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1. INTRODUCTION

A researcher analysing choices of an economic agent often cannot observe some of the inputs
that went into the agent’s decision problem. Such missing information is typically referred to
as unobserved heterogeneity, and addressing it is important in many empirical applications. For
example, labour and macroeconomists face this issue when they analyse the decision to go to
college since individual’s costs or return to education are only imperfectly measured in the data.
The same problem arises in the empirical analysis of auctions with private information. For ex-
ample, the results of an empirical evaluation of the distribution of rents, efficiency, or an optimal
design of an auction mechanism depend on the researcher’s ability to uncover the distribution
of bidders’ private information, and the auction literature has long emphasized that unobserved
variation in the distribution of bidders’ private information is likely present in many environ-
ments. Several methods have been proposed in the literature to control for unobserved auction
heterogeneity. However, it remained unclear whether private information can be separated from
unobserved auction heterogeneity on the basis of auction data.

In a first-price auction environment where bidder valuations are known to them but are
their private information, a growing literature started byLaffont, Ossard and Vuong(1995) and
Guerre, Perrigne and Vuong(2000) uses the equilibrium relationship between bids and valua-
tions to uncover the distribution of private information. The identification power of the methods
proposed by this literature crucially relies on the fact that, after controlling for observed auction
characteristics, the remaining variation in bids is generated by variation in private information.
More specifically, these methods cannot be directly applied in an environment where a part of
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the variation in bids may be generated by systematic differences in auctions that are known to
bidders but unobserved by the researcher.

This paper studies the first-price auction environment with private information and unob-
served auction heterogeneity. It uses insights from a multifactor measurement error literature to
develop a non-parametric estimation method to recover distributions of private information and
unobserved auction heterogeneity from submitted bids. It also establishes sufficient conditions
under which these distributions are identified and shows uniform consistency of the estimators.
The estimation method is applied to data from Michigan highway procurement auctions to quan-
tify the importance of private information in this market and to demonstrate the implication of
unobserved auction heterogeneity for the evaluation of the distribution of rents, efficiency, and
optimal mechanism design.

I assume that an environment with unobserved auction heterogeneity withn bidders can be
characterized by a set of(n+ 1) factors. One of the factors, a common cost component, repre-
sents information about cost attributes that are available to all bidders. Part of this information
may not be observed by the researcher. Other factors, individual cost components, reflect cost
attributes privately observed by each bidder. A bidder’s costs are given by the product of the com-
mon cost component and this bidder’s individual cost component. This cost structure implies that
the distribution of costs may vary across projects even after all project characteristics known to
the researcher are held constant. I allow bidders to be asymmetric, so that the distribution of the
individual cost component may vary with the observable bidder characteristics.

The unobserved part of the common component (unobserved auction heterogeneity) gener-
ates dependence between bids submitted in the same auction. This dependence can be used to
recover the distributions of the unobserved auction heterogeneity and individual bid components.
In particular, I show that the distributions of components are identified from the joint distribu-
tion of two arbitrary bids submitted in the same auction when the individual cost components
are independently distributed across bidders and are independent from the common component.
Further, the distributions of individual bid components are used to uncover the distributions of
individual cost components. The identification argument suggests a number of tests that can be
performed to verify whether assumptions of the multifactor model are satisfied in the data. The
paper also demonstrates that the set of bid distributions that can be rationalized by affiliated
private values (APV), another informational environment that induces dependence in bids sub-
mitted in the same auction, is distinct from the set of bid distributions that can be rationalized by
the model with unobserved auction heterogeneity. It proposes a test that can be used in practice
to distinguish between these environments.

The estimation procedure proposed in the paper follows the steps of the identification ar-
gument. The Monte Carlo simulations confirm that the estimation procedure performs well in
samples of moderate size.

