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A Tractable Model of Buffer Stock Saving

1 Introduction
This handout illustrates the logic of precautionary saving by assuming that indi-
viduals face only a single, simple kind of uncertainty: A small risk of becoming
permanently unemployed. More realistic assumptions yield similar conclusions (after
much more work).1

2 The Microeconomic Consumer’s Problem
The aggregate wage Wt grows by a constant factor G every period, reflecting exoge-
nous labor productivity improvements:

Wt+1 = GWt. (1)

The consumer lives in a small open economy in which the interest factor is
constant at R. Defining mmm as market resources (net worth plus current income),
aaa as end-of-period assets after all actions have been accomplished (specifically, after
the consumption decision), and bbb as bank balances before receipt of labor income, the
dynamic budget constraint (DBC) can be decomposed into the following elements:

aaat = mmmt − ccct (2)
bbbt+1 = Raaat (3)
mmmt+1 = bbbt+1 + `t+1Wt+1ξt+1 (4)

where `measures the consumer’s labor productivity (‘endowment’) and ξ is a dummy
variable indicating the consumer’s employment state: Everyone in this economy is
either employed (state ‘e’), in which case ξ = 1, or unemployed (state ‘u’), in which
case ξ = 0, so that for unemployed individuals labor income is zero.2

2.1 The Unemployed Consumer’s Problem
Once a person becomes unemployed, that person can never become employed again
(i.e. if ξt = 0 then ξt+1 = 0). Consumers have a CRRA felicity function u(•) =
•1−ρ/(1− ρ), and discount future utility geometrically by a factor β per period.

1The model simplifies many of the key results in Carroll (1992) and Carroll (1997) using
a discrete-time version of the elegant model of Toche (2005). For a brief summary of the
precautionary saving literature, see Carroll and Kimball (2007); for a more rigorous treatment
of the theoretical issues, see Carroll (2011).

2We could allow for unemployment insurance by modifying the values of ξ associated with the
two states. The key conclusions would not change.
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The solution to the unemployed consumer’s optimization problem is3

cccut =

1−

≡ÞÞÞR︷ ︸︸ ︷
R−1(Rβ)1/ρ


︸ ︷︷ ︸

≡κu

bbbt, (5)

where the u superscript signifies the consumer’s (un)employment status; κu is the
marginal propensity to consume for the perfect foresight consumer, which is strictly
below the MPC for the problem with uncertainty (Carroll and Kimball (1996)); and
ÞÞÞR is what Carroll (2011) calls the ‘return patience factor.’4

We now impose the ‘return impatience condition’ (RIC),(
(Rβ)1/ρ

R

)
︸ ︷︷ ︸

=ÞÞÞR

< 1 (6)

which gets its name because it guarantees that κu > 0 – the consumer must not
be so patient that a boost to resources fails to boost spending.5 An alternative
(equally correct) interpretation is that the condition guarantees that the PDV of
consumption for the unemployed consumer is not infinity (for a perfect foresight
consumer, PerfForesightCRRA shows that consumption grows by the factor ÞÞÞ =
(Rβ)1/ρ, so if we do not impose the RIC, consumption would ‘want’ to grow by a
factor greater than the factor R by which it is being discounted).

ÞÞÞR is the ‘return patience factor’ because it defines patience relative to the rate
of return; correspondingly, we define the ‘return patience rate’ as lower-case

þr ≡ logÞÞÞR (7)
≈ ÞÞÞR − 1 (8)
= −κu (9)

and we say that a consumer is ‘return impatient’ if the RIC (6) holds (equivalent
conditions are þr < 0 and κu > 0).6

3See PerfForesightCRRA for a derivation, noting that human wealth is zero for the unemployed
consumer.

4The Old English letter ÞÞÞ = (Rβ)1/ρ, which conveniently looks something like a combination
of R, β, and ρ, is used to designate the ‘absolute patience factor’ which determines whether
consumption will rise (ÞÞÞ > 1), stay the same (ÞÞÞ = 1), or fall (ÞÞÞ < 1) in the perfect foresight
finite lifetime problem. Terms like this are all defined in Carroll (2011) and citations to that paper
will henceforth be omitted when new terms are introduced, on the understanding that the reader
knows to see Carroll (2011) for further definition and discussion.

5‘Pathologically patient’ consumers who do not satisfy this condition can be thought of as
people who would hoard any incremental resources in order to enable even more extra spending in
the distant future.

6Throughout, we will casually treat logs of factors like ÞÞÞR as equivalent to the level minus
1; that is, we will treat expressions like (8) and (7) as interchangeable, which is an appropriate
approximation so long as the factor is ‘close’ to 1.
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2.2 The Employed Consumer’s Problem
2.2.1 Unemployment Risk as a Mean Preserving Spread in Human Wealth

If a person who is employed in period t (ξt = 1) is still employed next period
(ξt+1 = 1), market resources will be

mmme
t+1 = (mmme

t − cccet )R + Wt+1`t+1. (10)

But employed consumers face a constant risk 0 of becoming unemployed. It will
be convenient to define��0 ≡ 1−0 as the probability that a consumer does not become
unemployed. Whether the consumer is employed or not, his labor productivity ` is
well-defined:7 ` is assumed to grow by a factor ��0−1 every period,

`t+1 = `t/��0, (11)

which means that for a consumer who remains employed, labor income will grow by
factor

Γ = G/��0 (12)

so that the expected labor income growth factor for employed consumers is the same
G as in the perfect foresight case:

Et[Wt+1`t+1ξt+1] =

(
`tGWt

��0

)
(0× 0 +��0× 1)(

Et[Wt+1`t+1ξt+1]

Wt`t

)
= G,

which is the reason for (11)’s assumption about the growth of individual labor
productivity: It implies that an increase in 0 is a pure increase in uncertainty
with no effect on the PDV of expected labor income (‘human wealth’); that is, an
increase in 0 constitutes a mean-preserving spread in human wealth.

2.2.2 First Order Optimality Condition

The same solution methods used in PerfForesightCRRA can now be applied (take
the first order condition with respect to ccc, use the Envelope theorem); the only
difference is the need to keep the expectations operator in place. Using • as a
placeholder for ‘e’ or ‘u,’ the usual steps lead to the standard consumption Euler
equation:

u′(cccet ) = Rβ Et
[
u′(ccc•t+1)

]
(13)

1 = Rβ Et

[(
ccc•t+1

cccet

)−ρ]
. (14)

Defining nonbold variables as the bold equivalent divided by the level of permanent
labor income for an employed consumer, e.g. cet = cccet/(Wt`t), we can rewrite the

7‘Labor productivity’ is purely hypothetical for a consumer who is unemployed; but defining
it even for unemployed consumers simplifies notation and some later analysis.
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consumption Euler equation as

1 = Rβ Et

[(
c•t+1Wt+1`t+1

cetWt`t

)−ρ]
(15)

= Rβ Et

[(
c•t+1

cet
Γ

)−ρ]
(16)

= Γ−ρRβ Et

[(
c•t+1

cet

)−ρ]
(17)

= Γ−ρRβ

{
(1− 0)

(
cet+1

cet

)−ρ
+ 0

(
cut+1

cet

)−ρ}
. (18)

2.2.3 Analysis and Intuition of Consumption Growth Expression

It will be useful now to define a ‘growth patience factor’ (this terminology will be
justified below):

ÞÞÞΓ =

(
(Rβ)1/ρ

Γ

)
, (19)

which is the factor by which ce would grow in the perfect foresight version of the
model with income growth factor Γ (again see PerfForesightCRRA). Using this, (18)
can be written as

1 = ÞÞÞρ
Γ

(
cet+1

cet

)−ρ{
��0 + 0

[(
cut+1

cet

)(
cet
cet+1

)]−ρ}
(20)

