ..., W;_g are required to identify Wy, x¢|W;—1, x¢—1 in the stationary
case, when Y; is a continuous choice variable. If Y} is a discrete choice variable (while x; is

continuous), then four observations are required for identification.

Related literature Recently, there has been a growing literature related to identifica-
tion and estimation of dynamic games. Papers include Aguirregabiria and Mira (2007),
Pesendorfer and Schmidt-Dengler (2008), Bajari, Benkard, and Levin (2007), Pakes, Os-
trovsky, and Berry (2007), and Bajari, Chernozhukov, Hong, and Nekipelov (2007). Our
main contribution relative to this literature is to provide nonparametric identification re-
sults for the case where there are firm-specific unobserved state variables, which are seri-
ally correlated over time. Allowing for firm-specific and serially-correlated unobservables
is important, because the dynamic game models in Ericson and Pakes (1995) and Pakes
and McGuire (1994) (see also Doraszelski and Pakes (2007)), which provide an important

framework for much of the existing empirical work in dynamic games, explicitly contain



firm-specific “product quality” variables which are typically unobserved by researchers.

A few recent papers have considered estimation methodologies for games with serially-
correlated unobservables.? Arcidiacono and Miller (2011) develop an EM-algorithm for es-
timating dynamic games where the unobservables are assumed to follow a discrete Markov
process. Siebert and Zulehner (2008) extend the Bajari, Benkard, and Levin (2007) ap-
proach to estimate a dynamic product choice game for the computer memory industry where
each firm experiences a serially-correlated productivity shock. Finally, Blevins (2008) de-
velops simulation estimators for dynamic games with serially-correlated unobservables, uti-
lizing state-of-the-art recursive importance sampling (“particle filtering”) techniques. How-
ever, all these papers focus on estimation of parametric models in which the parameters are

assumed to be identified, whereas this paper concerns nonparametric identification.

2 Examples of Dynamic Duopoly Games

To make things concrete, we present two examples of a dynamic duopoly problem, both of
which are in the “dynamic investment” framework of Ericson and Pakes (1995) and Pakes

and McGuire (1994), but simplified without an entry decision.

Example 1 is a model of learning by doing in a durable goods market, similar to Benkard
(2004). There are two heterogeneous firms i = 1,2, with each firm described by two time-
varying state variables (M; ¢, xi ). M;+ denotes the “installed base” of firm 4, which are the
share of consumers who have previously bought firm 4’s product. x;; is firm i’s marginal
cost, which is unobserved to the econometrician, and is an unobserved state variable. There
is learning by doing, in the sense that increases in the installed base will lower future
marginal costs. In each period, each firm’s choice variable Y;; is its period t price, which
affects the demand for its product in period ¢ and thereby the future installed base, which

in turn affects future production costs.

In the following, let Y; = (Y14, Y2+), and similarly for M; and x;. Let S; = (M, x¢) denote
the common-knowledge state variables of the game in period t. S;; = (M4, xi), fori = 1,2,

denotes firm i’s state variables. Each period, firms earn profits by selling their products to

3Kasahara and Shimotsu (2009) considers a dynamic discrete choice model as a mixture model where
the unobserable is time-invariant. We use a general identification result for measurment error models (Hu
(2008)) to identify a dynamic game with time-varying unobserved state variables. See also Hu, Kayaba, and
Shum (2013) and An, Hu, and Shum (2010).



consumers who have not yet bought the product. The demand curve for firm ¢’s product is

QZ(Yty Mt7 T’i,t)

which depends on the price and installed base of both firms’ products. Firm ¢’s demand also
depends on 7;, a firm-specific demand shock. As in Aguirregabiria and Mira (2007) and
Pesendorfer and Schmidt-Dengler (2008), we assume that 7;; is privately observed by each
firm; that is, only firm 1, but not firm 2, observes 7;;, making this a game of incomplete
information. Furthermore, we assume that the demand shocks 7;; are i.i.d. across firm
and periods, and distributed according to a distribution K which is common knowledge to
both firms. The main role of the variable 7;; is to generate randomness in Y; ;, even after

conditioning on (My, x¢).
The period t profits of firm 7 can then be written:
i (Yz, Sty mit) = ¢i(Ye, M, mit) * (Yie — Xit)

where Y; s — x;¢ is firm ¢’s margin from each unit that it sells.