I use data from Michigan highway procurement auctions to quantify the importance of ac-
counting for unobserved auction heterogeneity. I estimate the distributions of private informa-
tion and unobserved auction heterogeneity using the estimation procedure described earlier in
the paper. I test the assumptions of the model and find that they are strongly supported by the
data. The results of the estimation suggest that variation in private information accounts for
only 34.4% of the bid variation. While comparing these results to the results obtained under
alternative assumptions of independent private values (IPV) and APV, I find that the bid strate-
gies recovered under alternative assumptions tend to overestimate the markup over bidders’ cost
relative to the estimates obtained under the assumption of unobserved auction heterogeneity. I
also find that the distributions of bidders’ costs recovered under alternative assumptions tend to
have lower means and higher variances compared to the estimates obtained under unobserved
heterogeneity. In particular, I find that the average markup estimated under the unobserved
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heterogeneity assumption is 8.4%, whereas the average markup is 14% for the APV assumption
and 19% for the IPV assumption. The variance of the estimated costs distribution is 18% and
22% higher under these alternative assumptions relative to the variance of the costs distribution
estimated under unobserved auction heterogeneity.

I use three sets of estimates to derive an optimal reserve price that minimizes procurement
costs. I find that the reserve price chosen on the basis of IPV or APV estimates leads to signif-
icantly higher costs of procurement than the reserve price chosen on the basis of the estimates
that account for the presence of unobserved auction heterogeneity. This result holds both in the
case where the reserve price is derived as a function of a specific realization of unobserved het-
erogeneity and in the case where a single reserve price is chosen in such a way as to minimize
the average cost of procurement where the average is computed with respect to the distribution
of unobserved heterogeneity. In the latter case, the average cost of the procurement is about 9%–
19% lower than the average cost achieved when the reserve price based on either IPV or APV
estimates is used.

This paper contributes to the literature on the estimation of auction models that aims to
uncover the distribution of bidders’ private information from the submitted bids. In particular,
Donald and Paarsch(1993, 1996) andLaffont, Ossard and Vuong(1995) develop parametric
methods to recover the distribution of costs from the observed distribution of bids.Elyakime
et al.(1994, 1997) propose a non-parametric method to estimate the distribution of costs.Guerre,
Perrigne and Vuong(2000) study identification of the first-price auction model with symmet-
ric bidders and propose a uniformly consistent estimation procedure.Li, Perrigne and Vuong
(2000, 2002) extend the result to the APV and the conditionally IPV models.Campo, Perrigne
and Vuong(2003) prove identification and develop a uniformly consistent estimation procedure
for first-price auctions with asymmetric bidders and APV. These papers rely on the assump-
tion of no unobserved auction heterogeneity,i.e. they explicitly use a one-to-one mapping be-
tween the distribution of bidders’ costs and the distribution of observed bids that arises in such
environments.

The paper byLi, Perrigne and Vuong(2000), LPV hereafter, also uses the methods of mul-
tifactor measurement error analysis. LPV consider the model with conditionally IPV. They as-
sume that variation in bids is generated by variation in observable factors and private information
only, so that their model does not allow for unobserved auction heterogeneity. The innovation
in LPV is to allow for bidders’ costs to be composed of common and individual factors. Thus,
the structure of costs is similar to the one in my paper. However, unlike the environment with
unobserved auction heterogeneity studied in my paper, in LPV the common factor is part of
the private information of the bidder. Moreover, the bidder himself does not observe the re-
alization of the common factor separately from the entire realization of his costs (his private
information). He only knows the draw of his private information that is composed of com-
mon and individual factors. This implies that standard methods (that do not distinguish between
common and individual factors) are still fully applicable in this environment. Having estimated
the distribution of private information, LPV apply the multifactor decomposition, a result from
a measurement error literature, in order to understand correlation patterns in bidders’ private
information.

The few papers that address the issue of unobserved auction heterogeneity includeCampo,
Perrigne and Vuong(2003), Bajari and Ye(2003), Haile, Hong and Shum(2003), Hong and
Shum(2002), Athey and Haile(2000), andChakraborty and Deltas(1998). The first two papers
rely on the assumption that the number of bidders can serve as a sufficient statistic for the unob-
served auction heterogeneity.Haile, Hong and Shum(2003) appeal to the instrumental variables
approach to control for the variation generated by unobserved factors. More recently,Guerre,
Perrigne and Vuong(2009) build on this methodology to identify the model with unobserved
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heterogeneity based on exclusion restrictions derived from bidders’ endogenous participation.
Hong and Shum(2002) account for unobserved auction heterogeneity by modelling the median
of the bid distribution as a normal random variable with a mean that depends on the number of
bidders.Athey and Haile(2000) study identification of auction models with unobserved auc-
tion heterogeneity in the context of second-price and English auctions.Chakraborty and Deltas
(1998) assume that the distribution of bidders’ valuations belongs to a two-parameter distribu-
tion family. They use this assumption to derive small-sample estimates for the corresponding
parameters of the auction-specific valuation distributions. The estimates are later regressed on
observable auction characteristics to determine the percentage of values variation that is due to
unobserved auction heterogeneity.

