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Abstra t 
This paper pr vides derivati ns necessary f r s lving an  ptimal c nsumpti n pr blem 

with multiplicative habits and a CRRA ‘ uter’ utility functi n, either f r a micr ec n mic 
pr blem with b th lab r inc me risk and rate- f-return risk,  r f r a macr ec n mic 
representative agent m del. 
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1 Introdu tion 

The last few years have seen a renewal  f interest in the  ld1 idea that habits may play a 
key r le in c nsumpti n behavi r. The resurgence  f interest in habits has been pr v ked 
by the emergence  f empirical findings that are difficult t  explain using the traditi nal 
m del in which utility is time-separable.2 

The early m dern the retical m dels  f habit f rmati n3 tended t  take the ‘subtrac-
tive’ f rm in which utility is derived fr m the difference between current c nsumpti n 
and the habit st ck, 

u(c, h) =  v(c − h). (1) 

where the habit st ck h was usually set equal t  the level  f c nsumpti n in the previ us 
peri d, 

ht =  ct−1, (2) 

and the ‘ uter’ utility functi n v(x) usually t  k the quadratic f rm. Unf rtunately, 
quadratic utility has a h st  f implausible implicati ns,4 and has c nsequently largely 
been aband ned in the rest  f the c nsumpti n literature, principally in fav r  f the 
C nstant Relative Risk Aversi n (CRRA) f rm  f utility which has much m re attractive 
pr perties.5 

S me papers (n tably C nstantinides (1990), Dynan (f rthc ming), and Campbell 
and C chrane (1999)) have used CRRA utility f r the ‘ uter’ utility functi n, but CRRA 
utility in c mbinati n with the subtractive f rmulati n  f equati n (1) has several the -
retical pr blems, the gravest  f which is that f r micr ec n mically plausible parameter-
izati ns  f c nsumpti n variati n the accumulati n equati n (2) can easily lead t  a zer  
 r negative argument t  the functi n v, generating infinite negative utility. Campbell and 

1Adam Smi h (1776) spoke of  he change over  ime in ‘cus omary’ consump ion levels; Alfred Mar-
shall (1898) explici ly argues (see, e.g., pages 86–91 or pages 110–111)  ha  habi s are impor an  in 
consump ion behavior; Pigou (1903) provides a more formal  rea men ; Duesenberry (1949) provides a 
somewha  less ancien , and recen ly more famous,  rea men . 

2Habi s have recen ly been proposed in  hree dis inc  domains of macroeconomic  heory. Abel (1990), 
Cons an inides (1990), and Campbell and Cochrane (1999) have argued  ha  habi s may explain  he eq-
ui y premium puzzle; Carroll and Weil (1994) and Carroll, Overland, and Weil (2000) have proposed  ha  
habi s may be able  o explain why high grow h apparen ly causes saving  o rise; and Fuhrer (for hcoming) 
and Fuhrer and Klein (1998) have argued  ha  habi s may be necessary  o explain  he ‘excess smoo h-
ness’ of aggrega e consump ion a  high frequencies. Several papers (no ably van de S ad , Kap eyn, and 
van de Geer (1985), Dynan (for hcoming), and Carroll and Weil (1994)) have also proposed habi s as an 
explana ion for microeconomic resul s. 

3By a ‘modern’  rea men  I mean a  rea men  in an explici  dynamic op imizing model. 
4Among  hem,  he absence of a precau ionary saving mo ive,  he exis ence of a ‘bliss poin ’ beyond 

which addi ional consump ion reduces u ili y, and increasing absolu e risk aversion. 
5Recen ly, Alessie and Lusardi (1997) have shown how  o solve  he sub rac ive model when v is 

of  he Cons an  Absolu e Risk Aversion (CARA) form,  hus allowing for  he firs   ime  he analy ical 
examina ion of  he in erac ion be ween precau ionary saving mo ives and habi  forma ion. However, 
CARA u ili y also has some  heore ically una  rac ive fea ures, no ably  ha  i  does no  rule ou  nega ive 
consump ion and  ha  i  implies  ha  poor people and rich people reduce  heir consump ion by exac ly 
 he same dollar amoun  in reac ion  o a given risk. See Kimball (1990) or Carroll and Kimball (1996) 
for fur her discussion of  he una  rac ive proper ies of CARA u ili y. 