= ÞÞÞρ
Γ

(
cet+1

cet

)−ρ{
1 + 0

[(
cut+1

cet+1

)−ρ
− 1

]}
(21)(

cet+1

cet

)ρ
= ÞÞÞρ

Γ

{
1 + 0

[(
cet+1

cut+1

)ρ
− 1

]}
(22)(

cet+1

cet

)
= ÞÞÞΓ

{
1 + 0

[(
cet+1

cut+1

)ρ
− 1

]}1/ρ

. (23)

To understand (23), we temporarily make some judicious approximations. Define
∇t+1 ≡

(
cet+1−cut+1

cut+1

)
(which is the proportion by which consumption would be greater

next period for an employed than for an unemployed person), and define an ‘excess
prudence’ factor

ω =

(
ρ− 1

2

)
(24)

and notice that if we use from MathFacts the second-order and then the first-order
Taylor approximations [TaylorTwo] (1 + ε)ζ ≈ 1 + ζε + (1/2)ζ(ζ − 1)ε2 and then
[TaylorOne] (1 + ε)ζ ≈ 1 + ζε, the expression in braces in (23) can be rewritten{

1 + 0
[(

cet+1

cut+1

)ρ
− 1

]}1/ρ

=

{
1 + 0

[(
cut+1 + cet+1 − cut+1

cut+1

)ρ
− 1

]}1/ρ

(25)
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= {1 + 0 [(1 +∇t+1)ρ − 1]}1/ρ (26)

≈
{

1 + 0
[
1 + ρ∇t+1 + ρ(∇t+1)2ω − 1

]}1/ρ (27)

=
{

1 + ρ0(∇t+1 + (∇t+1)2ω)
}1/ρ (28)

≈ 1 + 0 (1 +∇t+1ω)∇t+1, (29)

which means we can rewrite (23) as(
cet+1

cet

)
≈ (1 + 0(1 + ω∇t+1)∇t+1)ÞÞÞΓ (30)

which can be simplified in the logarithmic utility case (where ω = 0) to(
cet+1

cet

)
≈ (1 + 0∇t+1)ÞÞÞΓ. (31)

Now since consumption if employed cet+1 is surely greater than consumption if
unemployed cut+1, ∇t+1 is certainly a positive number. But since ÞÞÞΓ is the value
that cet+1/c

e
t would exhibit in a perfect foresight model, this equation tells us that

uncertainty boosts consumption growth for continuing-employed consumers – in
the logarithmic case, by an amount proportional to the probability of becoming
unemployed 0 multiplied by the size of the ‘consumption risk’ (the amount by which
consumption would fall if unemployment occurs).
For any given me

t , as noted above an increase in uncertainty constitutes a mean-
preserving spread in human wealth; thus the ‘human wealth effect’ of an increase
in 0 would be zero for a consumer without a precautionary motive. In this small-
open-economy model a change in 0 also has no effect on the interest rate r, and so
none of the conventional determinants of consumption in the perfect foresight model
(the income, substitution, and human wealth effects) is invoked by such a change.
The increase in consumption growth from an increase in 0 that is evident in (31)
or (30) is therefore entirely the result of the precautionary motive. Note also that
faster consumption growth with the same PDV must correspond to a lower current
consumption level. Thus, introduction of a risk of becoming unemployed 0 induces
a (precautionary) increase in saving.
Under the (compelling) assumption that ρ > 1, (30) implies that a consumer with

a higher degree of prudence (larger ρ and therefore larger ω) will anticipate greater
consumption growth. This reflects the greater precautionary saving motive induced
by a higher degree of prudence.
To perform a phase-diagram analysis of this model, we must find the ∆ce = 0 and

∆me = 0 loci. For a consumer who is unemployed in period t + 1, dividing both
sides of (4) by Wt+1`t+1 yields

mu
t+1 = but+1 = (me

t − cet ) (R/Γ)︸ ︷︷ ︸
≡R

. (32)

Since from (5) we know that cut+1 = mu
t+1κ

u, substituting cet+1 = cet ≡ ce into (23)
yields

1 =

{
1 + 0

[(
cet+1

κumu
t+1

)ρ
− 1

]}
ÞÞÞρ

Γ (33)
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ÞÞÞ−ρΓ = ��0 + 0
(

cet
(me

t − cet )Rκu

)ρ
(34)(

ÞÞÞ−ρΓ −��0
0

)1/ρ

︸ ︷︷ ︸
≡Π

=

(
cet

(me
t − cet )Rκu

)
(35)

cet = (me
t − cet )RκuΠ. (36)

We know that me
t − cet > 0 because a consumer in these circumstances (facing

possible perpetual unemployment) will never borrow (a full discussion of this point
follows below). Since the RIC imposes κu > 0, (36) tells us that steady-state
consumption is a positive finite number so long as Π is a positive finite number,
which will hold true iff the numerator on the LHS of (35) is a positive finite number;
that is, we need the condition:

Γρ(Rβ)−1 −��0 > 0 (37)
Γρ > (Rβ)(1− 0) (38)(

1

(1− 0)1/ρ

)
>

(
(Rβ)1/ρ

Γ

)
︸ ︷︷ ︸
=ÞÞÞΓ from (19)

. (39)

In the limit as 0 approaches zero, this condition reduces to a requirement that
the growth patience factor ÞÞÞΓ is less than one

ÞÞÞΓ < 1, (40)

which we call the ‘growth impatience condition’ (GIC) by analogy to the ‘return
impatience condition’ (6) imposed earlier. The GIC ensures that a consumer facing
no uncertainty is sufficiently impatient that his wealth-to-permanent-income ratio
will fall over time.8
Using γ ≡ log Γ, we similarly define the corresponding ‘growth impatience rate’

þγ ≡ logÞÞÞΓ (41)

so that the growth impatience condition can also be written as

þγ ≈ ρ−1(r − ϑ)− γ < 0. (42)

2.2.4 Why Increased Unemployment Risk Increases Growth Impatience

Equation (39) is easier to satisfy as unemployment risk increases, because with ρ > 1
an increase in 0 decreases the denominator on the LHS of (39), for two reasons.
First, an increase in 0 is like a reduction in the downweighting factor for the

future (conditional on the consumer remaining in the employed state) as can be
seen directly by the fact that the ��0 term in (18) multiplies β for the consumer who

8The GIC is a slightly stronger condition than is strictly necessary; the necessary condition
is (39). However, the GIC is more intuitive than (39) and imposing the GIC guarantees that the
perfect foresight solution is well behaved, which makes the analysis of the effects of uncertainty
easier to understand.
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remains employed.9 Of course, this is balanced by an increase in the probability
of transitioning to the unemployed state, but the RIC guarantees that everything
is well-behaved in the unemployed state, so the increase in the probability of that
state does not affect the finiteness of the PDV’s of consumption, income, or value.
The second reason that an increase in 0 weakens the growth impatience condition

(makes it easier to satisfy) is that, because we adjust labor productivity growth in
order to maintain constant human wealth for different values of 0 (eq. (11)), for
higher 0, growth is greater conditional on remaining employed. The continuously-
employed consumer is effectively more ‘impatient’ in the relevant sense of desiring
consumption growth slower than income growth.10
Note that the fact that the GIC is easier to satisfy as 0 increases means that if

the perfect foresight version of the GIC (where 0 is zero) is satisfied, then the ‘true’
GIC (40) will certainly be satisfied.