Installed base evolves according to the conditional distribution:
Migi1 ~ G(|Mig, Yig)- (3)

One example is to model the incremental change M; ;1 — M;; as a log-normal random

variable

log(Mi 411 — M;g) ~ qi(Ye, My, mit) + €ig,  €ix ~ N(0,02),14.d-(4,1).

Marginal cost evolves according to the conditional distribution

Xit4+1 ™~ H("Xi,ta Mz‘,t+1)- (4)

One example is

Xit+1 = Xip — N(y(Mip1 — M), 07)

where v and o are unknown parameters. This encompasses learning-by-doing because the
incremental reduction in marginal cost (X;¢+1 — Xxi,) depends on the incremental increase

in installed base (M; 41 — M;+).



In the dynamic Markov-perfect equilibrium, each firm’s optimal pricing strategy will also

be a function of the current S;, and the current demand shock 7; :
Yie =Y (St,mie), 1=1,2 (5)

where the strategy satisfies the equilibrium Bellman equation:

}/i*(Sb 77i,t) = argmaXyEﬁfz‘,t {HZ(St7 Y, Y—i,t = Y—*l(St7 n—i,t))"‘
(6)
BE [Vi(Ses1, migs 1)y, Yoin = Y5 (St, i) }

subject to Egs. (4) and (3). In the above equation, V;(S¢, ni+) denotes the equilibrium value
function for firm 7, which is equal to the expected discounted future profits that firm ¢ will

make along the equilibrium path, starting at the current state (S, n;t)- |

Example 2 is a simplified version of the dynamic investment models estimated in the
productivity literature. (See Ackerberg, Benkard, Berry, and Pakes (2007) for a detailed
survey of this literature.) In this model, firms’ state variables are (M;, xi+), where M;,
denotes firm 4’s capital stock, and x;; denotes its productivity shock in period ¢. Y;;, firm

i’s choice variable, denotes new capital investment in period t.

Capital stock M, ; evolves deterministically, as a function of (Yj;—1, M;+—1):
My =(1—-06) M1+ Y1 (7)

The productivity shock is serially correlated, and evolves according to the conditional dis-

tribution
Xi+1 ~ H(-|Xie, Mig)- (8)

Each period, firms earn profits by selling their products. Let ¢;(p;+, p—i ¢, 1) denote the
demand curve for firm ¢’s product, which depends on the quality and prices of both firms’
products. As in Example 1, n; ; denotes the privately observed demand shock for firm ¢ in

period t, which is distributed i.i.d. across firms and time periods.

The period t profits of firm ¢ are:

Qi (Dits D—itsMit) * (Piz — €i(Sit)) — K(Yiz)



where ¢;(+) is the marginal cost function for firm i (we assume constant marginal costs) and

K(Yi) is the investment cost function.

Following the literature, we assume that each firm’s price in period ¢ are determined by a
static equilibrium, given the current values of the state variables Sy, and the firm-specific
demand shock 7; . Let p}(St, n;+) denote the static equilibrium prices for each firm in period
t. By substituting in the equilibrium prices in firm’s profit function, we obtain each firm’s

“reduced-form” expected profits:

IL(St, Ye,mie) = En_, i (P31 (Se: 1), 05 (St m2e), mise) %05 (St mie) — ¢i(Si)|—K (Yig), i =1,2

As in Example 1, the Markov equilibrium investment strategy for each firm just depends

on the current state variables S¢, and the current shock ;4
Y, = Y;*(Shnit)’ L= 17 2.

subject to the Bellman equation (6) and the transitions (7) and (8). [

The substantial difference between examples 1 and 2 is that in example 2, the evolution of
the observed state variable M; ; is deterministic, whereas in example 1 there is randomness
in M;; conditional on (M;;—1,Y;;—1) (i.e., compare Eqgs. (3) and (7)). As we will see below,

this has important implications for nonparametric identification.

