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1 Intro uction 

The  ast decade has seen an exp osion of research on  earning and evo utionary dynam-
ics in the game theory  iterature (for recent surveys see, e.g., Young (1997), Samue -
son (1997), or Ga e (1996)), and the deve opment of substantia   iteratures on  earning 
and strategy evo ution in macroeconomic mode s (for surveys see Sargent (1993), Ma-
rimon (1997), or Evans and Honkapohja (1999)) and finance (Arthur et. a . (1997); 
Lettau (1997)). But there has been remarkab y  itt e work on the ro e of  earning in 
the rea m of intertempora  choice prob ems  ike consumption/saving and investment 
decisions.1 

The traditiona  approach to mode  ing intertempora  decisions has been to assume 
that economic agents are so ving a mathematica  dynamic programming prob em. Long 
ago, Mi ton Friedman (1953) defended the optimization assumption by arguing that 
agents cou d  earn rough y optima  behavior by a process of tria  and error. Yet near y 
fifty years  ater, in the domain of intertempora  choice Friedman’s proposition remains 
a  arge y unexamined assertion rather than a conc usion based on either empirica  
evidence or mode s of  earning. 

The principa  reason there has been  itt e examination of Friedman’s ‘ earning hy-
pothesis’ in the context of intertempora  prob ems is probab y that such prob ems are 
astonishing y difficu t to so ve. On y in the  ast ten years or so, starting with the work 
of Ze des (1989), have economists fina  y managed (using numerica  methods requir-
ing previous y infeasib e amounts of computer time) to so ve the optima  consumption 
prob em under rea istic specifications of uncertainty and p ausib e assumptions about 
the uti ity function. So ving and understanding these mode s, and discovering that 
their imp ications fit the data surprising y we  , has occupied the minds and time of 
consumption researchers for much of the  ast decade. 

The purpose of this paper is to begin an investigation of whether consumers who 
do not understand dynamic stochastic optimization theory and do not have access to 
very fast computers might sti   be ab e to  earn rough y optima  behavior by tria  and 
error, as Friedman argued so  ong ago. 

The first contribution of the paper is to show that, a though finding the exact y cor-
rect non inear consumption po icy ru e (as economists have done) is an extraordinari y 
difficu t mathematica  prob em, the exact y correct ru e can be very c ose y approxi-
mated (in uti ity terms) by a  inear form which seems simp e enough that consumers 
cou d p ausib y  earn it by tria  and error, because both the s ope and intercept have 
high y intuitive interpretations (the intercept determines the target  eve  of wea th, and 
the s ope determines ‘how hard’ the consumer tries to get back to his target wea th 
when away from it). The conceptua  and mathematica  simp icity of the  inear approx-

1The principal example we are aware of is Lettau an  Uhlig (1999); Sargent an  Marcet (1991) 
examine an investment problem, but assume that consumers know  ynamic optimization theory an  
are only learning about the  istribution of shocks. 
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imate so ution to the buffer-stock saving prob em makes it a natura  framework to use 
as a proving ground for mode s of  earning about intertempora  choice under uncer-
tainty, just as the deceptive y simp e Prisoner’s Di emma prob em is the prototype for 
mode s of  earning in a game theory context (or, ranging farther, as E. Coli is a simp e 
proving ground for bio ogica  research). 

The second contribution of the paper, however, is to show that even the simp ified 
 inear consumption function is enormous y difficu t to find by tria  and error. The 
difficu ty stems from our assumption that the consumer cannot direct y perceive the 
va ue function associated with a given consumption ru e, but instead must eva uate the 
consumption ru e by  iving with it for  ong enough to get a good idea of its performance. 
In the consumption prob em, the decision to consume a bit more this year imp ies  ower 
wea th next year, and the year after, and so on into the distant future. Because the 
consequences of today’s actions are spread out over a very  ong time horizon, it is 
necessary to experience a  ong time horizon in order to re iab y determine the va ue 
of any candidate consumption ru e. Furthermore, empirica  y p ausib e amounts of 
uncertainty make the prob em much more difficu t, because the effects of a given shock 
are spread out over time as we  . Thus, it takes a very  arge amount of experience with 
each potentia  consumption ru e to get an accurate sense of how good or bad that ru e 
is. This situation is a strong contrast with most of the existing  iterature on  earning 
in both macroeconomics and game theory, where the typica  assumption is that a   of 
the consequences of a choice made at time t are observed immediate y. Intertempora  
prob ems are evident y orders of magnitude harder. 

Despite the extraordinary difficu ty of finding a reasonab y good consumption ru e, 
emprica  evidence suggests that typica  househo ds do engage in buffer-stock saving 
behavior.2 The question of how consumers come by their consumption ru es therefore 
remains. Perhaps the most p ausib e answer invo ves ‘socia   earning’: rather than 
re ying so e y on their own (insufficient) experience, peop e observe the experiences of 
others and can  earn from such observation and direct socia  communication. However, 
the existing  iterature on socia   earning (for surveys see Bikhchandani, Hirsh eifer, 
We ch (1998) or Ga e (1996)) suggests that socia   earning mechanisms are by no means 
guaranteed to converge on the optimum. Exp oring the circumstances under which 
socia   earning processes do and do not  ead a popu ation to converge on reasonab y 
optima  behavior promises to be an interesting task for future work. 