2.2.5 The Target Level of me

Imposing the RIC and the GIC, we can obtain ∆cet = 0 by substituting cet+1 = cet
into equation (36):

ce = me
tRκuΠ− cetRκuΠ (43)

ce =

(
RκuΠ

1 +RκuΠ

)
me
t . (44)

Now we need to use the normalized version of the DBC (equation (10)),

me
t+1 = (me

t − cet )R+ 1 (45)

to derive the me
t+1 = me

t locus (also referred to as the ∆me
t = 0 locus):

R−1(me − 1) = me − ce (46)
cet = me −R−1(me − 1) (47)

= (1−R−1)me +R−1. (48)

The steady-state levels of me and ce are the values of these two variables at which
both (48) and (36) hold. This is just a set of two equations and two unknowns, and
with some tedious algebra can be solved explicitly (see the appendix).
In the special case of logarithmic utility (ρ = 1), the appendix shows that an

approximation to target market resources will be given by

m̌e ≈ 1 +

(
1

(γ − r) + ϑ(1 + (γ + ϑ− r)/0)

)
(49)

and that the GIC and the RIC guarantee that the denominator of the fraction is a
positive number.

9This explains the 1/ρ exponent on �0 in (40), paralleling the corresponding exponent on β.
(This intuitive argument neglects the second term in the expectation; the reason this is correct is
that this term reflects the solution to the problem for the unemployed consumer who will never
receive any labor income again.)

10Note that neither of these effects of 0 is precautionary; an effect coming from the component
multiplied by 0 in the expectation would be a precautionary effect.
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This expression encapsulates several of the key intuitions of the model. The
‘human wealth effect’ of growth (cf. Summers (1981)) is captured by the first γ
term in the denominator; clearly, for any calibration for which the denominator
is a positive number, increasing γ will increase the size of the denominator and
therefore reduce the target level of wealth. The human wealth effect of interest rates
is correspondingly captured by the −r term. An increase in the future discounting
rate, ϑ, will also increase the size of the denominator and therefore reduce target
wealth. Finally, a reduction in unemployment risk will boost (γ + ϑ − r)/0 and
therefore reduce target wealth.11
The assumption of log utility is restrictive, and probably does not capture suffi-

cient aversion to consumption fluctuations. Fortunately, another special case helps
to illuminate the effect of higher levels of prudence. The appendix shows that, in
the special case where ϑ = r, the target level of wealth will be given by

m̌ ≈ 1 +

(
1

(γ − r) + ϑ(1 + (γ/0)(1− (γ/0)ω))

)
(50)

which is like (49) (with ϑ− r = 0) but with the addition of the final term involving ω
which measures the amount by which prudence exceeds the logarithmic benchmark.
An increase in ω reduces the denominator of (50) and thereby boosts the target level
of wealth: Exactly what would be expected from an increase in the intensity of the
precautionary motive.
Note that the different effects interact with each other, in the sense that the

strength of, say, the human wealth effect will vary depending on the values of the
other parameters. The ways in which these interactions make intuitive sense will
repay deep reflection. (Hint: How much I care about the future governs the power
that future events have in determining my targets; think about why).

2.2.6 The Phase Diagram

Figure 1 presents the phase diagram.
The ∆me = 0 locus, given in (48), indicates, for a given level of me, how much

consumption ce would be exactly the right amount to leave me unchanged.12 Thus,
any point below the ∆me = 0 line will constitute consuming less than the break-even
amount, so wealth will rise. Conversely for points above me. This provides the logic
for the horizontal arrows of motion in the diagram: Above ∆me = 0 they point left,
and below they point right.
The intuition for the ∆ce = 0 locus (which comes from (36)) is a bit subtler. Recall

that expected consumption growth depends on the amount by which consumption
will fall if the bad state is realized. For a given level of resources, if actual con-
sumption when employed is less than the break-even amount, then the če/ču ratio
is smaller, and thus consumption growth is smaller. Since ce growth was zero along
the ∆ce = 0 locus, lower than zero means negative ce changes. Hence the arrows of

11(γ + ϑ− r) > 0 is guaranteed by (42) under log utility (ρ = 1).
12Some authors refer to ∆me = 0 as giving the level of ‘permanent income,’ but this definition

differs from Friedman (1957)’s and is problematic because it could be confused with ‘permanent
labor income’ Wt`t; a better term would be ‘sustainable consumption.’
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Figure 1 Phase Diagram

Dct+1
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motion are downward-pointing below the ∆ce = 0 locus and upward-pointing above
it.

2.2.7 The Consumption Function

The next figure shows the optimal consumption function c(m) for an employed
consumer (dropping the e superscript to reduce clutter). This is actually just the
stable arm in the phase diagram. (Think about why). Also plotted are the 45 degree
line along which c = me

t as well as the function

c̄(m) = (m− 1 + h)κu (51)

where

h =

(
1

1− G/R

)
(52)

is the level of (normalized) human wealth. c̄(m) is the solution to a perfect foresight
problem in which income grows by the factor G; it is depicted in order to introduce a
final fact: As wealth approaches infinity, the solution to the problem with uncertain
labor income approaches arbitrarily close to the perfect foresight solution.13
Note that c(m) is concave.14 That is, the marginal propensity to consume κκκ(m) ≡

dc(m)/dm is higher at low levels ofm. This is because of the increase in the intensity
of the precautionary motive as resources m decline; the consequences of becoming

13Technically, this limiting result requires that we impose the additional assumption Γ < R,
because the perfect foresight consumption function is not defined if Γ ≥ R. c(me

t ) approaches a
different (though still well-defined) limit if Γ ≥ R (so long as the GIC holds). See the appendix for
more.

14Carroll and Kimball (1996) prove that the consumption function must be concave for almost
all commonly-used assumptions about risk and utility functions.
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Figure 2 The Consumption Function

� 45 Degree Line

� Consumption Function cHmt
eL

cHmt
eL�Perf Foresight

mt
e

ct
e

unemployed with little wealth are very painful. The MPC is high at low levels of
m because at low levels of m the relaxation in the intensity of the precautionary
motive with each extra bit of m is quite large (Kimball (1990)). This diminution
in the precautionary motive translates into an increase in consumption; for m-poor
consumers even a modest increase in m can give a substantial boost to c.
This point is clearest as m approaches zero. Note that the consumption function

always remains below the 45 degree line. This is because if the consumer were
to spend all his resources in period t, ct = mt, then if he became unemployed next
period he would havemu

t+1 = (mt−ct)R = 0 which would induce cut+1 = κumu
t+1 = 0,

yielding negative infinite utility. Thus the consumer will never spend all of his
resources - he will always leave at least a little bit for next period in case of disaster
(unemployment).15

2.2.8 Expected Consumption Growth Is Downward Sloping in me

The next figure illustrates some of the same points in a different way. It depicts the
growth rate of consumption as a function of me

t . Since 0 ≥ 0, the perfect foresight
GIC for this model implies:

γ > ρ−1(r − ϑ), (53)

a condition that can be visually verified for our benchmark calibration in figure 3.
Now multiply both sides of (23) by Γ, obtaining(

cccet+1

cccet

)
= (Rβ)1/ρ

{
1 + 0

[(
cet+1

cut+1

)ρ
− 1

]}1/ρ

(54)

15This is an implication not just of the CRRA utility function used here but of the general class
of continuously differentiable utility functions that satisfy the usual Inada condition u′(0) =∞.
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Figure 3 Income and Consumption Growth
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∆ log cccet+1 ≈ ρ−1(r − ϑ) + 0∇t+1, (55)

where the last line uses the same (dubious) approximations used to obtain (30).16
Thus consumption growth is equal to what it would be in the absence of un-

certainty, plus a precautionary term. Furthermore, the precautionary contribution
will become arbitrarily large as mt ↓ 0 because cut+1 = mu

t+1κ
u = (mt − c(mt))Rκu

approaches zero asmt ↓ 0. Sure enough, figure 3 shows that asme
t gets low, expected

consumption growth gets very large.
Next, note that the point where the consumption growth locus meets the income

growth line is labelled m̌. This is because the place where consumption growth is
equal to income growth is at the target value of me.