Highway procurement auctions have been extensively studied in the literature.Porter and
Zona(1993) find evidence of collusion in Long Island highway procurement auctions.Bajari
and Ye(2003) reject the hypothesis of collusive behaviour in procurement auctions conducted in
Minnesota, North Dakota, and South Dakota.Jofre-Bonet and Pesendorfer(2003) find evidence
of capacity constraints in California highway procurement auctions.Hong and Shum(2002)
find some evidence of common values in bidders’ costs in the case of New Jersey highway
construction auctions.Bajari and Tadelis(2001) andBajari, Houghton and Tadelis(2004) study
the implications of the incompleteness of procurement contracts.

The paper proceeds as follows. Section2 describes the model. Section3 discusses iden-
tification and testable implications of the model. Section4 details the estimation procedure
and summarizes results of the simulation study. Section5 presents results of estimation and
Section6 concludes.

2. THE MODEL

This section describes the first-price auction model under unobserved auction heterogeneity and
summarizes properties of the equilibrium bidding strategies.

The seller offers a single project for sale tom bidders. Bidderi ’s cost is equal to the product
of two components: one is common and known to all bidders; the other is individual and the
private information of firmi . Both the common and the individual cost components are random
variables, and they are denoted by the capital lettersY and X, respectively. The small lettersy
andx denote realizations of the common component and the vector of individual components.
The two random variables(Y, X) are distributed on [y, y] × [x,x]m, y > 0, x > 0, according to
the probability distribution functionF ,

Pr(Y ≤ y0, X ≤ x0) = F(y0,x0).

2.1. Asymmetries between bidders

I assume that there are two groups of bidders:m1 bidders are from Group 1 andm2 bidders,
m2 = (m−m1), are from Group 2. Thus, the vector of independent cost components is given by
X =

(
X11, . . . , X1m1, X2(m1+1), . . . , X2m

)
. The model and all the results can easily be extended

to the case ofm groups. I focus on the case of two groups for the sake of expositional clarity.
Groups are defined from the observable characteristics of bidders.

Assumptions(D1)–(D4) are maintained throughout the paper.

(D1) Y andX j ’s are mutually independent and distributed according to

F(y0,x10, . . . ,xm0) = FY(y0)

j =m1∏

j =1

FX1(xj 0)

j =m∏

j =m1+1

FX2(xj 0),
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where FY, FX1, and FX2 are marginal distribution functions ofY, X1 j , and X2 j , re-
spectively. The supports ofFY and FXk are given byS(FY) = [y, y], y > 0, y ≤ y;
S(Fk) = [x,x], 0 < x < ∞, x ≤ x, for k ∈ {1,2}.

(D2) The probability density functions of the individual cost components,fX1 and fX2, are
continuously differentiable and strictly positive on the interior of(x,x).

(D3) E X1 j = 1.
(D4) The number of bidders is common knowledge. There is no binding reservation price.

Assumption(D2) ensures the existence and uniqueness of equilibrium.1 The identification
result relies on assumptions(D1) and (D3). In particular, assumption(D3) is used to fix the
scale of one of the cost components.2 (D4) summarizes miscellaneous assumptions about the
auction environment.

The auction environment can be described as a collection of auction games indexed by the
different values of the common component. An auction game corresponding to the common
component equal toy, y ∈ [y, y], is analysed below.

The cost realization of bidderi is equal toxi × y, wherexi is the realization of the individual
cost component. The information set of bidderi is given byPyi = {y,xi | xi ∈ [x,x]}. A bidding
strategy of bidderi is a real-valued function defined on [x,x]

βyi : [x,x] → [0,∞].