Moreover, as illustrated in these two examples, for the first part of the paper we focus on
games with continuous actions, so that Y; are continuous variables. Later, we will consider

the important alternative case of discrete-action games, where Y; is discrete-valued.

3 Nonparametric identification

In this section, we present the assumptions for nonparametric identification in the dynamic
game model. Our identification strategy requires a panel dataset with multiple markets
and the asymptotics in the corresponding estimation is in the number of markets. The
assumptions we make here are different than those in our earlier paper (Hu and Shum
(2013)), and are geared specifically for the dynamic games literature, and motivated directly
by existing applied work utilizing dynamic games. We assume that for each market j,

{Wist, xe+1) , Wiy xt) 5 e (Wth)}j is an independent random draw from the identical



distribution fyw, \ wi,...W1 xes1,xe,.x1- Lhis rules out across-market effects and spillovers.
And the assumption of identical distribution across markets rules out the possibility of

multiple equilibria. For each market j, {W1,..., Wr} ; is observed, for T" > 4.

After presenting each assumption, we relate it to the examples in the previous section.

Define Qc; = {Wi_1, ..., Wi, X¢t—1, ..., X1} We assume the dynamic process satisfies:

Assumption 1 First-order Markov:

th7Xt|Wt—17Xt—17Q<t—1 - th,Xt|Wz—1,Xt—1; (9)

Remark: The first-order Markov assumption is satisfied along the Markov-equilibrium

path of both examples given in the previous section. |

Without loss of generality, we assume that Wy = (Y, M) € R2. We assume

Assumption 2
(i) fYt|Mt7Xt7Yt—1aMt—17Xt71 = fYt|Mt7Xt’

(ii) th‘MtathlyMtfl,thl = th|Mt7Mt717Xt71’

Assumption 2(i) is motivated completely by the state-contingent aspect of the optimal policy
function in dynamic optimization models. It turns out that this assumption is stronger than
necessary for our identification, but it allows us to achieve identification only using three
periods of data. Assumption 2(ii) implies that x; is independent of Y;_; conditional on Mj,

M;_1 and x;—1. This is consistent with the setup above.

Remarks: Assumption 2 is satisfied in both examples 1 and 2. [

The conditional independence assumptions 1-2 imply that the Markov transition density

(1) can be factored into

th,Xt|Wt717Xt71 = sztvMuXt‘thlyMt—hXt—l

= fYtht,Xt .th‘Mt,Mtfluthl 'fMt|Yt71,Mt71,Xt71' (10)

In the identification procedure, we will identify these three components of fiy, \,jw,_, v,_:

in turn.



Next, we restrict attention to stationary equilibria in the dynamic game, which is natural
given our focus on Markov equilibria. In stationary equilibria, the Markov transition density

W xe Wit xe_y 1S time-invariant.

Assumption 3 Stationarity of Markov kernel:

thth‘Wtfletfl = fW2,X2|W17X1'

For simplicity, we assume that Y;;, My, xi: € {1,2,..., J}. 4 Consider the joint density of
{Yy, My, Vi1, M;_1,Y:—2}. We show in the Appendix, that Assumptions 1-2 imply that

Iy i My Yies
= Z fYt‘Mt,Mtflathl fMt,Ytq [Mi—1,xt—1 th71 [Mi—1,Yi—2 (11)
Xt—1
where the final line follows from Assumptions 1-2. Note that the density fy; ar, v;_i0,_1.v;_o
on the left-hand side is nonparametrically identified everywhere under mild regularity con-
ditions, and that Equation 11 summarizes all the key restrictions that the model imposes

on the densities on the righ-hand side.

In order to identify the unknown densities on the right hand side, we use the identification
strategy for the nonclassical measurement error models in Hu (2008). His results imply that
two measurements and a dependent variable of a latent explanatory variable are enough
to achieve identification. For fixed values of (M, M;_1), we see that (Y;,Y;—1,Y;—2) enter
equation (11) separately in, respectively, the first, second, and third terms. This implies
that we can use (Y3, Y;—2) as the two measurements and Y;_; as the dependent variable of

the latent variable y;_1.