2.2.9 Summing Up the Intuition

We are finally in position to get an intuitive understanding of how the model
works, and why there is a target wealth ratio. On the one hand, consumers are
growth-impatient. This prevents their wealth-to-income ratio from heading off to
infinity. On the other hand, consumers have a precautionary motive that intensifies
more and more as the level of wealth gets lower and lower. At some point the
precautionary motive gets strong enough to counterbalance impatience. The point
where impatience matches prudence defines the target wealth-to-income ratio.
Now consider the results of increasing the interest rate to r̀ > r, depicted in

figure 4. Obviously the perfect foresight consumption growth locus will shift up, to
ρ−1(̀r − ϑ), inducing a corresponding increase in the expected consumption growth
locus. But we have not changed the expected growth rate of income. It is clear from
the figure, therefore, that the new target level of cash-on-hand `̌me will be greater

16We have also assumed that (∇t+1)2 is ‘small’.
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Figure 4 Effect of An Increase In r
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than the original target. That is, an increase in the interest rate increases the target
level of wealth, as would be expected on intuitive grounds.
The next exercise is an increase in the risk of unemployment 0. The principal

effect we are interested in is the upward shift in the expected consumption growth
locus to ∆c̀cct+1. If the household starts at the original target level of resources m̀, the
size of the upward shift at that point is captured by the arrow orginating at {m̌, γ}.
In the absence of other consequences of the rise in 0, the effect on the target level of

m would be unambiguously positive. However, recall our adjustment to the growth
rate conditional upon employment, (11); this induces the shift in the income growth
locus to γ̀ which has an offsetting effect on the target m ratio. Under our benchmark
parameter values, the target value of m is higher than before the increase in risk
even after accounting for the effect of higher γ, but in principle it is possible for the
γ effect to dominate the direct effect. Note, however, that even if the target value of
m is lower, it is possible that the saving rate will be higher; this is possible because
the faster rate of γ makes a given saving rate translate into a lower ratio of wealth to
income. In any case, the most useful calibrations of the model are those for which an
increase in uncertainty results in either an increase in the saving rate or an increase
in the target ratio of resources to permanent income. This is partly because our
intent is to use the model to illustate the general features of precautionary behavior,
including the qualitative effects of an increase in the magnitude of transitory shocks,
which unambiguously increase both target m and saving rates.

12



Figure 5 Effect of an Increase in 0
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2.2.10 Death to the Log-Linearized Consumption Euler Equation!

Figures 3 and 4 show that, so long as consumers are impatient, the steady state
growth rate of consumption will be equal to the steady-state growth rate of income,

∆ log cccet+1 = γ. (56)

Yet the approximate Euler equation for consumption growth, (54), does not
contain any term explicitly involving income growth; in the logarithmic utility case,
for example, the expression is

∆ log cccet+1 ≈ ρ−1(r − ϑ) + 0∇t+1. (57)

How can we reconcile these two expressions for consumption growth? Only by
realizing that the size of the precautionary term 0∇t+1 is endogenous: It depends
on γ. Indeed, we can solve (56) and (57) to determine that in steady-state we must
have

0∇̌ ≈ γ − ρ−1(r − ϑ). (58)

We can use this equation to understand the relationship between parameters and
steady-state levels of wealth, by noting that∇t+1(me

t ) is a downward-sloping function
of me

t (see figure 3 again). This is because at low levels of current wealth, much of
the spending of employed consumers is financed by their current income. If they
lose that income, they will have no choice but to cut consumption drastically; this
is reflected in a large value of ∇t+1.
For example, an increase in the growth rate of income implies that the RHS of

equation (58) increases. The new target level of m̌ must be lower, because lower
wealth induces greater consumption risk and a corresponding increase in the LHS
of (58). This is how the human wealth effect works in this framework: Consumers
who anticipate faster income growth will hold less market wealth.

13



The fact that consumption growth equals income growth in the steady-state poses
major problems for empirical attempts to estimate the Euler equation. To see why,
suppose we had a collection of countries indexed by i, identical in all respects except
that they have different interest rates ri. Then in the spirit of Hall (1988), one might
be tempted to estimate an equation:

∆ log ccci = η0 + η1ri + εi, (59)

and to interpret the coefficient estimate on ri as an indication of the value of ρ−1.
But suppose that all of these countries contained impatient consumers and were

in their steady-states where ∆ log ccci = γi. Suppose further that all countries had the
same steady-state income growth rate and unemployment rate.17 Then the regression
equation would return the estimates

η0 = γ (60)
η1 = 0. (61)

The econometric problem here is that there is an omitted variable from the regres-
sion specification, the 0∇ term, which is (perfectly) correlated with the included
variable ri. Thus, Euler equation estimation cannot be expected to return an
unbiased estimate of ρ−1. For much more on this problem, see Carroll (2001). For
empirical evidence that the problem is important in macroeconomic practice, see
Parker and Preston (2005).

2.2.11 A Final Experiment

We now consider a final experiment: A decrease in the time preference rate. Drop-
ping the e superscripts in order to reduce clutter, Figure 6 depicts the effect on the
employed consumer’s spending by showing each successive point in time as a dot.
Starting at time 0 from the steady-state level of consumption, the decrease in the
future discounting rate (an increase in patience) causes an instantaneous drop in
the level of consumption. Starting from this diminished base, consumption growth
is subsequently faster than before the drop in ϑ.18
Eventually consumption approaches its new, higher equilibrium ratio to per-

manent income at a new, higher level of equilibrium me. This higher level of
consumption is financed in the long run by the higher interest income earned on
the higher level of wealth.
Note again, however, that the equilibrium steady-state consumption growth is

still equal to the growth rate of income (this follows from the fact that there is a
steady-state level for the ratio of consumption to income, c). This means that the
higher level of wealth in equilibrium ends up being precisely enough to reduce the
precautionary term by an amount that exactly offsets the fact that the −ρ−1ϑ term
in the Euler equation is now smaller.
The final figures depict the time paths of consumption, market wealth, and the

marginal propensity to consume κκκ(m) following the decline in ϑ. These are implicit
17The key point holds even if countries have different growth rates, but is easiest to understand

if growth rates are identical.
18We could also analyze the effects on growth, but the results would be essentially the same as

in preceding figure analyzing the effect of an increase the interest rate.
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Figure 6 Effect of Lower ϑ On Consumption Function
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in the phase diagram analysis, but the dots in these two new diagrams are spread
out evenly over time to give a sense of the time scale over which the model adjusts
toward the steady state.
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Figure 7 Path of ce Before and After ϑ Decline
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Figure 9 Marginal Propensity to Consume κt Before and After ϑ Decline
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3 A Macroeconomic Interpretation
Loosely following Carroll and Jeanne (2009) (with some simplifications), this section
extends the model to analyze macroeconomic dynamics in a small open economy with
a large number of individuals, where the population statistics reflect the fulfillment
of individual consumers’ ex ante expectations; for example, exactly proportion 0 of
households who are employed in period t become ‘unemployed’ before t+ 1, so that
the aggregate labor supply of the ‘active’ (still employed) members of a generation
evolves according to

NNN t+1,t = ��0NNN t,t, (62)

where the first subscript denotes the date being examined and the second denotes
the period of birth of the generation being examined.
We make strong assumptions that permit straightforward aggregation. The first

such assumption is that newly unemployed households immediately migrate out of
the country (think of British retirees moving to southern Spain).19 This means that
macroeconomic variables will reflect only the circumstances of employed consumers,
rather than a blend of the employed and the unemployed.
Each person is part of a single ‘generation’ of households born at the same time,

and every new generation is larger by the factor Ξ than the newborn generation in
the previous period:

NNN t+1,t+1 = ΞNNN t,t. (63)

We assume that total production by the (surviving) members of a generation
grows by the factor G every period. If total production is to grow despite a shrinking
number of surviving members of the generation, production per active capita must
grow by G/��0 as per (11).
Consider the economy in some period 0 in which the size of the newborn population

and the wage rate have been normalized to NNN0,0 = W0 = 1. If the economy has
existed for −τ periods (where τ is a negative number, indicating that the economy
was created before period 0), the ratio of the total population to the population of
newborns will be

1 + (��0/Ξ) + (��0/Ξ)2 + ...+ (��0/Ξ)−τ =

(
1− (��0/Ξ)−τ+1

1− (��0/Ξ)

)
(64)

whose limit is a finite number so long as ��0/Ξ < 1, which we require.
Relative to the labor income of period 0’s newborn cohort (NNN0,0W0 = 1), the total

labor income in period 0 of the generation born in period −1 is Ξ−1; the sum of the
incomes of all of the two-period-old individuals is Ξ−2, and so on; total labor income
for all generations in the economy in period 0 is

1 + Ξ−1 + Ξ−2 + ...+ Ξτ =

(
1− (Ξ−1)−τ+1

1− Ξ−1

)
, (65)

19The qualitative story is not changed if the unemployed stay at home and live off their savings;
since they have a simple linear decision rule (they spend a constant proportion of their resources),
accounting for their behavior is straightforward but complicates the exposition without adding
much substance. See Carroll and Jeanne (2009) for a model that incorporates a stay-at-home
unemployed population.
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which is finite so long as either population growth is positive Ξ > 1 (which we will
assume) or the economy has existed for a finite period of time (τ > −∞). In either
case, the proportion of aggregate income accounted for by a generation born at any
specific moment declines toward zero as time passes (old generations never die, they
just fade away).
In the balanced growth equilibrium, the growth factor for aggregate population

will therefore be Ξ and output per capita will increase by G per period. Total labor
income therefore grows by ΞG.

3.1 Stakes
We now examine this model under two assumptions about the initial ‘stake’ of new-
borns in the economy. (We use ‘stake’ to designate a transfer received by newborns).
This is explicitly not an inheritance, as we have assumed that individuals have no
bequest motive and newborns are unrelated to anyone in the existing population.
Our motivation is to make the model more tractable, rather than to represent
an important feature of the real world; we later perform simulations designed to
show that the characteristics of the model with no ‘stake’ are qualitatively and
quantitatively similar to those of the more tractable model with the ‘stake’ that
makes the model tractable.

3.1.1 A ‘Stake’ That Yields a Representative Agent

We first consider a version of the model in which an exogenous redistribution pro-
gram guarantees that the behavior of employed households can be understood by
analyzing the actions of a “representative employed agent.”
If a benevolent source outside the economy were to provide every newborn with

an initial transfer upon birth of size b̌, then the newborn’s total monetary resources
would be

me
t,t = b̌ + 1

= m̌.

Thus, per-capita market resources for members of the newborn generation would
be exactly equal to the target level of market resources for a person anticipating the
future path of labor income that the members of the newborn generation actually
anticipate (which is the same as the future path anticipated by all other generations
as well).
If such a transfer policy had been in place forever, the economy at every point in

time would consist of employed households whose consumption had been equal to
its steady-state value ce for their whole lives. That is, every individual agent in this
economy would be identical in their ratio of consumption, market resources, etc. to
permanent labor income. The behavior of any individual would therefore be fully
captured by the behavior of a representative employed agent.20

20The level of permanent labor income will differ for different households, depending on their
age and accumulated wage seniority; the circumstances of individuals are identical only after their
problem has been normalized by their varying levels of permanent labor income.
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The foregoing scenario assumed that the ‘stake’ is provided by a mysterious
‘benevolent source outside the economy.’ Fortunately, there is an easy way to
eliminate this problematic assumption: Assume that the stakes are financed by
a wage tax.
The size of the required tax rate is calculated as follows. The total size of the

resources transferred to the newborn generation must be

b̂et,t = b̂NNN t,tŴt (66)

where

Ŵt = (1− τ)︸ ︷︷ ︸
≡�τ

Wt (67)

is the after-tax wage rate for the economy as a whole (and b̂ is the steady state
target ratio of bank balances to after-tax wages).
From (65), the ratio of total aggregate labor income to the labor income of the

newborn generation is (
1

1− Ξ−1

)
(68)

so the aggregate wage tax rate required to finance a ‘stake’ of size b̂ for newborns is
given by

b̂ =

(
τ

1− Ξ−1

)
(69)

τ = (1− Ξ−1)b̂. (70)

Note, however, that in an economy where this tax has existed forever, the con-
sequence of the tax is effectively just a permanent reduction in after-tax labor
income by proportion �τ , compared to its value in the absence of the tax. Given
the homotheticity of the model, a permanent rescaling by a constant factor leaves
the scaled version of the individual’s problem (and its solution) unchanged. Thus we
can conclude not only that a representative agent exists in this economy, but that
the steady-state characteristics of the representative agent’s problem are identical
(in ratio form) to the characteristics of the unrescaled individual’s problem; that is,
ĉ(m) = ce(m), b̂ = b̌, and so on.
Matters are not much more complicated outside the balanced growth steady state,

so long as we assume that the government always transfers the amount b̂ to newborn
households, financed by the tax τ derived above. Consider, for example, an economy
that was in steady-state equilibrium leading up to period t, and at the beginning
of t there is a sudden realization that future growth rates will be higher than those
anticipated and experienced in the past: G′ > G after t. Since expected growth rates
affect b̌, the tax rate must be immediately and permanently changed so that the
generations born after t − 1 receive a ‘stake’ of the proper new size. This change
in τ has two consequences for the generations that survive from periods prior to t.
Under the old tax rate, they would have experienced bet = bbbt/�τWt = b̌; the change
in expectations has no effect on bbbt or Wt but changes the tax rate to τ̀ . Thus these
households will have an actual resource ratio that differs from its new target value,
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Figure 10 Aggregate c in PE/SOE Economy Before and After ϑ Decline
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bet 6=
`̌b, both because the after-tax income scaling factor has changed and because

the target ratio has changed from b̌ to `̌b.
However, if we started out in steady-state, the ratio problem of every member of

the continuing-employed population is identical to that of every other such house-
hold (though, again, their masses differ depending on age, etc); as a result, the
dynamics of the economy are fully captured by keeping track of the relative weights
in the economy of the (gradually diminishing) ‘representative shocked agent’ and
the (gradually increasing) ‘representative new agent’ whose behavior is locked at its
steady-state value.21
Figure 10 illustrates the dynamics in this economy using an experiment identical

to one explored above for the individual’s problem: In period 0 there is a one-off
decline in the future discounting rate (assuming the economy was in steady state
before period 0). In the previous model, each individual consumer’s consumption
function shifted down, and consumption experienced a discrete jump downward,
because the agent became more impatient. Here, there is a modest further effect:
With more-patient consumers, the tax rate that the government sets to finance a
transfer of b̌ to the newborns must be larger (so that the ratio of initial assets to
after-tax income is smaller). Qualitatively, the dynamics are indistinguishable from
the individual consumer’s dynamics obtainable without working through the extra
complication involved in accounting for the ‘stakes.’