2 Backgroun  an  Literature Summary 

Because the optima  consumption/saving prob em does not have an ana ytica  so-
 ution under p ausib e specifications of uti ity and uncertainty, unti  very recent y 

2See Deaton (1991) an  Carroll (1997), Gourinchas an  Parker (1999), Cagetti (1999) an  the 
papers cite  therein for evi ence. 
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economists usua  y so ved versions of the mode  in which consumers either had un-
rea istic (quadratic) preferences for which uncertainty does not affect consumption, 
or had p ausib e (Constant Re ative Risk Aversion (CRRA)) preferences but faced no 
uncertainty. 

This Certainty Equiva ent (CEQ) mode  has been tested exhaustive y. An influ-
entia  summary of the  iterature (Deaton (1992)) suggested that the mode  fai s in 
at  east three ways. First, a  arge  iterature dating from the 1950s and 1960s and 
extending through Ha   and Mishkin (1982), McCarthy (1995), Parker (1999), and 
Sou e es (1999), has consistent y estimated a margina  propensity to consume greater 
than 0.2; since the CEQ mode  genera  y imp ies MPC’s of  ess than 0.05, these re-
su ts have been interpreted as suggesting the presence of some consumers who a ways 
consume their entire income, either because they are rationa  but  iquidity constrained 
or because they are simp y irrationa . Second, another  arge  iterature has tested the 
CEQ mode ’s prediction that the margina  propensity to consume out of human wea th 
is the same as the MPC out of current wea th, and consistent y found consumption and 
saving to be  arge y unresponsive to information about future income.3 Third, a vast 
 iterature estimating Eu er equations arose from Ha   (1978). A recent survey artic e 
in the Journal of Econo ic Literature by Browning and Lusardi (1996) summarized 
over 25 studies using microeconomic data to estimate an Eu er equation derived from 
standard versions of the mode . Most of the studies rejected the Eu er equation, usua  y 
in favor of a mode  in which some consumers simp y b ind y set consumption equa  to 
income. A fina  fai ure of the CEQ mode  is that it provides no exp anation for one 
of the centra  and robust findings from househo d wea th surveys: a   such surveys, 
from the ear y 1960s to the most recent (1998) triennia  Survey of Consu er Finances, 
have found that the median househo d at every age before about 50 typica  y ho ds 
tota  non-housing net assets worth somewhere between a few weeks’ worth and a few 
months’ worth of income (Carro   (1997)). 

Ironica  y, when advances in computer techno ogy fina  y permitted numerica  so-
 ution of the optima  consumption prob em under rea istic assumptions about uncer-
tainty and preferences,4 a   of these supposed rejections of rationa ity turned out to be 
consistent with dynamic optimization after a  ! Under some p ausib e combinations of 
parameter va ues, optima  behavior is for consumers to aim to ho d a target buffer-stock 
of  iquid assets equiva ent to a few weeks or months’ worth of consumption, and once 

3Perhaps the most common test of this kin  has been in the context of  etermining the effects of 
Social Security an  of other  efine  benefit pension schemes on personal saving. See Carroll (1994, 
1997) for other examples. 

4Carroll (1996) shows that the relevant con ition is RβEt(GÑ 
t+1)−ρ < 1, where R is the interest 

rate, β is the time preference factor, G is the growth rate of income,   is the coefficient of relative 
risk aversion, an  N is the mean-one multiplicative shock to permanent income. Parameter values 
use  in Carroll (1997) were a time preference rate of 4 percent annually, househol  income growth 
of 3 percent, coefficient of relative risk aversion of 3, an  a real after-tax interest rate of 0 percent; 
results were robust to plausible variation in these parameters. 
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the target wea th is achieved to set consumption on average equa  to average income. 
Even with a time preference rate as  ow as 0.04, the margina  propensity to consume 
out of transitory income can be 40 percent or higher, the propensity to consume out of 
human wea th can be c ose to zero, and standard Eu er equation tests of consumption 
behavior ‘fai ’ in ways that can rep icate the who e range of empirica  fai ures of the 
Eu er equation. (See Carro   (1992, 1997, 2001a) for detai s). Uncertainty and the 
consequent precautionary saving motive thus turn out to modify optima  behavior pro-
found y from what was taken by economists to embody “rationa ity” from the 1950s 
through the  ate 1980s. 

In a way, the recent findings can be interpreted as a potentia  vindication of Fried-
man’s argument that peop e can grasp the so ution to difficu t mathematica  prob ems 
even without mathematica  training. Perhaps the embarrassment is that economists 
for so  ong fai ed to see what consumers apparent y imp icit y know: that buffer-stock 
saving behavior works reasonab y we  . But these findings a so raise rather urgent y 
the question of how ordinary consumers appear to so ve, even approximate y, prob ems 
whose so ution even now, and even in versions much simp er than the actua  prob ems 
peop e face, continue to strain the capabi ities powerfu  modern computers.5 One pos-
sib e answer is that peop e may have a powerfu  inbui t intuition about the so ution to 
dynamic optimization prob ems. But this exp anation founders on the observation that 
economists are peop e too. If anything, inbui t mathematica  intuitions ought to be 
stronger for economists than for average consumers, since economists are much better 
mathematicians; yet economists did not discover the optima ity of buffer-stock behav-
ior unti  fast computers made it possib e to so ve the prob em numerica  y. Friedman’s 
‘ earning hypothesis’ seems to be the natura  a ternative exp anation. 