C chrane (1999) deal with this pr blem by replacing equati n (2) with a highly n nlin-
ear (and n nintuitive) functi n that causes habits t  dr p simultane usly with dr ps in 
c nsumpti n when c nsumpti n gets t   cl se t  the habit st ck. 

Partly in resp nse t  this and  ther the retical pr blems with the subtractive m del, 
the recent literature6 seems t  be trending t ward the use  f what might be termed the 

´ ‘multiplicative’ f rm  f habits intr duced by Abel (1990) and Gali (1994), 

u(c, h) =  v(c/hγ ), 

with the habit st ck a general adaptive pr cess  f the f rm 

ht = ht−1 + λ(ct−1 − ht−1). 

In this f rmulati n, if c nsumpti n is always p sitive then h will always be p sitive 
and s  a CRRA utility functi n can be used f r v with ut danger  f intr ducing negative 
infinite utility. Furtherm re, the m del’s tw  parameters are easy t  interpret: γ indexes 
the imp rtance  f habits, in the sense that if γ = 0 the m del c llapses t  the standard 
CRRA m del in which c nsumers  nly care ab ut the level  f c nsumpti n (habits are 
irrelevant) while if γ = 1 c nsumers care  nly ab ut h w their current c nsumpti n 
c mpares t  habits and d  n t care at all ab ut the level  f c nsumpti n. λ indexes the 
speed with which habits ‘catch up’ t  c nsumpti n; if λ = 0 the m del again c llapses t  
the CRRA m del because habits are simply a c nstant multiplicative fact r in the utility 
functi n, while if λ = 1 habits in the current peri d c llapse t  the previ us peri d’s level 
 f c nsumpti n. 

Despite its appeal, a general the retical analysis  f the multiplicative m del  f habits 
similar t  the treatments f r the subtractive m del given in Muellbauer (1988), C nstan-
tinides (1990), Deat n (1992), and Alessie and Lusardi (1997) d es n t appear t  have 
been published.  This paper fills that gap. Secti n II  f the paper presents the f rmal 
m del and the first  rder c nditi ns that can be used t  s lve the m del numerically, 
Secti n III expl res the steady-state characteristics  f the n nst chastic versi n  f the 
m del and derives s me analytical results, and Secti n IV presents difference equati ns 
that characterize the ev luti n  f the m del t ward the steady-state. 

2 The Problem  

The c nsumer’s g al is t  � � 
T � 
βs−t max Et u(cs, hs) 

s=t 

where β is the c nstant time preference fact r and all variables are as usually defined. 
6Examples include Carroll, Overland, and Weil ((1997, 2000)), Abel (1999), Fuhrer (for hcoming), 

and Fuhrer and Klein (1998). 
 Abel (1990, 1999) provides asse  pricing formulas; Carroll, Overland, and Weil (1997) ske ch  he 

con inuous- ime perfec  foresigh  solu ion; and Fuhrer (for hcoming) provides  he Euler equa ion in  he 
form of an infini e series and finds numerical solu ions for a perfec -foresigh  discre e- ime version wi h no 
grow h, bu  no source known  o  he au hor provides ei her a general-purpose deriva ion under uncer ain y 
or provides  he general analy ical version of  he discre e- ime s eady-s a e condi ions. 