21 If the economy has experienced multiple shocks, it will be necessary to retain a complete
history of the shocks in order to compute the properly population-weighted dynamics. This is not
too hard to do, if we start with the assumption that the economy started at its balanced growth
equilibrium before the shocks began to arrive.
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3.1.2 No Stake

The polar alternative to assuming that newborns get a ‘stake’ is to assume that
newborns enter the economy with zero assets. Analysis of this version of the model
must be performed using simulation methods, because households of different ages
will have different levels of assets. (With a concave and nonanalytical consumption
function, analytical aggregation cannot be performed.)
Our simulation procedure assumes that at date 0 the economy has existed forever

(so that the age distribution of relative populations and productivities are at their
steady-state values), but saving has been impossible prior to period 0.22 With
everyone’s bet = 0, the ratio of market resources to permanent labor income is the
same for all individuals:

me
0,τ = 1. (71)

The consumption ratio in period 0 is therefore c(1) for every household (regardless
of age), while the level of total labor income for a generation that is −τ periods old
is ��0τ .23 The population of such workers is (��0/Ξ)−τ , so aggregate consumption will
be given by the per-capita consumption ratio, multiplied by the per-capita level of
permanent income, multiplied by the population of workers still alive:

ccc0 =
−∞∑
τ=0

c(1)��0τ (��0/Ξ)−τ (72)

= c(1)
−∞∑
τ=0

Ξτ (73)

= c(1)

(
1

1− Ξ−1

)
. (74)

The longer a generation lives, the more time it will have had to save toward
its target level of wealth; but newborns always begin life with no assets. After
period 0, therefore, age-heterogeneity in assets and consumption ratios creeps into
the population.
The foregoing discussion contains (in some cases implicitly) all the assumptions

necessary to conduct a simulation of this economy. Figure 11 shows the path of
the ratio ccct/WtNNN t starting from period 0 for an economy under our benchmark
parameterization that generated our earlier figures. The only extra parameter
required beyond those used before is Ξ; we choose Ξ = 1.01 corresponding roughly
to the postwar population growth rate in the United States.

22In periods before 0, unemployment presumably would have meant immediate death by
starvation; we think of this more as a starting point for the simulations than as a realistic description
of a plausible economy.

23The absolute level of wages will have grown by G/�0 per period for these households since their
birth, but we have normalized by the level of wages for period-0 newborns, which cancels the G
from the expression.
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Figure 11 Path of Aggregate c in Stakeless PE/SOE Economy From Date 0
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Appendix

A The Exact Formula for m̌
The steady-state value of me will be where both (44) and (48) hold. To simplify the
algebra, define ζ ≡ RκuΠ so that RκuΠ = ζΓ. Then:(

ζ

1 + ζ

)
m̌ = (1−R−1)m̌ +R−1 (75)(

R ζ

1 + ζ

)
m̌ = (R− 1)m̌ + 1 (76)(

R
{

ζ

1 + ζ
− 1

}
+ 1

)
m̌ = 1 (77)(

R
{
ζ − (1 + ζ)

1 + ζ

}
+

1 + ζ

1 + ζ

)
m̌ = 1 (78)(

1 + ζ −R
1 + ζ

)
m̌ = 1 (79)

m̌ =

(
1 + ζ

1 + ζ −R

)
(80)

m̌ =

(
1 + ζ +R−R

1 + ζ −R

)
(81)

= 1 +

(
R

1 + ζ −R

)
(82)

= 1 +

(
R

Γ + ζΓ− R

)
. (83)
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A first point about this formula is suggested by the fact that

ζΓ = Rκu
(

1 +

(
ÞÞÞ−ρΓ − 1

0

))1/ρ

(84)

which is likely to increase as 0 approaches zero.24 Note that the limit as 0 → 0 is
infinity, which implies that lim0→0 m̌ = 1. This is precisely what would be expected
from this model in which consumers are impatient but self-constrained to have me >
1: As the risk gets infinitesimally small, the amount by which target me exceeds its
minimum possible value shrinks to zero.
We now show that the RIC and GIC ensure that the denominator of the fraction

in (83) is positive:

Γ + ζΓ− R = Γ + RκuΠ− R (85)

= Γ + R

(
1− (Rβ)1/ρ

R

)(
( (Rβ)1/ρ

Γ
)−ρ − 1

0
+ 1

)1/ρ

− R (86)

> Γ + R

(
1− (Rβ)1/ρ

R

)(
( (Rβ)1/ρ

Γ
)−ρ − 1

1
+ 1

)1/ρ

− R (87)

= Γ + R

(
1− (Rβ)1/ρ

R

)
Γ

(Rβ)1/ρ
− R (88)

= Γ + R
Γ

(Rβ)1/ρ
− Γ− R (89)

= R

(
Γ

(Rβ)1/ρ
− 1

)
(90)

> 0. (91)

However, note that 0 also affects Γ; thus, the first inequality above does not
necessarily imply that the denominator is decreasing as 0 moves from 0 to 1.

B An Approximation for m̌
Now defining

ℵ =

(
ÞÞÞ−ρΓ − 1

0

)
, (92)

we can obtain further insight into (83) using a judicious mix of first- and second-order
Taylor expansions (along with κu = −þr):

ζΓ = Rκu (1 + ℵ)1/ρ (93)
≈ −Rþr

(
1 + ρ−1ℵ+ (ρ−1)(ρ−1 − 1)(ℵ2/2)

)
(94)

= −Rþr

(
1 + ρ−1ℵ

{
1 +

(
1− ρ
ρ

)
(ℵ/2)

})
. (95)

24‘Likely’ but not certain because of the fact that 0 affects ÞÞÞΓ as well as appearing in the
denominator of (83); however, for plausible calibrations the effect of the denominator predominates.
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But

ℵ =

(
(1 + þγ)

−ρ − 1

0

)
(96)

≈
(

1− ρþγ − 1

0

)
(97)

≈ −
(
ρþγ
0

)
(98)

which can be substituted into (95) to obtain

ζΓ ≈ −Rþr

(
1− (þγ/0)(1 + (1− ρ)(−þγ/0)/2)

)
(99)

≈ −Rþr︸ ︷︷ ︸
>0

1−(þγ/0)︸ ︷︷ ︸
>0

1 + (1− ρ)︸ ︷︷ ︸
<0

(−þγ/0)︸ ︷︷ ︸
>0

/2

 . (100)

and inspired by Kimball (1990) defining a term related to the excess of prudence
over the logarithmic case,

ω =

(
ρ− 1

2

)
, (101)

(83) can be approximated by

m̌ ≈ 1 +

(
1

Γ/R− þr

(
1− (þγ/0)(1− (−þγ/0)ω)

)
− 1

)
(102)

≈ 1 +

(
1

(γ − r) + (−þr)
(
1 + (−þγ/0)(1− (−þγ/0)ω)

)) (103)

where negative signs have been preserved in front of the þr and þγ terms as a
reminder that the GIC and the RIC imply these terms are themselves negative (so
that −þr and −þγ are positive). Ceteris paribus, an increase in relative risk aversion
ρ will increase ω and thereby decrease the denominator of (103). This suggests that
greater risk aversion will result in a larger target level of wealth.25
The formula also provides insight about how the human wealth effect works in

equilibrium. All else equal, the human wealth effect is captured by the (γ − r) term
in the denominator of (103), and it is obvious that a larger value of γ will result in
a smaller target value for m. But it is also clear that the size of the human wealth
effect will depend on the magnitude of the patience and prudence contributions to
the denominator, and that those terms can easily dominate the human wealth effect.
This reduction in the human wealth effect is interesting because practitioners have
known at least since Summers (1981) that the human wealth effect is implausibly
large in the perfect foresight model.
For (103) to make sense, we need the denominator of the fraction to be a positive

number; defining

þ̂γ = þγ(1− (−þγ/0)ω), (104)

25“Suggests” because this derivation used some dubious approximations; the suggestion is
verified, however, for plausible numerical calibrations.
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this means that we need:

(γ − r) > þr − þrþ̂γ/0 (105)