I use a small Greek letterβ with subscriptyi to denote the strategy of bidderi as a function
of the individual cost components and a small Roman letterb to denote the value of this function
at a particular realizationx.

2.2. Expected profit

The profit realization of bidderi , πyi (bi ,b−i ,xi ), equals(bi −xi × y) if bidder i wins the project
and zero if he loses. The symbolbi denotes the bid submitted by bidderi , and the symbolb−i
denotes the vector of bids submitted by bidders other thani . At the time of bidding, bidderi
knowsy andxi but notb−i . The bidder who submits the lowest bid wins the project. The interim
expected profit of bidderi is given by

E[πyi | Xi = xi ,Y = y] = (bi − xi × y)×Pr(bi ≤ bj ,∀ j 6= i | Xi = xi ,Y = y).

A Bayesian Nash equilibrium is then characterized by a vector of functionsβy = {βy1, . . . ,
βym} such thatbyi = βyi (xi ) maximizesE[πi | X = xi ,Y = y], when bj = βy j (xj ), j 6= i ,
j = 1, . . . ,m; for everyi = 1, . . . ,m and for every realization ofXi .

McAdams(2003) and others establish that, under assumptions(D1)–(D2), a vector of equi-
librium bidding strategiesβy = {βy1, . . . ,βym} exists and is unique. The strategies are strictly
monotone and differentiable.

Next, I characterize a simple property of the equilibrium bidding strategies.

Proposition 1. If (α1(∙), . . . ,αm(∙)) is a vector of equilibrium bidding strategies in the game
with y = 1, then the vector of equilibrium bidding strategies in the game with y, y∈ [y, y], is
given byβy = {βy1, . . . ,βym} such thatβyi (xi ) = yαi (xi ), i = 1, . . . ,m.

1. These conditions are not necessary for the existence of the equilibrium. They are convenient because they
guarantee good properties of the estimators proposed later in the paper.

2. There are several assumptions that would serve the same purpose,e.g. E[Y] = 1 is one of them. My choice of
normalization is motivated by application.
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The proposition3 shows that the bid function is multiplicatively separable into a common and
an individual bid component, where the individual bid component is given byαi (∙). The proof of
this proposition is based on the comparison of the two sets of first-order conditions and follows
immediately from the assumption that costs are multiplicatively separable and that the common
component is known to all bidders.

Next, I characterize the necessary first-order conditions for the set of equilibrium strategies
when y = 1. Note thatαi (∙) denotes a strategy of bidderi as a function of the individual cost
component andai the value of this function for a particular realization ofXi . The equilibrium
inverse individual bid function for a groupk bidders is denoted byξk. Since the functionαk(∙)
is strictly monotone and differentiable, the functionξk(∙) is well defined and differentiable.

The probability of winning in this game can be expressed as

Pr(aj ≥ ai ,∀ j 6= i ) =
[(

1− FXk(i ) (ξk(i )(ai ))
)](mk(i )−1) [(1− FX−k(i ) (ξ−k(i )(ai ))

)]m−k(i ) .

Herek(i ) denotes bidderi ’s group and “−k(i )” denotes the complementary group. The neces-
sary first-order conditions are then given by

1

a− ξk(i )(a)
= (mk(i ) −1)

fXk(i ) (ξk(i )(a))ξ ′
k(i )(a)

1− FXk(i ) (ξk(i )(a))
+m−k(i )

fX−k(i ) (ξ−k(i )(a))ξ ′
−k(i )(a)

1− FX−k(i ) (ξ−k(i )(a))
. (1)

Hereξ ′
k(∙) denotes the derivative ofξk(∙).

Equation (1) characterizes the equilibrium inverse individual bid function wheny = 1. It
describes the trade-off the bidder faces when choosing a bid: an increase in the markup over the
cost may lead to a higherex postprofit if bidderi wins, but it reduces the probability of winning.
The bida is chosen in such a way that the marginal effects of an infinitesimal change in a bid on
the winner’s profit and the probability of winning sum to zero.

The next section uses properties of the equilibrium bidding functions to show how the prim-
itives of the first-price auction model can be recovered from the submitted bids in the presence
of unobserved auction heterogeneity.