3 Buffer-Stock Saving: An Approximation 

One of the attractive features of the buffer-stock theory of saving is that optima  
behavior can be articu ated in very simp e and intuitive terms: Consumers have a 
target  eve  for a buffer-stock of  iquid assets that they use to smooth consumption in 
the face of an uncertain income stream. If their buffer stock fa  s be ow its target, they 
wi   consume  ess than their expected income and  iquid assets wi   rise, whi e if they 
have assets in excess of their target they wi   spend free y and assets wi   fa  . 

Despite its heuristic simp icity, the exact mathematica  specification of optima  
behavior is given by a thorough y non inear consumption ru e for which there is no 
ana ytica  formu a. Whi e certain ana ytica  characteristics of the ru e can be proven,6 

5Hubbar , Skinner, an  Zel es (1994, 1995) ha  to use a supercomputer to solve the optimal life 
cycle problem when it was enhance  to incorporate a mo est  egree of realism about health an  
mortality risk an  the structure of social insurance programs. 

 For example, the limiting MPC as wealth goes to infinity or zero can be calculate  (see Car-
roll (1996)), an  Carroll an  Kimball (1996) prove that the consumption rule is strictly concave. 
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it is hard to see how a consumer without a supercomputer and a Ph.D. cou d be 
expected to determine the exact shape of the non inear and nonana ytica  decision 
ru e. 

3.1 An Approximation 

Fortunate y for consumers, it turns out not to matter much whether they get the fine 
detai s of the ru e right: Simp e and intuitive approximations to the optima  ru e can 
generate uti ity streams that are on y trivia  y sma  er than the uti ity yie ded by the 
exact and fu  y non inear so ution. 

For examp e, consider a consumer in the fo  owing circumstances. Uti ity is derived 
entire y from consumption and is CRRA, u(c) =  c1−ρ/(1 − ρ), with ρ = 3.  Income  
Y is stochastic with a 3-point distribution ( 7, 1, 1 3) with probabi ities ( 2,  6,  2), a 
process chosen to match (very rough y) empirica  evidence on the amount of transitory 
variation in annua  househo d income observed in the Panel Study of Inco e Dyna ics 
(see, e.g., Carro   (1992)). The consumer cannot borrow, but can save at an interest 
rate of zero. Fina  y, the consumer geometrica  y discounts future uti ity at the rate 
β =  95. The traditiona  approach to mode  ing consumer behavior is to suppose that 
the consumer so ves the prob em: � � ∞ � 

max 
{Cs}∞ 

t 

Et βs−t u(Cs) 
s t 

s.t. 

Xs+1 = Xs − Cs + Ys+1 

Cs ≤ Xs ∀ s 

where Xs is tota  resources avai ab e for consumption (henceforth, fo  owing Deaton (1991), 
‘cash-on-hand’). Of course, as is we   known, the objective in this prob em can be 
rewritten in the recursive form: 

V (Xt) =  max  u(Cs) +  βEt[V (X̃ 
t+1)] (1) 

{Cs} 

where V (Xt) is the va ue function reflecting the expected discounted uti ity that wi   
resu t if the consumer behaves optima  y now and in a   future periods. 

As noted above, one interesting feature of the so ution to this prob em is that there 
X̄ wi   exist a target  eve  of cash-on-hand . Forma  y, Carro   (1996) shows that if the 

¯ parameters of the prob em satisfy a certain ‘impatience’ condition7 then an X  wi   
X̄  X̄ exist such that if Xt > then Et[Xt+1] < Xt and if Xt < then Et[Xt+1] > Xt. 

7See footnote 2 for the con ition (where here N =  1  because we  have assume  there  are  no  
permanent shocks). 
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X̄  Assuming ≥ 1, for some f the optima  consumption ru e can be rewritten, without 
 oss of genera ity, as: 

C   (X) = 1 +  f(X − X̄   )  (2) 

Using the fact that Et[Ỹ 
t+1] = 1 we know that Et[Xt+1] =  Xt −Ct +1. But at the point 

where X = X̄   we have Et[Xt+1] =  Xt which imp ies that Xt − Ct + 1  =  Xt which 
imp ies that Ct = 1. Hence we know that f(0) = 0. Ca  ing γ  = f ⊕(0), a first-order 

X̄  Tay or expansion of equation (2) around the point X = is therefore 

C   (X)   1 +  γ   (X − X̄   )  (3) 

Define a variab e θ = {γ, X̄ } and define a function � 
¯ ¯1 +  γ(X − X) if  1 +  γ(X − X) ≤ X,