	

Assume that the utility functi n is given by 

(c/hγ )1−ρ 

u(c, h) =  (3)
1 − ρ 

which implies that the derivatives  f the utility functi n with respect t  its arguments 
are 

c u = (ch−γ )−ρh−γ (4) 

u   = −γ(ch−γ )−ρch−γ−1 (5) 

= −γuc(c/h). (6) 

Bellman’s equati n f r this pr blem is 

vt(xt, ht) =  

max u(ct, ht) +βEt[vt+1(x̃t+1, ht+1)] (7) 
{ct,wt} 

such that 

Rt+1 = (1 − wt)R + wtRe,t+1 (8) 

xt+1 = Rt+1[xt − ct] +  yt+1 (9) 

ht+1 = ht + λ(ct − ht) (10) 

where R is the c nstant gr ss riskfree interest fact r (equal t  1 plus the riskfree interest 
rate), Re,t+1 is the (ex-ante st chastic) return  n the risky asset (e is mnem nic f r 
‘equities’); wt is the p rtf li  weight given t  the risky asset in peri d t; Rt+1 is the 
p rtf li -weighted rate  f return between the end  f peri d t and the beginning  f peri d 
t + 1;  yt is lab r inc me in peri d t; xt is ‘cash- n-hand,’ the t tal am unt  f res urces 
available t  be spent in peri d t; and the n tati nal c nventi n f r the treatment  f 
uncertainty is that in any expressi n wh se expectati n is being taken, a ∼ is put  ver 
any variable wh se value is uncertain as  f the date at which the expectati n is taken. 
Thus, xt+1 warrants a ∼ in equati n (7) because it is inside an Et[] expressi n, but d es 
n t warrant a ∼ in equati n (9) because n  expectati n is being taken. 

2.1 Optimality Conditions 

2.1.1 First Order Conditions 

The first  rder c nditi n f r this pr blem with respect t  ct is (dr pping arguments f r 
brevity and den ting the derivative  f f with respect t  x at time t as ft

x): � � 
c x0 =  ut + βEt λvt

  
+1 − R̃ 

t+1vt+1 (11) 

c ut = xβEt[ ̃Rt+1v − λv  ],t+1 t+1 (12) 

and the FOC with respect t  wt gives: 

0 =  

= 

�   
∂˜x xt+1

Et vt+1 ∂wt �� � 
˜ xEt Re,t+1 − R [xt − ct]vt+1 . (13) 




��


��

2.1.2 Envelope Conditions 

The Envel pe the rem  n the variable xt says: 
=0 

∂vt ∂vt ∂ct 
v x = +t ∂xt ∂ct ∂xt 
x x vt = βEt[R̃ 

t+1vt+1]. (14) 

Substituting this int  the FOC equati n (12) gives 
x c vt = ut + βEt[λvt

  
+1]. (15) 

N ting that ∂ht+1/∂ht = (1  − λ), the Envel pe the rem  n the variable ht says: 
=0 

  ∂vt ∂vt ∂ct 
v = +t ∂ht ∂ct ∂ht 

∂ht+1 
= u   + βEt[v   ]t t+1 ∂ht 
= u   + (1  − λ)βEt[v   ]. (16)t t+1 

2.2 Numeri al Solution 

As with the standard time-separable m del, n  analytical s luti ns t  this m del appear 
t  exist f r general f rms  f uncertainty. Numerical s luti n pr ceeds as f ll ws. 

The derivative  f u(c, h) with respect t  c can be substituted int  equati n (12) t  
yield � � 

−γ −γ x  (cth )−ρh = βEt 
˜ − v λ (17)t t Rt+1vt+1 t+1 � � 

−ρ hγ−γρ ˜ x   c = βEt Rt+1v − v λ (18)t t t+1 t+1 � �−1/ρ
γ(1−1/ρ)

β−1/ρEt 
˜ x   ct = h Rt+1v − v λ . (19)t t+1 t+1 

Given the existence  f the marginal value functi ns in the next peri d vx and v  
t+1 t+1, 

equati ns (19) and (13) can be j intly s lved numerically f r  ptimal ct and wt at s me set 
 f grid p ints in (x, h) space, and appr ximate p licy functi ns can be c nstructed using 
any  f several meth ds (see Judd (1998) f r a catal g  f  pti ns). The appr ximated 
marginal value functi ns can be c nstructed  n the same (x, h) grid by substituting the 
 ptimal values  f ct and wt int  the envel pe relati ns (14) and (16). With these marginal 
value functi ns in hand, it is then p ssible t  s lve f r  ptimal p licy in peri d t − 1 and  
s   n t  any earlier peri d by backward recursi n. 