3. IDENTIFICATION AND TESTABLE IMPLICATIONS

The first part of this section formulates an identification problem and provides conditions un-
der which a first-price auction model with unobserved auction heterogeneity is identified. The
second part describes the restrictions this model imposes on the data. The third part discusses
possible extensions.

3.1. Identification

I assume that the econometrician has access to bid data, based onn independent draws from
the joint distribution of(Y, X). The observable data are in the form{bi j }, wherei denotes the
identity of the bidder,i = 1, . . . ,m, and j denotes the project,j = 1, . . . ,n. If the data represent
equilibrium outcomes of the model with unobserved auction heterogeneity, then

bi j = βyj k(i )(xi j ) (2)

(i.e. bi j is a value of bidderi ’s equilibrium bidding strategy corresponding toyj evaluated at the
point xi j ).

3. This property for the case of symmetric bidders and additive cost components is established inHaile, Hong
and Shum(2003). Proposition 1, as well as the rest of the analysis in the paper, holds for additive cost components.
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As was shown in the previous section,bi j depends on the realizations of the common and
individual components as well as on the joint distribution of the individual cost components.
This section examines what properties of available data guarantee that there exists a unique
triple {{xi j }, FY, FX} that satisfies equation (2), i.e. under what conditions the model from a
previous section is identified.

Guerre, Perrigne and Vuong(2000) obtain an identification result by transforming the first-
order conditions for optimal bids to express a bidder’s cost as an explicit function of the submit-
ted bid, the bid probability density function, and the bid distribution function. Under unobserved
auction heterogeneity, the necessary first-order condition yields an expression forxi j ∙ yj as a
function ofbi j and the conditional bid probability density function and the conditional bid dis-
tribution function conditional onY = yj . The econometrician does not observe the realization
of Y and, consequently, does not know the conditional distribution of bids forY = yj . Hence, it
is not possible to establish identification based on the above first-order conditions.

The idea of my approach is to focus on the joint distributions of bids submitted in the same
auction instead of the marginal bid distributions in order to identify the model with unobserved
auction heterogeneity.

I useBi to denote the random variable that describes the bid of bidderi of groupk(i ) with dis-
tribution functionGBk(i ) (∙) and the associated probability density functiongBk(i ) (∙); bi j denotes
the realization of this variable in auctionj . The econometrician observes the joint distribution
function of

(
Bi1, . . . , Bil

)
for all subsets(i1, . . . , i l ) of (1, . . . ,m).4

Proposition 1 establishes that

bi j = yj ai j ,

whereai j is a hypothetical bid that would have been submitted by bidderi if y were equal
to one. I useAi to denote the random variable with realizations equal toai j . The associated
distribution function is denoted byGAk(i ) (∙) with the probability density functiongAk(i ) (∙). Note
that the econometrician does not observeyj and neither, therefore,ai j . The distribution ofAi is
latent.

The identification result is established in two steps. First, it is shown that the probability
density function ofY can be uniquely determined from the joint distribution of two bids that
share the same cost component. Further, it is shown that the probability density function ofAk
can also be uniquely determined if the joint distribution is for two bids such that at least one
of them corresponds to a bidder of groupk. Second, monotonicity of the inverse bid function
is used to establish identification of the cumulative density functionsFX1 and FX2 from the
distributions of the individual bid components,GA1 andGA2.

The following theorem is the main result of this section. It formulates sufficient identification
conditions for the model with unobserved heterogeneity.

Theorem 1. If conditions(D1)–(D4) are satisfied, then the probability density function
fY(∙) is identified from the joint distribution of

(
Bi1, Bi2

)
, where(i1, i2) is any pair such that

i1, i2 ∈ {1, . . . ,m}. Further, fXk(∙) is identified from the joint distribution of
(
Bi1, Bi2

)
if either

k(i1) = k or k(i2) = k or both.