We abuse the notation Y; and define

1 if (Y, Ya,) =(1,1)

2 if Yi+Yo:) = (1,2
Yi =G(Y1,Yo) = it (N Y2 = (1,2) ;

J? if (Yi,tay2,t) = (Ja J)

4This restriction limits the support of the common knowledge unobservables to be discrete. An advantage
of this restriction is that the identification procedure does not require high-level technical assumption, such
as injectivity, and many assumptions are directly testable from the data. An obvious disadvantage is that
it rules out continuous unobserved state variables.



where the one-to-one function G maps a vector of discrete variables to a scalar discrete
variable. ® Similarly, we may also redefine x; = G(x1, X2.t). Furthermore, we define the
matrix Fy, . v jm,_, v,_, for any given (my, y;—1,m¢—1) in the support of (My, Y;—1, My_1)
and i,j,k € S = {1,2..., J*}

By megialmes Y = [Fas it Yoo (6 gealme, )],
Fyimome1xe: = Ly MeMyg e (lme, men, k)]i’k ,
Dy, \imime1ixes = diag { [fyia MMy xes (W=t me, me1, k‘)]k} ,
Dy vxes = diag { [Farns s xe s (milme1, k)], }
Fomeayis = LM vioo(Klmi1,5)] ki

where diag {V'} generates a diagonal matrix with diagonal entries equal to the corresponding
ones in the vector V. As shown in the Appendix, equation (11) can be written in matrix

notation as (for fixed (my, yi—1,mi—1)):

FYt,mt,ytfllmthtQ = FYt|mt7mt711Xt71Dyt71‘mtvmtfh)(t—lDmt|mt717Xt71Fthllmtfhygth' (12)
Similarly, integrating our y;—1 in equation 11 leads to for any given (my, m;_1)
FYt,mtlmtht& = FYt‘mtymtfl,thlet|mt711Xt71FXt71|mt717Yt72’ (13)

where

FYLMtImt—l,Yt—Q = [fYt,MtIMt—LYz—z (Lmt’mt—lvj)]i,j'

The identification of a matrix, e.g., Fy,jm, m,_ 1,x,_;» 15 equivalent to that of its corre-
sponding density, e.g., fy;|n,M,_,,x,_.- ldentification of Fy,,,;, m, .y, , from the observed

Fy,, requires

meYe—1|me—1,Yi—2

Assumption 4 For any (my,my—1), there exists a yi—1 € S such that Fy, p,jm,_, v, o 15

invertible.

Assumption 4 rules out cases where the support of x;_1 is larger than that of Y;. Hence,

5The identification strategy for the continuous choice games is the same as that for the discrete choice
games after discretization of the observed choice, as long as the latent unobservable is discrete. This can
be seen in the transformation of (Yi.,Y2:) before introducing the matrices. For the continuous choice

games, one may pick a function G' to map continuous Y1 ¢, Y2+ to a discrete Y; = G(Y1,+, Y2,¢), then impose
restrictions on Y;.

10



in this section, we are restricting attention to the case where Y; and x;—1 have the same

support.

Remark: This assumption implies that all the unknown matrices on the right hand side
and D

are nonzero. Furthermore, this assumption is imposed on the observed probabilities, and

are invertible. In particular, all the diagonal entries in D

Ye—1|me,me—1,X¢—1 me|me—1,Xt—1

therefore, directly testable using the sample. |

As in Hu (2008), if the latter matrix relation can be inverted (which is ensured by Assump-
tion 4), we can combine Eqs. (12) and (13) to get
F F}!
Yeome,ye—1lme—1,Ye—2 % Vi my|me_1,Y;_ 2

_ —1
- FY;‘,‘mt;mt—Lthl Dyt71|mt,mt71,x1&71 FYtlmz,mzﬂ,Xtﬂ' (14)

This representation shows that an eigenvalue-eigenfunction decomposition of the observed

. -1 . . .
matrix anmtvytfl‘mtflv}/t72F§/t,mt|mt_1,§/t_2 yields the unknown density functions fmmt,mtihxhl

as the eigenfunctions and fy, | |m,, as the eigenvalues.

me—1,Xt—1

The following assumption ensures the uniqueness of this decomposition, and restricts the

choice of the w(-) function.