Cθ(X) =  
¯X if 1 + γ(X − X) > X  

where the second case imp ements the  iquidity constraint.8 Now choose the va ues of 
¯ ¯γ and X that correspond to the Tay or approximation to equation (2), θ  = {γ  , X }, 

yie ding the ru e Cθ∗ 
(X). The attraction of this ru e, in comparison with the exact 

non inear so ution C (X), is that it produces a comp ete p an of behavior that is charac-
terized by on y two parameter va ues, X̄  and γ  . Furthermore, it is an approximation 
that wi   by construction be c ose to the true consumption ru e in the neighborhood 
of the target  eve  of wea th; if actua  wea th tends to stay re ative y c ose to target 
wea th (as Carro   (1992) shows is true if consumers are behaving optima  y), we can 
expect the approximation to be re ative y good. It does not seem imp ausib e that peo-
p e cou d  earn about two such parameters – especia  y since they are  earning about 

¯ parameters that can be given high y intuitive interpretations: X is how much target 
wea th to try to have on hand, and γ indicates how quick y you try to return to that 
 eve  of wea th when you are away from it. 

3.2 How Goo  Is the Best Approximation? 

The better an approximation is in uti ity terms, the more p ausib e it is that consumers 
wou d sett e for the approximation rather than attempting a more exact so ution. One 
way to measure approximation qua ity is to ask how much consumers who do know 
how to so ve the fu   optimization prob em wou d be wi  ing to sacrifice to avoid being 
forced to switch permanent y to the best possib e approximate ru e. 

8We consi er a mo el with explicit liqui ity constraints here because it is somewhat simpler than 
the mo el without constraints. Carroll (2001b) shows that in many important respects the optimiza-
tion mo els with an  without constraints are essentially the same, because the precautionary saving 
motive serves as a kin  of self-impose  liqui ity constraint. 
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Answering this question requires us to define the va ue function associated with a 
ru e θ. The definition is straightforward: � ∞ 

� � 
βs−tV θ(Xt) =  Et u(Cθ(Xs)) , (4) 

s t 

and it is re ative y easy to compute the va ue of this function recursive y (much easier 
than so ving the fu   non inear optimization prob em). 

We can then define the ‘sacrifice va ue’ as the maximum amount that a perfect y 
rationa  consumer with initia  wea th Xt who is current y using the optima  ru e C (X) 
wou d be wi  ing to pay to avoid being switched permanent y to using the approximate 
ru e Cθ(X), i.e. the sacrifice va ue is the κ such that9 

V θ(X) =  V (X − κ)  (5)  

imp ying 

κθ(X) =  X − V −1(V θ(X))  (6) 

It is obvious from this equation that consumers at different  eve s of initia  X wou d 
be wi  ing to pay different amounts to avoid being switched. In order to make the 
sacrifice va ue concept operationa , it is therefore necessary to make some assumption 
about how consumers are distributed across  eve s of X when the threat to switch them 
to Cθ(X) occurs. Fortunate y, there is a unique y appropriate distribution to use: the 
ergodic distribution toward which any arbitrary initia  cash-on-hand distribution wi   
converge. (See Carro   (2001a) for a description of the methodo ogy for ca cu ating the 
ergodic distribution). Thus, defining the ergodic cumu ative distribution function for 
X as F (X) we can ca cu ate the average sacrifice va ue for a given choice of parameters 
θ as � Xmax 

κ̄θ = κθ(X)dF (X)  
Xmin 

Figure 1 presents a contour p ot showing ‘isosacrifice’ contours for sacrifice va ues of 
κ̄ = {0 05, 0 20, 0 40, 0 57} and shows the point with the  owest sacrifice va ue, κ̄ = 0 003 

¯for θ = {0 233, 1 243}. 10 Note that the sacrifice va ue associated with {γ, X} = {1, 1}
(the rightmost point on the horizonta  axis) corresponds to the ru e C(X) =  X; the  
isosacrifice curve κ̄ = 0 57 intercepts the horizonta  axis at this point, indicating that 
the sacrifice va ue associated with the ‘spend everything’ ru e is about 0.57. 

9This  efinition is inspire  by the  efinition of the equivalent risk premium from consumption 
theory. 

10The θ that minimizes the sacrifice value is not exactly the same as the θ = {γ∗ , X ¯ ∗} which 
constitutes the first or er Taylor approximation to the optimal rule, though the two θ’s are close. 
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Figure 1: Isosacrifice Contours 
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Figure 2: The Exact Consumption Ru e (so id) and the Best Approximation (dashing) 
C Optimal and Approximated Consumption Functions 
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It may seem remarkab e that the best sacrifice va ue is as  ow as 0.003. Figure 2 
exp ains the mystery by showing C (X) and  Cθ∗ 

(X) a ong with the  ocations of the 
5th and 95th percenti es in the ergodic distribution of X under C (X). As the figure 
i  ustrates, the  inear approximation to the optima  consumption ru e is quite c ose 
to the tru y optima  ru e over essentia  y the entire range from the 5th to the 95th 
percenti es. Furthermore, sma   deviations from the optima  consumption function wi   
by definition resu t in second-order  osses of uti ity. 