Thus, t  s lve the finite-lifetime versi n  f the m del, simply n te that in the final 
peri d  f life T the future marginal utilities are equal t  zer  s  that 

vT
c = u c(ct, ht) 

vT
  = u  (ct, ht), 

and backward recursi n pr vides p licy functi ns f r all previ us peri ds  f life. An 
infinite-h riz n s luti n t  the m del can be defined as the finite-h riz n s luti n as the 
h riz n appr aches infinity. 



3 The Steady-State 

The discussi n  f numerical s luti n meth ds was suited t  the use  f the m del t  de-
scribe a micr ec n mic pr blem like that examined by Dynan (f rthc ming)  r van de Stadt, 
Kapteyn, and van de Geer (1985). M dels with habits have als  recently been applied 
in macr ec n mic pr blems where the representative agent’s steady-state infinite-h riz n 
s luti n is relevant. It turns  ut that it is p ssible t  s lve analytically f r the steady-state 
 f the perfect-f resight versi n  f the m del, as f ll ws. 

R ll equati n (16) f rward  ne peri d t  get 

     v = u + (1  − λ)β[v ], (20)t+1 t+1 t+2 

which can be substituted int  (15) t  yield 

c x   u = v − λβ[u + (1  − λ)βv  ]. (21)t t t+1 t+2 

N w equati n (15) can als  be r lled f rward  ne peri d and s lved f r β[vt
  
+2] 

1 � � 
  x cβ[v ] = ( ) v − ut+2 t+1 t+1λ 

which can be substituted int  equati n (21) � � �   
1 − λ � � 

c x   x c u = v − λβ u v − u (22)t t t+1 + t+1 t+1λ � � 
x x c = v − (1 − λ)β[v ] − β λu  − (1 − λ)u (23)t t+1 t+1 t+1 

(1 − λ) � � 
x x c = v − v − β λu  − (1 − λ)u (24)t t t+1 t+1R 
R − (1 − λ) x 

� 
c 

� 
= (  )v − β λu  − (1 − λ)u (25)t t+1 t+1R 

which can be r lled f rward  ne peri d and s lved f r vt
x 
+1 � � � � � � 

x c c v = 
R 

β λu  − (1 − λ)u + u . (26)t+1 t+2 t+2 t+1R − (1 − λ) 

Finally, fr m equati ns (25) and (14) we have 

c R − (1 − λ) � 
c 

� 
u = [Rβvx ]( ) − β λu  − (1 − λ)u (27)t t+1 t+1 t+1R � � � � �� � � 

c c c = Rβ β λu  − (1 − λ)u + u − β λu  − (1 − λ)u , (28)t+2 t+2 t+1 t+1 t+1 

which is the Euler equati n f r this pr blem. An alternative f rm is � � � � �� 
c c c ut − β[Ruct+1] =  β Rβ λu t+2 − (1 − λ)ut+2 − λu t+1 − (1 − λ)ut+1 . (29) 

N te that if λ = 0 s  that the reference level f r ‘habits’ never changes,  r if γ = 0  s  that  
habits sh uld n t matter, the pr blem simplifies, as it sh uld, t  uc = [Rβuc ] which  is  t t+1 

the Euler equati n f r the standard time-separable pr blem with ut habits. 



N w let us assume that there is a perfect-f resight s luti n t  the m del in which the 
gr wth rate  f c nsumpti n and the habit st ck are b th equal t  a c nstant σ, s  that  
the rati   f c nsumpti n t  habits is c nstant at 

 
ct
t 
= χ which implies that ht = ct/χ. 