Assumption 5 For any (my, my_1), there exists a y.—1 € S such that for j #k € S

Sy s We=tlme me—1, ) F vy vn g xe (et lme, me—1, k).

Assumption 5 implies that the latent variable does change the distribution of Y; 1 given M,

in the two periods. Notice that assumption 4 guarantees that f,, 1, m,_1,x., 7 0-

Remark: Assumption 5 requires that the conditional density fy, | |as, a1 xoi (Ye—1 |70, Mu—1, X1 -1)
varies in x;—1 given any fixed (my, m;—1), so that the “eigenvalues” in the decomposition (14)
are distinctive. Although this assumption is not imposed directly on observed probability,
the probability fy, ,|ar.as,_,,x,_, for different values of x;—1 is an eigenvalue of an matrix in-
duced by observed probabilities. Therefore, Assumption 5 is also testable using the sample.
For example 1, given the preceding discussion, assumption 5 should hold. For example 2, the
capital stock M; evolves deterministically, so that fy, | |ar a,_y v, i (Ye—1]m8, me—1, Xt-1) =

I (y—1 =my — (1 —d)my—1). Since this does not change with y;—; for any fixed (my, m;—1),

11



Therefore, assumption 5 fails. |

Remark (Complete information games): In some models, the choice variable Yj; is a

deterministic function of the current state variables, i.e.,
}/i,tfl - g’i(Mtfla thl)a 1= 17 2. (15)

In examples 1 and 2, this would be the case if we eliminated the privately-observed demand

shocks 71+ and 79;. Assumption 5 becomes

f}/t,1|Mt,1,Xt,1(yt—1|mt—17j) ;é f}@,ﬂMt,l,Xt,l(yt—l|mt—17 k)

Remark: Notice that in the decomposition (14), y;—1 only appears in the eigenvalues.
Therefore, if there are several values y;—; which satisfy Assumption (5), the decompositions
(14) using these different y;—1’s should yield the same eigenfunctions. Hence, depending on
the specific model, it may be possible to use this feature as a general specification check for

Assumptions (1) and (2). We do not explore this possibility here. [

Under the foregoing assumptions, the density Yi, my,yi—1|mi—1,Yi—2 can form a unique
eigenvalue-eigenvector decomposition. In this decomposition, the eigenfunction corresponds

to the density fy; m,m;_1x¢_1 (|74 Mi—1, x¢—1) which can be written as

Fameme s Clmes ma—1, xe-1) = fi o mesme voxae1xeea Co 0 IMe Me—1, X1,-1, X2,6-1)-

(16)
The eigenvalue-eigenfunction decomposition only identifies this eigenfunction up to some
arbitrary ordering of the (x1.:—1,x2:—1) argument. Hence, in order to pin down the right
ordering of x;—1, an additional ordering assumption is required. In our earlier paper (Hu and
Shum (2013)), where y; was scalar-valued, a monotonicity assumption sufficed to pin down
the ordering of y;. However, in dynamic games, x;_1 is multivariate, so that monotonicity

is no longer well-defined.

Consider the marginal density

f}fim‘mt,mtfl,xl’tfl,xgytfl ("mt7 mt*l? Xl,t*l? X2,t71)’

12



which can be computed from Eq. (16) above. We make the following ordering assumption:

Assumption 6 for any given (my,m;—1) and j #k € S

fYt|mt,mt—17Xt—1 (k‘mt7 my—1, k) > fYt‘mt,mt_hXt_l(j’mtv me—1q, k)