4 Buffer-Stock Saving an  In ivi ual Learning 

With these pre iminaries out of the way, we can now turn to the centra  question, 
which is how to mode  the consumer’s  earning process. Many mode s of  earning 
in the economics  iterature have had a structure that can be crude y summarized as 
fo  ows. The set Θ is a  ist of a   possib e actions that are avai ab e to the agent. In 
period t the agent chooses a particu ar option, indicated by θt. He then observes an 
outcome vt that is usua  y a noisy measure of the ‘true’ va ue associated with choice θt. 
The agent notes the outcome, and uses it in some manner to update his ‘be iefs’ about 
the true va ue associated with that specific choice θt. After samp ing a variety of θ’s, 
the individua ’s choices converge on the θ which the  earning process has conc uded 

¨ 5th Percentile 

95th Percentile   

0.25 0.50 0.75 1.00 1.25 1.50 1.75 2.00 
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yie ds the highest true va ue.11 

Our approach to individua   earning wi   essentia  y fo  ow this standard broad out-
 ine. However, in the intertempora  choice context the primary difficu ty is in a step 
that is assumed to be cost ess and immediate in most of the existing  iterature: Ob-
serving (even a noisy measure of) the va ue associated with a given choice of θ. 12 

4.1 Estimating the Value of Alternative Consumption Rules 

Suppose that the consumer wishes to compare a set of potentia  consumption ru es Θ 
individua  y designated θ  where in princip e the θ  cou d index a ternative consumption 
ru es of any kind (though in practice we wi    ater take the θ  to reflect a ternative 
combinations of γ and X̄). Suppose further that, for any initia   eve  of cash-on-
hand Xt, the consumer has some method by which she can make an exact y correct 
assessment of the expected discounted uti ity each ru e wou d yie d, if used henceforth 
and forever more; ca   this va ue V θi (Xt) (we wi   re ax this assumption of observabi ity 
of V θi (Xt) momentari y). The consumer’s goa  is to find the θ  which, if used forever 
afterward, yie ds the highest V θi (Xt). 

An immediate prob em with this procedure is the evident possibi ity that the opti-
ma  θ  cou d be different for different starting va ues Xt. If so, how wou d the consumer 
choose between two ru es θj and θk, if,  say,  ru e  j performs better than ru e k if Xt = 2  
(i.e., V θj (2) > V θk (2)) but ru e k outperforms ru e j if Xt = 3 (V θk (3) > V θj (3))? 
Note, however, that if one of the ru es indexed by θ  is the exact y optima  ru e (i.e. 
the true so ution to the dynamic program), the expected va ue yie ded by that ru e wi   
exceed the expected va ue yie ded by any other ru e for any initia  va ue of Xt, and  so  
the tru y optima  ru e wou d a ways be picked regard ess of the starting Xt. Of  course,  
if the ru es indexed by θ  do not inc ude the exact y optima  ru e, the kinds of reversa s 

11This summary  oes not encompass what might be terme  ‘general equilibrium’ learning problems 
in which the average choices of the collection of agents actually affect the payoff that each in ivi ual 
choice provi es. 

12Several previous authors in the macroeconomics literature have assume  that consumers un er-
stan   ynamic stochastic optimization theory an  that their ‘learning problem’ is to  iscover the 
properties of the stochastic processes that impinge on their optimization problem (see, e.g., Sar-
gent (1993), pp. 93-107, an  Marcet an  Sargent (1991)). The only paper we are aware of that 
examines agents’ ability to learn how to solve a true  ynamic stochastic optimization problem is that 
of Lettau an  Uhlig (1999), who examine the (in)ability of artificial intelligence constructs calle  ‘clas-
sifier systems’  evelope  by Hollan  (1986) to learn the  ynamic programming solution to an optimal 
consumption problem. Unfortunately, in or er to use Hollan ’s classifier systems Lettau an  Uhlig 
must  rastically re uce the complexity of the optimal consumption problem. Their central example 
is one in which consumers have a choice of only two possible levels of consumption, an  there are 
only three possible levels of wealth. They fin  that a ‘rule of thumb’ of always spen ing all available 
resources is not  riven out of the classifier system in the long run, essentially because the mechanism 
for up ating the strengths of the  ifferent classifier rules  oes not correspon  to the prescriptions of 
 ynamic stochastic optimization. While this is an important an  interesting paper, it appears to have 
little relevance to the approach we pursue here. 

11 
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just out ined wou d be possib e. Be ow we wi   imp icit y examine the importance of 
this prob em by having our consumers search for the optima  θ  for severa  possib e 
initia   eve s of wea th. 

Ho ding initia  Xt fixed for the time being, we are now in position to set forth our 
mode  of the consumer’s process for estimating the va ue associated with any particu ar 
θ . Imagine that for each θ  the consumer forms an estimate of V θi (Xt) by  iving through 
the experience of using that ru e for n periods. That is, in period t the consumer spends 
Ct = Cθi (Xt),  eaving Xt − Ct in savings for the next period and generating period-t 
uti ity ut = u(Ct); in period t + 1 the consumer draws a random income shock Yt+1 

from the distribution out ined above, constructs Xt+1 = (Xt −Ct)+Yt+1, and consumes 
Cθi (Xt+1), generating period t + 1 uti ity ut+1. This process is repeated unti  period 
t+n is reached. As she goes, the consumer keeps track of a variab e we wi   ca   ‘partia  
va ue’ 

Ws = Ws−1 + βs−tUs, (7) 

from a starting va ue of Wt−1 = 0,  which  cumu ates  to  

Ws = Ut + βUt+1 + β2Ut+2 +    + βs−tUs (8) 
s � 

= βq−tUq  
q t 

and when she reaches period t + n she wi   have an estimate of the va ue generated 
by this program Ṽ θi (Xt) =  Wt+n. Of  course,  if  n <  ∞ the va ue constructed in this 

t[β
n+1V θi (Xmanner wi   be missing a term that reflects E t+n+1)], but for n sufficient y 

 arge the omitted term shou d be re ative y sma  . One purpose of our simu ations is 
to determine the meaning of ‘sufficient y  arge’ and ‘re ative y sma  ’ in this context. 