=
(
ρ−1(r − ϑ)− r

)
− þrþ̂γ/0 (106)

γ > ρ−1(r − ϑ)− þrþ̂γ/0 (107)

0 > ρ−1(r − ϑ)− γ︸ ︷︷ ︸
þγ

−þr(þ̂γ/0) (108)

0 > þγ − þr(þ̂γ/0). (109)

But since the RIC guarantees þr < 0 and the GIC guarantees þγ < 0 (which, in
turn, guarantees þ̂γ < 0), this condition must hold.26
The same set of derivations imply that we can replace the denominator in (103)

with the negative of the RHS of (109), yielding a more compact expression for the
target level of resources,

m̌ ≈ 1 +

(
1

þr(þ̂γ/0)− þγ

)
(110)

= 1 +

(
1/(−þγ)

1 + (−þr/0)(1 + (−þγ/0)ω)

)
. (111)

This formula makes plain the fact that an increase in either form of impatience, by
increasing the denominator of the fraction in (111), will reduce the target level of
assets.
We are now in position to discuss (103), understanding that the impatience

conditions guarantee that its numerator is a positive number.
Two specializations of the formula are particularly useful. The first is the case

where ρ = 1 (logarithmic utility). In this case

þr = −ϑ (112)
þγ = r − ϑ− γ (113)
ω = 0 (114)

and the approximation becomes

m̌ ≈ 1 +

(
1

(γ − r) + ϑ(1 + (γ + ϑ− r)/0)

)
(115)

which neatly captures the effect of an increase in human wealth (via either increased
γ or reduced r), the effect of increased impatience ϑ, or the effect of a reduction in
unemployment risk 0 in reducing target wealth.

The other useful case to consider is where r = ϑ but ρ > 1. In this case, we have

þr = −ϑ (116)

26In more detail: For the second-order Taylor approximation in (95), we implicitly assume that
the absolute value of the second-order term is much smaller than that of the first-order one, i.e.
|ρ−1ℵ| ≥ |(ρ−1)(ρ−1−1)(ℵ2/2)|. Substituting (96), the above could be simplified to 1 ≥ (−þγ/0)ω,
therefore we have þ̂γ < 0. This simple justification is based on the confidence that we have proved
above that RIC and GIC guarantee the denominator of the fraction in (83) is positive.
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þγ = −γ (117)

þ̂γ = −γ(1− (γ/0)ω) (118)

so that

m̌ ≈ 1 +

(
1

(γ − r) + ϑ(1 + (γ/0)(1− (γ/0)ω))

)
(119)

where the additional term involving ω in this equation captures the fact that an
increase in the prudence term ω shrinks the denominator and thereby boosts the
target level of wealth.27

C Numerical Solution

C.1 The Consumption Function
To solve the model by the method of reverse shooting,28 we need cet as a function of
cet+1. Starting with (22):(

cet+1

cet

)
= Γ−1(Rβ)1/ρ

{
1 + 0

[(
cet+1

cut+1

)ρ
− 1

]}1/ρ

(120)

cet =

 cet+1

Γ−1(Rβ)1/ρ
{

1 + 0
[(

cet+1

κu(met+1−1)

)ρ
− 1
]}1/ρ

 (121)

= Γ(Rβ)−1/ρcet+1

{
1 + 0

[(
cet+1

κu(me
t+1 − 1)

)ρ
− 1

]}−1/ρ

. (122)

Inverting (45), the reverse shooting equation for me
t is

me
t = R−1(me

t+1 − 1) + cet . (123)

The reverse shooting approximation will be more accurate if we use it to obtain
estimates of the marginal propensity to consume as well. These are obtained by
differentiating the consumption Euler equation with respect to mt:

u′(ce(mt)) =

i︷ ︸︸ ︷
RβΓ1−ρ Et[u′(c•(mt+1))] (124)

u′′(ce(mt))κκκ
e(mt) = iR(1− κκκe(mt))Et[u′′(c•(mt+1))κκκ•(mt+1)] (125)

so that defining, e.g., κet = κκκe(mt) we have

κet = (1− κet )iR(1/u′′(cet ))Et
[
u′′(c•t+1)κ•t+1

]︸ ︷︷ ︸
≡\t+1

(126)

(1 + \t+1)κet = \t+1 (127)

27It would be inappropriate to use the equation to consider the effect of an increase in r because
the equation was derived under the assumption ϑ = r so r is not free to vary.

28See Judd (1998) for a presentation of shooting methods of solution for numerical difference
and differential equations.
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κet =

(
\t+1

1 + \t+1

)
. (128)

At the target level of me we have
\/Ri︷ ︸︸ ︷

(1/u′′(če))Et [u′′(c•)κ•] = ��0

=1︷ ︸︸ ︷
(u′′(če)/u′′(če))κe + 0(u′′(ču)/u′′(če))κu

so that

\ = iR(��0κe + 0(ču/če)−ρ−1κu) (129)

yielding from (127) a quadratic equation in κe:(
1 + iR(��0κe + 0(ču/če)−ρ−1κu)

)
κe = iR(��0κe + 0(ču/če)−ρ−1κu) (130)

which has one solution for κe in the interval [0, 1], which is the MPC at target
wealth.29
The limiting MPC as consumption approaches zero, κ̄e, will also be useful; this is

obtained by noting that utility in the employed state next year becomes asymptot-
ically irrelevant as cet approaches zero, so that

lim
cet→0

\t+1︷ ︸︸ ︷
iRκet+1

(
��0(cet+1/c

e
t )
−ρ−1 + 0(cut+1/c

e
t )
−ρ−1κu

)
= iR0(cut+1/c

e
t )
−ρ−1κu

= iR0(κuRaet/(aet (κ̄e/(1− κ̄e)))−ρ−1)κu

= iR0(κuR((1− κ̄e)/κ̄e))−ρ−1κu

so that from (128) we have

κ̄e ≡ lim
mt→0

κκκe(mt) =

(
iR0(κuR((1− κ̄e)/κ̄e))−ρ−1κu

1 + iR0(κuR((1− κ̄e)/κ̄e))−ρ−1κu

)
(131)

which implicitly defines κ̄e. An explicit solution is not available, but after parameter
values have been defined a numerical rootfinder can calculate a solution almost
instantly.
Finally, it will be useful to have an estimate of the curvature (second derivative)

of the consumption function. This can be obtained by a procedure analogous to the
one used to obtain the MPC: differentiate the differentiated Euler equation (125)
again. Noting that κu′ = 0 we can obtain:

(κκκet )
2u′′′(cet ) + κκκe′t u′′(cet ) =

iR
{

(−κκκe′t )Et[u′′(c•t+1)κκκ•t+1] +R(1− κκκet )2
(
Et[(κκκ•t+1)2u′′′(c•t+1)] +��0u′′(cet+1)κκκe′t+1

)}
(132)

so that

κκκe′t =

(
iR2(1− κκκet )2

(
Et[(κκκ•t+1)2u′′′(c•t+1)] +��0u′′(cet+1)κκκe′t+1

)
− (κκκet )

2u′′′(cet )

u′′(cet ) + iREt[u′′(c•t+1)κκκ•t+1]

)
(133)

which can be further simplified at the target because κκκe′t (m̌) = κκκe′t+1(m̌) = κe′ so

29The Mathematica code constructs this derivative and solves the quadratic equation
analytically; the Matlab code simply copies the analytical formula generated by Mathematica .
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that

κe′ =

(
iR2(1− κe)2 Et[(κ•)2u′′′(c•)]− (κe)2u′′′(če)

u′′(če) + iREt[u′′(c•)κ•]− iR2(1− κe)2��0u′′(če)

)
. (134)

Another differentiation of (132) similarly allows the construction of a formula for
the value of κe′′ at the target m̌; in principle, any number of derivatives can be
constructed in this manner.30
Reverse shooting requires us to solve separately for an approximation to the

consumption function above the steady state and another approximation below the
steady state. Using the approximate steady-state κe and κe′ obtained above, we
begin by picking a very small number for N and then creating a Taylor approximation
to the consumption function near the steady state:

me
t̀ = m̌ + N (135)

c̃(N) = če + Nκe + (N2/2)κe′ + (N3/6)κe′′ (136)

and then iterate the reverse-shooting equations until we reach some period n in which
me
t̀−n escapes some pre-specified interval [me, m̄e] (where the natural value forme is 1

because this is the m that would be owned by a consumer who had saved nothing in
the prior period and therefore is below any feasible value of m that could be realized
by an optimizing consumer). This generates a sequence of points all of which are on
the consumption function. A parallel procedure (substituting − for + in (135) and
where appropriate in (136)) generates the sequence of points for the approximation
below the steady state. Taken together with the already-derived characterization
of the function at the target level of wealth, these points constitute the basis for a
piecewise second-order interpolating approximation to the consumption function on
the interval [me, m̄e].

