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Consumption with Constant Absolute Risk Aversion (CARA) Utility

Consider the optimization problem of a consumer with a constant absolute risk aver-
sion instantaneous utility function u(C) = —(1/a)e ¢ 1mply1ng u'(C) = e ¢ facing
an interest rate that is constant at r = R — 1." The consumer’s optimization problem is

d s—t
max E, {;5 u(Cs)} (1)
subject to the constraints
By = (M — Cy)R
M1 = B+ Y

(2)

where Y, is the consumer’s idiosyncratic income, which exhibits a random-walk devi-
ation from an exogenously-growing trend:

Pt-i—l :Fpt
Yiri = B+ P
Piy1 = P+ Wiy

Bellman’s equation for this problem is

Vi(My;, P, P,) = E;%E}L%( u(Cy) + Ey[BVig1(Mys1, Pii1, Piya))- (3)
The first order condition (FOC) for the CARA utility problem is
w'(Cr) = RAE[ViY] (4)
and the Envelope theorem tells us that
= RBE[Vi,). (5)

In the perfect foresight version of the model in which ¥, = 0V ¢, the Euler equation
will be

W(Cy) = RAY(Cern)
exp[—aCy| = 5€Xp[ aCyiq]
1 = RBexp[—a(Cir1 — Ct)]

expla(Cia — Cy)] =
a(Cip1 — Cy) = logRB
Ci1 = Cy + log(RB)!.
The log(RB)Y* term reflects the intertemporal substitution factor in consumption.
Notice that intertemporal substitution takes the form of additive changes in the level of

consumption in the CARA utility model, rather than multiplicative changes that affect
the growth rate of consumption, as in the CRRA model.

!A problem like this was considered in a well-known paper by Caballero (1990).
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Now suppose we are interested in the case where permanent income shocks are dis-

tributed normally, ¥; ~ N(0,0%). Then it turns out that the process
Ct+1 = Ct -+ log(Rﬁ)l/a + 050'\21,/2 —+ \I/t—‘,-l

satisfies the FOC under uncertainty:
1 = REE[exp[—a(crr1 — c)]]
1 = RBEJexp[—a(acy /2 + Uiy + (1/a)log(RB) + ¢; — ¢;)]]
1 = RBexp[—a’oy /2] E{exp[—aW,, 1]} exp[—a(l/a)log RE]
1 = R exp[—a2(03/2)] explo?(03 /2)] expllog(RB) ]
1 =RA(RB)™
1=1

Define x = log(RB)Y* + ac? /2, so that (7) becomes:
Cip1 = C+ Vg + K.

The expected present discounted value of consumption is

]Pt(C) = Ct"’ (Ct+qjt+1 +/€)/R+ (Ct+lpt+1 +K/+\Ijt+2+/€)/R2 +

EP,(C)] = C, 4+ C, /R4 C,/JR? + ... + /R + 2k/R? 4 3k /R® +
=C(1+RTHR?+ .. )+ KD iR

Now we need the following fact:

Fact 1. IfR > 1, then E Z/Rz = (m)
=0

Thus, the expectation of the infinite horizon PDV of consumption is:

i) (%)

Given the process for income described above, we have
Pi(Y) =Y, + Y1 /R + Yipo/R® +
=P+ P+ (TP + Py1)/R+ (I?P, + Pyn) JR® +
=P, (14+T/R+(T/R*+...)+
P+ (P + Vi) /R+ (Pt + Wy + W) /R? 4

B[Py (V)] = (1_F/R) +PtZR .
— —Pli/R) * (1 —P;/R)
(

Pi(C) = By + Pi(Y),

The IBC says

(7)

(10)

(11)



Because the intertemporal budget constraint must hold in every state of the world, the
expectation of the PDV of consumption must equal current wealth plus the expectation
of the PDV of income. Thus,

E[P(C)] = By + E[P(Y)]

(m) o (i) + (o)~ (%)
o (i)~ (%)

e ()] (Y

The P, term reflects the consumer’s idiosyncratic level of permanent income, which
has no systematic growth (or decline). The next term reflects the MPC out of total
‘certain’ wealth, human and nonhuman. The final term reflects the combination of
the intertemporal substitution motive (in the log(RB)"® term) and the precautionary
motive in the ac? term, as is evident from the fact that it equals zero if either there is
no precautionary motive (o = 0) or there is no uncertainty % = 0.

Note some peculiar aspects of this solution. First, observe that, marginally, the
consumer spends exactly the interest income on capital, dC;/dB; = r/R. The reason
this is peculiar is that the MPC out of capital does not depend on how impatient the
consumer is. Impatience is reflected in the change in consumption over time, but not in
the level of consumption except as that is affected by the budget constraint.

Second, notice that the effect of income uncertainty on saving is the same in absolute
dollars regardless of the level of resources or permanent income.
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