The most naive mode  of the individua  search process wou d be simp y to have con-
sumers execute the foregoing procedure for a variety of potentia  θ ’s and pick the one 
with the highest experienced va ue Ṽ θi (Xt). However, this procedure wou d produce 
a very noisy estimate of the true va ue of each possib e ru e, because discounting by 
β means that the actua  va ue experienced wi   be heavi y influenced by the particu ar 
sequence of stochastic income draws the consumer receives ear y in her experience with 
each ru e. Even if we  et n approach infinity, the consumers’ estimates of the va ue 
associated with each ru e do not converge to the true va ues because uti ity from the 
additiona   ater periods is discounted at an ever-higher rate and cannot overcome the 
initia  impression made by ear y experience. 

The on y way the consumer can form a consistent estimator of the true va ue asso-
ciated with each ru e starting at Xt is to  ive through the experience of using each ru e 
starting from the same Xt mu tip e times. That is, if the estimated va ue obtained the 
first time the consumer runs through the foregoing procedure is Ṽ 

1 
θi (Xt) the consumer 

wi   need to begin again with the same initia  Xt and form a second Ṽ 
2 
θi (Xt) and  so  
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forth. We assume that the consumer runs through this experience m times and esti-
mates the true va ue of po icy θ  starting from Xt as the average of the m experiences, � nV̂ θi (Xt) = (1/m) Ṽ θi (Xt) j 1 j 

It is easy to show that as m and n joint y go to infinity, the foregoing procedure wi   
yie d an arbitrari y accurate estimate of the true va ue function V θi (Xt) for any given 
Xt. 13 The question that can be answered on y by simu ations is how  arge m and n need 
to be for the consumer to be ab e to have a reasonab y high degree of confidence in the 
accuracy of her estimate V̂ θi (Xt). The answer to that question, of course, depends on 
the metric used to eva uate V̂ ’s accuracy. In this context, the  ogica  metric is whether 

ˆthe V ’s generated by a given (m, n) combination wi   re iab y  ead the consumer to 
choose a good consumption ru e from among the candidate ru es indexed by θ . Before  
that question can be answered, however, we need to specify the process by which the 
set of ru es to be considered is constructed. 

4.2 Choosing a Set of Rules to Evaluate 

Our assumption is that the θ  simp y enumerate the nodes in a grid determined joint y 
¯by the set of potentia  y ‘reasonab e’ va ues of γ and X. For the margina  propensity 

to consume, the natura  space of possib e va ues is γ ∈ [0, 1]. Since X inc udes current 
¯income and the expected va ue of income is 1, a  ower bound for X is 1. The range of 

¯‘reasonab e’ maximum va ues for X is  ess obvious. Our admitted y arbitrary decision 
¯ was to choose X ∈ [1, 3]. The fina  assumption we need to make is about the fineness of 

the grid. We choose the interva  between grid points for γ to be 0 05, and the interva  
¯for grid points of X to be 0 1, for a tota  of 20x20=400 combinations of ru es.14 The 

¯best of these ru es is (γ, X) = ( 25, 1 2) for which the sacrifice va ue is 0.007. (We are 
aware that a grid search is high y inefficient; we discuss robustness of our resu ts to 
a ternative, more efficient search procedures be ow.) 

4.3 Results 

We are now in position to specify how we wi   eva uate the effectiveness of various 
choices of m and n. We construct a popu ation of 100 consumers each of whom enters 
the first period of simu ation with the same initia   eve  of savings St−1 (for technica  
reasons this is s ight y easier than starting out a   consumers with the same initia  
va ues of Xt as exposited above). For each combination of m and n we simu ate the 
experience of each of the 100 consumers executing the a ogrithm described above and 

13We have verifie  that the estimates of the value obtaine  for very large values of m an  n are 
extremely close to the estimates obtaine  through our completely in epen ent theoretical exercise of 
constructing the value function  irectly. 

14We exclu e the value γ = 0 from the set un er consi eration because all rules with γ = 0  are  
¯i entical regar less of the value of X. This is why there are 20 rather than 21 possible values of γ. In  

or er to obtain 20 rather than 21 values of X ¯ we exclu e X ¯ = 3.0 from the list. 
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V̂ θica cu ating their own estimated va ue of for each of the 400 possib e θ , and  at  
the end of the simu ations each consumer picks the ru e with the maximum estimated 
va ue V̂ θi (Xt) among the ru es he has tried. 