C.2 The Value Function
As a preliminary, note that since u(xy) = u(x)y1−ρ, value for an unemployed
consumer is

Vu
t = u(Cu

t ) + βu(Cu
t+1) + β2u(Cu

t+2) + ... (137)

= u(Cu
t )
(

1 + β{(Rβ)1/ρ}1−ρ + β2
{

(Rβ)2/ρ
}1−ρ

+ ...
)

(138)

= u(Cu
t )

(
1

1− β(Rβ)(1/ρ)−1

)
︸ ︷︷ ︸

≡v

(139)

where the RIC guarantees that the denominator in the fraction is a positive number.
From this we can see that value for the normalized problem is similarly:

vu(mt) = u(κumt)v. (140)

30Mathematica permits the convenient computation of the analytical derivatives, and then the
substitution of constant target values to obtain analytical expressions like (134). These solutions
are simply imported by hand into the Matlab code.
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Turning to the problem of the employed consumer, we have

ve(mt) = u(cet ) + βΓ1−ρ Et[v•(mt+1)] (141)

and at the target level of market resources this will be unchanging for a consumer
who remains employed so that

v̌e = u(če) + βΓ1−ρ (��0v̌e + 0vu(aeR)) (142)
(1− βΓ1−ρ

��0)v̌e = u(če) + βΓ1−ρ0vu(aeR) (143)

v̌e =

(
u(če) + βΓ1−ρ0vu(aeR)

(1− βΓ1−ρ��0)

)
. (144)

Given these facts, our recursion for generating a sequence of points on the con-
sumption function can be used at the same time to generate corresponding points
on the value function from

vet = u(cet ) + βΓ1−ρ (
��0vet+1 + 0vu(aetR)

)
(145)

with the first iteration point generated by numerical integration from

vet̀ = v̌e +

∫ N

0

u′(c̃(•))d• (146)

D The Algorithm
With the above results in hand, the model is solved and the various functions
constructed as follows. Define ?t = {me

t , c
e
t , κ

e
t , v

e
t , κ

e′
t } as a vector of points that

characterizes a particular situation that an optimizing employed household might
be in at any given point in time. Using the backwards-shooting functions derived
above, for any point ?t̀ we can construct the sequence of points that must have led
up to it: ?t̀−1 and ?t̀−2 and so on. And using the approximations near the steady
state like (136), we can construct a vector-valued function ◦◦◦(N) that generates, e.g.,
{m̌ + N, c̃(N), ...}.
Now define an operator · · · as follows: · · · applied to some starting point ?t

uses the backwards dynamic equations defined above to produce a vector of points
?t−1, ?t−2, ... consistent with the model until the me

t−n that is produced goes outside
of the pre-defined bounds for solving the problem.
We can merge the points below the steady state with the steady state with the

points above the steady state to produce ...
? = · · · (◦◦◦(−ε)) ∪ ◦◦◦(0) ∪ · · · (◦◦◦(ε)). These

points can then be used to generate appropriate interpolating approximations to the
consumption function and other desired functions.
Designate, e.g., the vector of points on the consumption function generated in this

manner by ...
? [c], so that

{...? [m], {...? [c],
...
? [κe],

...
? [κe′]}ᵀ}ᵀ =


m[1] {c[1], κe[1], κe′[1]}
m[2] {c[2], κe[2], κe′[2]}
... ...

m[N ] {c[N ], κe[N ], κe′[N ]}

 (147)

where N is the number of points that have been generated by the merger of the
backward shooting points described above.
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The object (147) is not an arbitrary example; it reflects a set of values that
uniquely define a fourth order piecewise polynomial spline such that at every point
in the set the polynomial matches the level and first derivative included in the list.
Standard numerical mathematics software can produce the interpolating function
with this input; for example, the syntax in Mathematica is simply

cE = Interpolation[{...? [m], {...? [c],
...
? [κe],

...
? [κe′]}ᵀ}ᵀ]. (148)

which creates a function cE that is a C4 interpolating polynomial connecting these
points.
The reverse shooting algorithm terminates at some finite maximum point m̄, but

for completeness it is useful to have an approximation to the consumption function
that is reasonably well behaved for any m̌ no matter how large.31
Since we know that the consumption function in the presence of uncertainty

asymptotes to the perfect foresight function, we adopt the following approach.
Defining the level of precautionary saving as32

�c(m) = c̄(m)− c(m), (149)

we know (see the discussion below in appendix section E) that

lim
m→∞ �c(m) = 0. (150)

Defining ~m = m−m̄, a convenient functional form to postulate for the propensity
to precautionary-save is

�c(m) = eφ0−φ1 ~m + eγ0−γ1 ~m (151)

with derivatives

�c
′(m) = −φ1e

φ0−φ1 ~m − γ1e
γ0−γ1 ~m (152)

�c
′′(m) = φ2

1e
φ0−φ1 ~m + γ2

1e
γ0−γ1 ~m (153)

�c
′′′(m) = −φ3

1e
φ0−φ1 ~m − γ3

1e
γ0−γ1 ~m. (154)

Evaluated at m̄ (for which �c and its derivatives will have numerical values assigned
by the reverse-shooting solution method described above), this is a system of four
equations in four unknowns and, though nonlinear, can be easily solved for values of
the φ and γ coefficients that match the level and first three derivatives of the “true”
�c function.33

E Modified Formulas For Case Where Γ ≥ R

The text asserts that if Γ < R the consumption function for a finite-horizon employed
consumer approaches the c̄t(m) function that is optimal for a perfect-foresight con-

31An extrapolation of the approximating interpolation will not perform well; a polynomial
approximation will inevitably “blow up” if evaluated at large enough m̌.

32Mnemonic: This is the amount of consumption that is cancelled as a result of uncertainty.
33The exact symmetry in the treatment of γ and φ means that there will actually be two

symmetrical solutions; either can be used.
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sumer with the same horizon,

lim
m↑∞

c̄t(m)− ct(m) = 0. (155)

This proposition can be proven by careful analysis of the consumption Euler
equation, noting that asm approaches infinity the proportion of consumption will be
financed out of (uncertain) labor income approaches zero, and that the magnitude
of the precautionary effect is proportional to the square of the proportion of such
consumption financed out of uncertain labor income.
A footnote also claims that for employed consumers, c(m) approaches a different,

but still well-defined, limit even if Γ ≥ R, so long as the impatience condition holds.
It turns out that the limit in question is the one defined by the solution to a

perfect foresight problem with liquidity constraints. A semi-analytical solution does
exist in this case, but it requires formidable notation and analysis to present and
understand, so the details are not presented here. A continuous-time treatement
can be found in Park (2006).
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