Remark: With this assumption, the mode of fy, , v, ,jme.me_1,x1.0-1x2.0-1 Cs [0 Me—1, 3, k)
is (j, k). Therefore, the value of the latent variable x1:—1, x2+—1 can be identified from the
eigenvectors. In other words, the ”pattern” of the latent marginal cost (x1,¢—1,X2¢—1) 18
revealed at the mode of the price distribution of (Yj,Y2;). This assumption should be
confirmed on a model-by-model basis. In example where the Y;; is interpreted as a price
and X1 as a marginal cost variable, this assumption implies that a firm whose marginal
cost is the k-th lowest would most likely has the k-th lowest price for given the installed
base. |

From the eigenvalue-eigenvector decomposition in Eq. (14), Hu (2008) implies that we can
Dy, ijmemi—ixe-10 D
FXt_1|mt_17yt_2 for any (m¢, y¢s—1,m¢—1) and their corresponding densitiesfn|Mt7Mt_17Xt_1,

fY;S71|Mt,Mt71,Xt717 fMtht717Xt—1’ and thfllMtflaYt72' That implies we can identify fMtathl‘Mtfl,thl
as

identify all the unknown matrices Fy, and

[, me—1,x¢—1° me|me_1,x¢—1"

fMuYt—l\Mt—l,Xt—l = fYt—1|Mt,Mt—1,Xt—1 fMt|Mt—17Xt—1 :

From the factorization

thYt—l‘Mtfl:thl = fMt|thlyMt717Xt71 ’ fYt71|Mt717Xt71

we can recover far v,y M,_ixe—1 a4 fy,_ |m,_ix._,- Given stationarity, the latter density
is identical to fy,|az,,y,, SO that from far, v, a1y, We have recovered the first two

components of fy, y.jw,_, x,_, in Eq. (10).

All that remains now is to identify the third component fy, as, a7, .y, ,- To obtain this,

note that the following matrix relation holds:

M, Mt —1,Xt—1 = M, Xt Xt |, Mt —1,Xt—1
Fyi FyitmeaFxl

13



for given (my, my—1), and where for i,l,k € S

FXt‘mtymt—l:Xt—l = [th|Mt7Mt71;Xt71 (”mtvmt—lvk)]hk

FYt|mt7Xt = [fYt\MuXt (i|mt7l)]i,['

The invertibility of Fy;,,, implies that of Fy, Therefore, the final component

Mi—1,Xt—1 [me,xe

in Eq. (10) can be recovered as:

_ -1
Fthmt,mtfl,thl - FYt|mt7xtFYt|mt,mt71,Xt71 (17)

where both terms on the right-hand-side have already been identified in previous steps.

Finally, we summarize the identification results as follows:

Theorem 1 (Stationary case) Under the assumptions 1, 2, 3, 4, 5, and 6, the density
fwe Wi wi_es for any t € {3,...T}, uniquely determines the time-invariant Markov equi-

librium transition density fyw, y,\wi x: -

Proof. See the appendix. m

This theorem implies that we may identify the Markov kernel density with three periods of
data.

Without stationarity, the desired density fy;|az, .y, is not the same as fy, ,ja,_, y,_,,» which
can be recovered from the three observations fw, w, ,w,_,.- However, in this case, we can
repeat the whole foregoing argument for the three observations fw,,, w, w, ; to identify

Jvi|My,x.- Hence, the following corollary is immediate:
Corollary 1 (Nonstationary case) Under the assumptions 1, 2, 4, 5, and 6, the density

Wi Wi, W1, W,_p uniquely determines the time-varying Markov equilibrium transition den-

Y f Wy xe| W1 ,xe_1s JOT every period t € {3,...T —1}.
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4 Extensions

4.1 Alternatives to Assumption 2(ii)

In this section, we consider alternative conditions of assumption 2(ii). Assumption 2(ii)
implies that y; is independent of Y;_; conditional on My, M; 1 and x;—1. There are other
alternative ”limited feedback” assumptions, which may be suitable for different empirical

settings. Assumptions 1 and 2(i) imply

fWi+1:Wt7Wt717Wt72

IYii1, My Yo, My Ys 1, My 1,Y: 2, My s

= // |:fYt+17Mt+1|Yt,Mt7thYt|Mt7thXt7MtY;f17Mt17Xt1 )
fYt—1\Mt—1,Xt—1th—1,Mt—1,Yt—27Mt—2 dxtdxt—1-
Assumption 2(ii) implies that the state transition density satisfies

thyMt|Yt—1aMt—17Xt—1 = thIMt,Mt—1,Xz—1 fMt\Yt—LMt—LXt—r

Alternative "limited feedback” assumptions may be imposed on the density fy, rr,|v,_1,0,_1x0_1 -