Tab e 1 presents the resu ts. The tab e is divided into three pane s corresponding to 
different assumptions about the initia  resources with which the consumers begin the 
simu ations, S0 = [0, 1, 2]. For each (m, n) combination, three statistics are reported: 
the average sacrifice va ue of the ru es picked by our 100 consumers, the fraction of the 
consumers who picked a ‘good’ θ , defined as a ru e with a sacrifice va ue of  ess than 5 
percent,15 and the tota  number of mode  simu ation periods each consumer has  ived 
through in the course of searching for the ru e (which wi   be 400mn). 

The overwhe ming conc usion from this tab e is that, whi e it is possib e for this 
‘ earning by experience’ method to re iab y identify good consumption ru es, the a ount 
of experience required is staggering. The on y (m, n) combination that can identify a 
good ru e at  east 80 percent of the time is (m = 200, n  = 50) which imp ies a serch 
time of 4 mi  ion (=200*50*400) periods! Even if the criterion is mere y that the (m, n) 
pair shou d produce ru es with an average sacrifice va ue of 0.05 or  ess, the minimum 
number of simu ation periods required is rough y a mi  ion. Interpreting the mode  
period as a year (the appropriate interpretation for the ca ibration β =  95), it takes a 
mi  ion years of experience to re iab y identify a reasonab y good consumption ru e by 
persona  experience!16 Even reinterpreting the mode  period as a two-week pay-period 
rather than a year (a reinterpretation that is prob ematic because the true biweek y 
income process is very different from our assumed income process)  eaves the required 
time to find a good ru e absurd y  ong. Conc usions are rough y the same regard ess of 
the starting va ues for S. 

Of course, it is possib e that we have not endowed our agents with enough inte -
¯ igence. For instance, rather than b ind y searching every point on the (γ, X) grid,  

inte  igent consumers cou d do an ordered search in which they choose a very coarse 
¯initia  grid of, say, two possib e choices for each of (γ, X), pick the best of the four 

choices, then center a new search grid around this optimum, and so on. Or they cou d 
use a Newton a gorithm, or some other hi  -c imbing procedure. But even if the search 
cou d be reduced so that on y, say, 4 different ru es needed to be eva uated, it wou d 
sti   be necessary to use va ues of (m, n)  arge enough to distinguish good ru es from 
bad. Given that the minimum (m, n) combination that appears capab e of producing 
the necessary accuracy is (50, 50), even such a high y efficient hi   c imbing routine 
cou d not reduce the number of periods required to  ess than 10000 = 50 ∗ 50 ∗ 4. 

Hence, rather than a  eviating the mystery of how ordinary consumers seem to 
have managed to  earn near y optima  consumption behavior, our exp oration of the 

15Out of a total of 400 rules, there were 20 for which the sacrifice value was less than 5 percent. 
1 Note that this assumes that consumers  o not nee  to explore alternative starting values for St−1. 

If we were to assume that they search over three values of St−1 as presente  in the table, search times 
woul  triple. 

14 



possibi ity of  earning by experience has on y deepened the mystery. On reflection, this 
resu t is not as surprising as it at first may appear. One fact that is known by any 
economist who has attempted numerica  so ution of consumption mode s is that finding 
optima  behavior in these mode s is an extraordinari y computation-intensive task. 
If there were some  earning-by-experience method that cou d identify near y optima  
ru es with vast y  ess computationa  effort, some c ever economist wou d probab y have 
identified that method  ong ago and it wou d now be the standard method used to so ve 
such prob ems. The finding here that  earning by experience requires a  arge amount 
of experience can therefore be recast as a finding that a search a gorithm based on 
 earning by experience does not drastica  y reduce the computationa  input required to 
find a near y optima  ru e. 

5 Buffer Stock Saving an  Social Learning 

If it takes an individua  agent a mi  ion periods of experience to re iab y find a good 
consumption ru e, a popu ation of a mi  ion consumers scattered across the (γ, X̄) 
 andscape shou d collectively obtain essentia  y the same amount of information in a 
sing e period. If there were a mechanism by which a   of that information cou d be 
efficient y combined, the number of mode  periods required for finding the optima  
ru e cou d sure y be radica  y reduced (though computing demands remain formidab e 
because for each mode  period ca cu ations must now be made for many agents rather 
than one). 

A potentia  mechanism to accomp ish this purpose is ‘socia   earning’ in which 
individua s encounter each other and communicate the resu ts of their own experience 
to others.17 Even if the socia   earning process is  ess than perfect y efficient it sti   seems 
p ausib e that it might  ead a popu ation of consumers to converge on the optimum 
re ative y quick y. 

However, the existing  iterature on socia   earning has found that even fu  y rationa  
socia   earning processes do not a ways resu t in the popu ation as a who e reaching an 
optima  outcome. If each agent’s actions do not fu  y revea  the individua ’s private 
information, the popu ation can end up making choices  itt e better than the choices 
that wou d be made by individua  agents acting in iso ation. Thus, the most interesting 
question to be addressed in a future  iterature on socia   earning about intertempora  
choice is under what circumstances the popu ation does and does not sett e on a rea-
sonab y good set of ru es. 