Substituting this f rmula f r h int  the equati ns f r the derivatives  f c and h gives 

c −ρ(ct/χ)
γ(ρ−1)u = ct t 

ργ−γ−ρχγ(1−ρ)= ct 
ut
  = −γuct χ. 

N te that this implies that we can rewrite 

c cλu t − (1 − λ)ut = ut (−γλχ − (1 − λ)) (30) 

Defining κ = β(−γλχ − (1 − λ)), r lling equati n (30) f rward  ne and tw  peri ds 
and substituting int  equati n (28) gives � � 

c c c c u = Rβ u κ + u − u κ (31)t t+2 t+1 t+1 � � 
= Rβ u ct+2κ + u ct+1(Rβ − κ) (32) 

ργ−γ−ρ � ργ−γ−ρ � ργ−γ−ρ c = Rβ c κ + c (Rβ − κ). (33)t t+2 t+1 

N w if c nsumpti n is gr wing at rate σ each peri d, then ct+1 = σct and ct+2 = σ2ct. 
ργ−γ−ρSubstituting these expressi ns int  equati n (33) and dividing b th sides by ct gives: � � 

(σ2)ργ−γ−ρκ − σργ−γ−ρ(Rβ − κ),1 =  Rβ (34) 

 r defining η = σργ−γ−ρ this bec mes a quadratic equati n in η: 

0 = 1  − η(Rβ − κ) − Rβη2κ (35) 

which has the tw  s luti ns � 
1 ,

η = Rβ (36)
− 1 ,

κ 

yielding the tw  p ssible s luti ns f r steady-state gr wth � 
(βR)1/(ρ+γ(1−ρ)) 

σ = (37)
(β[γχλ + (1  − λ)])1/(ρ+γ(1−ρ)). 

The first  f these p tential s luti ns reduces t  σ = (βR)1/ρ if γ = 0, which matches 
the usual f rmula f r c nsumpti n gr wth in the time-separable case. By c ntrast, the 
sec nd s luti n d es n t reduce t  the  ptimal time-separable s luti n when γ = 0  and  
s  cann t be an  ptimum.8 

8Ano her way  o see  ha   he second solu ion canno  be op imal is  o no e  ha   he implied grow h 
ra e is independen  of in eres  ra es. 



We can als  s lve f r the steady-state value  f χ, the rati   f c nsumpti n t  habits. 
Expand the accumulati n equati n f r h: 

ht+1 = λct + (1  − λ)ht 
= λct + (1  − λ)(λct−1 + (1  − λ)ht−1) 

= λct(1 + (1  − λ)ct−1/ct + (1  − λ)2 ct−2/ct . . .  ) 
1 

= λct ,
1 − σ−1(1 − λ) � � 

ct/(σht) = (1/λ) 1 − σ−1(1 − λ) 

χ = (1/λ) [σ − (1 − λ)] 

It is als  p ssible t  s lve f r the level  f c nsumpti n in a versi n  f the m del where 
lab r inc me is gr wing by a c nstant fact r G fr m peri d t  peri d and the gr ss 
interest fact r R is c nstant (b th  f these c nditi ns will h ld in the steady-state  f a 
standard ne classical gr wth m del). If c nsumpti n gr ws at rate σ every peri d, then 
the present disc unted value  f c nsumpti n is9 

PDVt(c) =  ct(1 +  σ/R + (σ/R)2 + . . .  ) 
1 

= ct . 
1 − σ/R 

Assuming G < R, the present disc unted value  f lab r inc me is 

PDVt(y) =  yt(1 +  G/R + . . .  ) 
yt 

= . 
1 − G/R 

Equating the present disc unted value  f c nsumpti n with the PDV  f res urces, we 
have 

1 yt 
ct = + xt
1 − σ/R 1 − G/R �   

yt 
ct = (1  − σ/R) + xt ,

1 − G/R 

 r, substituting the s luti n f r σ fr m ab ve, �   

ct = (1  − R−1(Rβ)1/(ρ+γ(1−ρ))) 
yt 

+ xt . 
1 − G/R 

4 Dynami s of the Perfe t Foresight Model 

Analysis  f gr wth m dels  ften pr ceeds by linearizing the m del ar und the steady-
state. F r the usual ne classical m del this inv lves linearizing the aggregate budget 

9In order for  his deriva ion  o be valid, i  is necessary  o have σ < R. 