One alternative to assumption 2(ii) is

th,Mt|Yt717Mt717Xt71 = th|Mt7Yt—17Xt71 fMt|Yt—17Mt—17Xt—1 ) (18)

which implies that M;_; does not have a direct effect on x; conditional on M, Y;_1, and

Xt—1- A second alternative is

fxt,Mt|Yt71,Mt71,Xt—1 = fMt|Xt,Y;5717Mtfl th|Yt71,Mt71,Xt71 : (19)

which is the "limited feedback” assumption used in our earlier study (Hu and Shum (2013))
of identification on single-agent dynamic optimization problems. Both alternatives (18)
and (19) can be handled using identification arguments similar to the one in Hu and Shum
(2013).

A third alternative to assumption 2(ii) is
FxeMolYeoi Moo1 o = FralMe Yoo Mooy MMy xoa (20)
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This alternative can be handled in an identification framework similar to the one used in

this paper.

5 Conclusions

In this paper, we show several results regarding nonparametric identification in a general
class of Markov dynamic games, including many models in the Ericson and Pakes (1995) and
Pakes and McGuire (1994) framework. We show that only three observations Wi, ..., W;_o
are required to identify Wi, x¢|Ws—1, xt—1 in the stationary case, when Y; is a continuous
choice variable. If Y} is a discrete choice variable (while y; is continuous), then four obser-

vations are required for identification.

In ongoing work, we are working on developing estimation procedures for dynamic games

which utilize these identification results.
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Proof. (theorem 1) First, assumptions 1-2 imply that the density of interest becomes

th,Xt|Wt71»Xt71 = fYt,Mtht‘thlyMtflO(tfl
fYtht,qut—hMt—hXtﬂ th|Mt7Yt717Mt—l7Xt71 fMt|Yt717Mt711Xt71

fYt|Mt7thXt|Mt,Mt—17Xt—1 fMt|Yt—1,Mt—17Xt—1' (21)

We consider the observed density fiw, w,_, w,_,. One can show that assumptions 1 and 2(i)

imply

th7Wt71,Wt72

= E : E :thathwt—hWt—%Xt—lth717Wt727Xt71

Xt Xt—1

- E : E :fYtht,Xtth|Mt7Yt—1,Mt—1,Xt—1fMt|Yt—1,Mz—1,Xt—1fYt—1|Mt—17xt—1th—l,Mt—l,Yt—z,Mz—Q
Xt Xt—1

- § : § :fYt|Mt7Xtth|Mt7Yt717Mt71’Xt71fMt,Yt—l‘Mtfly)(tflth—l:Mt—I:Yt—QyMt—2'
Xt Xt—1

After integrating out M;_o, assumption 2(ii) then implies
Yo Yo M1 Yo

= E: E:fYt\Mt,xtfxtht,Mt—l,Xt—1 fMt,Yt—l\Mt—1,Xt—1th—l,Mt—l,Yt—z
Xt—1 Xt

The expression in the parenthesis can be simplified as fy, s, a7,_1,y,_,- We then have

TV My Yoo i [Mo—1 Yio (22)

= E : fYt|Mt7Mt—1:Xt—1fMt,Yt—1|Mt—17Xt—1fxt—1|Mt—17Yz—2'
Xt—1

Straightforward algebra shows that this equation is equivalent to

FYumt,yt—llmt—l,Yt—z = FY;&|mt7mt—17Xt—lDyt—l‘mtymt—I:Xt—lDmt|mt—17Xt—1FXt—1|mt—1,§/t—2' (23)

for any given (my, y;—1, m¢—1). The identification results then follow from theorem 1 in Hu
(2008). m
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