17We know of only two papers that present any empirical evi ence on social learning an  saving 
behavior. Lusar i (1999) fin s that consumers are more likely to have thought about an  prepare  for 
retirement if they have an ol er sibling who has alrea y retire . Bernheim (1996) fin s that workplace 
retirement e ucation courses change  worker behavior with respect to 401(k) retirement accounts in 
 irections that most economists woul  i entify as more rational. 
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6 Conclusion  

Unti  recent y, economists spent  itt e time or effort trying to understand the cognitive 
processes which  ed to observed economic behavior, re ying instead, either imp icit y 
or exp icit y, on the assumption articu ated by Friedman that peop e cou d easi y  earn 
optima  behavior through tria  and error. Whi e severa  economic  iteratures have 
recent y begun to exp ore the imp ications of  earning and evo utionary dynamics, there 
has been  itt e work on the ro e of  earning in the rea m of intertempora  choice. 

In part, the  ack of research in this area has probab y been attributab e to the great 
comp exity of finding and executing optima  p ans for intertempora  prob ems. Given 
this comp exity, it may have seemed hope ess for consumers to  earn exact y optima  
behavior by experience. The first contribution of this paper is to provide an examp e in 
which the true so ution can be very c ose y approximated (in uti ity terms) by a simp e 
 inear mode  of behavior where both s ope and intercept have intuitive (and p ausib y 
 earnab e) interpretations. 

The second contribution of the paper is to show that even when the goa  is to  earn 
on y this simp e approximation, pure tria -and-error  earning requires an enormous 
amount of experience to a  ow consumers to distinguish good ru es from bad ones - far 
more experience than any one consumer wou d have over the course of a sing e  ifetime. 

These resu ts suggest that the  earning mode  proposed here is not an adequate 
description of the process by which consumers  earn about consumption behavior. It 
remains possib e, of course, that consumers emp oy an individua   earning mechanism 
that is much more efficient than the one postu ated here, and the search for an improved 
individua   earning a gorithm is a possib e direction for future research. Such a  earning 
mechanism, if found, shou d a so constitute an important advance in the techno ogy 
for so ving dynamic optimization prob ems. 

More intriguing, however, is the possibi ity that consumers come by their behavior 
by a process of socia   earning, in which ru es of thumb that are successfu  in uti ity 
terms are passed a ong from one consumer to another, or through other mechanisms 
such as the advice of persona  finance experts or advice in persona  finance books. In 
fact, persona  finance books often give advice that sounds very much  ike buffer-stock 
saving behavior with respect to  iquid assets (see Carro   (1997) for a typica  reference 
in a persona  finance book). E ucidating the circumstances under which a process of 
socia   earning can be expected to  ead the popu ation to reasonab y optima  behavior 
wi   be an interesting task for future work. 
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Individua  Search Resu ts 

m = 1  m = 10  m = 50  m = 200 

St−1 = 0  
n = 10 Mean Sacrifice: 

Success Rate: 
Tota  Periods: 

0.289 
0.07 
4000 

0.197 
0.17 

40000 

0.160 
0.18 

200000 

0.135 
0.13 

800000 
n = 20 Mean Sacrifice: 

Success Rate: 
Tota  Periods: 

0.218 
0.17 
8000 

0.110 
0.34 

80000 

0.073 
0.47 

400000 

0.060 
0.53 

1600000 
n = 50 Mean Sacrifice: 

Success Rate: 
Tota  Periods: 

0.172 
0.24 

20000 

0.074 
0.46 

200000 

0.045 
0.68 

1.00E+06 

0.028 
0.86 

4.00E+06 

St−1 = 1  
n = 10 Mean Sacrifice: 

Success Rate: 
Tota  Periods: 

0.269 
0.09 
4000 

0.122 
0.23 

40000 

0.100 
0.29 

200000 

0.102 
0.24 

800000 
n = 20 Mean Sacrifice: 

Success Rate: 
Tota  Periods: 

0.226 
0.18 
8000 

0.079 
0.45 

80000 

0.053 
0.62 

400000 

0.047 
0.68 

1600000 
n = 50 Mean Sacrifice: 

Success Rate: 
Tota  Periods: 

0.187 
0.26 

20000 

0.058 
0.58 

200000 

0.036 
0.76 

1.00E+06 

0.024 
0.91 

4.00E+06 

St−1 = 2  
n = 10 Mean Sacrifice: 

Success Rate: 
Tota  Periods: 

0.204 
0.20 
4000 

0.092 
0.38 

40000 

0.100 
0.28 

200000 

0.108 
0.18 

800000 
n = 20 Mean Sacrifice: 

Success Rate: 
Tota  Periods: 

0.179 
0.27 
8000 

0.058 
0.58 

80000 

0.050 
0.64 

400000 

0.054 
0.58 

1600000 
n = 50 Mean Sacrifice: 

Success Rate: 
Tota  Periods: 

0.169 
0.32 

20000 

0.053 
0.62 

200000 

0.037 
0.75 

1.00E+06 

0.030 
0.85 

4.00E+06 
n is the number perio s the consumer uses a rule for each trial. 
m is the number of trials 
‘Success’ is  efine  as fin ing a rule with sacrifice value < 0.05. 

Tab e 1: Search Success Rate and Number of Periods 
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