	

c nstraint and the difference equati n f r c nsumpti n. We derive here the difference 
equati ns f r σ and χ under the assumpti n that the real interest rate is c nstant. This 
is the c rrect pr cedure in an end gen us gr wth m del with a fixed rate  f return t  
capital; the extensi n t  the ne classical pr ducti n functi n w uld add a third equati n 
t  the system derived here, describing the ev luti n  f the gr ss interest fact r as derived 
fr m the standard ne classical pr ducti n functi n. 

The key step in  btaining the steady-state appr ximati ns is t  find the difference 
equati ns that g vern the ev luti n  f χ and σ. Begin by defining σt = ct/ct−1 and 
χt = ct/ht, and n te that 

σtct−1 
ct/ht = (38)

ht 
ct−1 ht−1 

= σt (39)
ht−1 ht 

ht−1 
= σtχt−1 (40)

(1 − λ)ht−1 + λct−1 

1 
χt = σtχt−1 . (41)

(1 − λ) +  λχt−1 

Substituting in f r uct and u t in the Euler equati n gives: � 
−ρ γ(ρ−1) −ρ γ(ρ−1) γ(ρ−1)
ct ht = β ct+1ht+1 (R + (1  − λ) +  γλχt+1) − Rβc− 

t+2 
ρ ht+2 ((1 − λ) +  γλ(χt+2)) 

� � −ρ � �γ(ρ−1)
ct+1 ht+1

1 =  β R + ((1  − λ) +  γλχt+1) 
ct ht 

(42)�  −ρ �  �γ(ρ−1)
ct+2 ht+2− Rβ ((1 − λ) +  γλχt+2) 
ct+1 ht+1 

and use the fact that (ht+1/ht) = [(1  − λ) +  λχt] (see equati ns (39)-(41)) t   btain � 

1 =  σt 
− 
+1 
ρ ((1 − λ) +  λχt)

γ(ρ−1)β R + ((1  − λ) +  γλχt+1)   (43) 
γ(ρ−1)− Rβσt 

− 
+2 
ρ ((1 − λ) +  λχt+1) ((1 − λ) +  γλχt+2) 

σt
ρ 
+1((1 − λ) +  λχt)

γ(1−ρ)/β − R − ((1 − λ) +  γλχt+1) =  
γ(ρ−1)−Rβσt − 

+2 
ρ ((1 − λ) +  λχt+1) ((1 − λ) +  γλχt+2)) 

R + ((1  − λ) +  γλχt+1) − σt
ρ 
+1((1 − λ) +  λχt)γ(1−ρ)/β

σ−ρ = (44)t+2 γ(ρ−1)Rβ ((1 − λ) +  γλχt+2) ((1  − λ) +  λχt+1) � 
ρ 

�−1/ρ 
R + ((1  − λ) +  γλχt+1) − σt+1((1 − λ) +  λχt)γ(1−ρ)/β

σt+2 = . (45)
γ(ρ−1)Rβ ((1 − λ) +  γλχt+2) ((1  − λ) +  λχt+1) 

Equati ns (41) and (45) are difference equati ns f r χ and σ which can be linearized 
 r l g-linearized ar und the steady-state values derived ab ve t  all w analysis  f the 
near-steady-state behavi r  f the m del. 



5 Con lusions 

This paper pr vides the derivati ns necessary t  s lve a pr blem with multiplicative 
habits and a CRRA  uter utility functi n, either f r a micr ec n mic pr blem with 
b th lab r inc me risk and rate- f-return risk,  r f r a perfect-f resight macr ec n mic 
representative agent m del. These s luti ns sh uld be useful f r researchers wh  want t  
further expl re the pr perties  f multiplicative habit f rmati n m dels. 
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