Theorem 1 states that the distribution functions of cost componentsfXk(∙) and fY(∙) are
identified. The proof of this theorem consists of two steps and is given in Appendix A. In the first

4. In fact, it is not necessary to observe the joint distribution for all subsets. For details, see the formulation of
Theorem 1.
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step, a statistical result byKotlarski (1966)5 is applied to the log-transformed random variables
Bi1 andBi2 given by

log
(
Bi1

)
= log(Y)+ log

(
Ai1

)
,

log
(
Bi2

)
= log(Y)+ log

(
Ai2

)
.

Kotlarski’s result is based on the fact that the characteristic function of the sum of two indepen-
dent random variables is equal to the product of the characteristic functions of these variables.
This property allows us to find the characteristic functions of log(Y), log

(
Ai1

)
, and log

(
Ai2

)

from the joint characteristic function of
(
log
(
Bi1

)
, log

(
Bi2

))
. Let 9(∙, ∙) and91(∙, ∙) denote the

joint characteristic function of
(
log
(
Bi1

)
, log

(
Bi2

))
and the partial derivative of this characteris-

tic function with respect to the first component, respectively. Also, let8log(Y)(∙) and8log(Ak)(t)
denote the characteristic functions of log(Y) and log(Ak). Then,

8log(Y)(t) = exp

(∫ t

0

91(0,u2)

9(0,u2)
du2 − i t E [log(A1)]

)
,

8log(A1)(t) =
9(t,0)

8logY(t)
, (3)

8log(A2)(t) =
9(0, t)

8logY(t)
.

Equations (3) show that the characteristic functions of log(Y) and log(Ak) are uniquely deter-
mined onceE[log(A1)] is fixed. It is convenient to start with normalizationE[log(A1)] = 0 and
then adjust recovered random variablesY, A1, A2 to achieve normalization in(D3). Since there
is a one-to-one correspondence between the set of characteristic functions and the set of proba-
bility density functions, the probability density functions ofY, Ai1, Ai2 can be uniquely deduced
from the characteristic functions of log(Y), log

(
Ai1

)
, and log

(
Ai2

)
since log(∙) is a strictly in-

creasing function andαk(∙) ∈ (0,∞), k = 1,2. Note that the marginal distribution of a single bid
per auction may not allow us to identify the distribution functions ofY, Ai1, Ai2 because there
is no unique decomposition of the sum (or product) into its components. The second step in
the proof establishes that the distributions of the individual cost components are identified with
(possibly) asymmetric bidders and IPV. It is similar to the argument given inLaffont and Vuong
(1996). Once the distribution ofX1, FX1 that corresponds toE[log(A1)] = 0 is identified, and
given that expectation of suchX1 is equal toe1, thenX̃1 = X1

e1
, X̃2 = X2

e1
, Ỹ = e1Y with FX̃1

(x) =
FX1(e1x), FX̃2

(x) = FX2(e1x), FỸ(x) = FY
( x

e1

)
are unique random variables that correspond to

normalization in(D3).
A related question concerns identification of specific realizationsxi j and yj corresponding

to a particular bidbi j . In this case, the answer is negative:xi j and yj cannot be separately
identified. The reason is that we cannot solve for(m+ 1) unknown{y: {ai j }i =1,...,m} from m
equations constructed on the basis ofm bids submitted in a given auction.

Theorem 1 establishes that identification of the model with unobserved auction heterogeneity
crucially relies on the assumption of independence of individual components across bidders and
from the common cost component. Next, we show how the validity of these assumptions can be
evaluated within a framework of the model with unobserved auction heterogeneity.

3.2. Testable implications

Note that instead of log
(
Bi1

)
and log

(
Bi2

)
, Kotlarski’s result can be applied to the variables

log
( Bi1

Bi3

)
and log

( Bi2
Bi3

)
since log

( Bi1
Bi3

)
= log

(
Ai1

)
− log

(
Ai3

)
and log

( Bi2
Bi3

)
= log

(
Ai2

)
− log

(
Ai3

)
.

5. SeeRao(1992).
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Here log
(
Ai3

)
plays the role of a common component, whereas log

(
Ai1

)
and log

(
Ai2

)
remain

individual components. If the individual cost componentsXi1, Xi2, andXi3 are independently
distributed, then so are log

(
Ai1

)
, log

(
Ai2

)
, and log

(
Ai3

)
. The characteristic functions of these

variables can be computed using the joint characteristic function of
(
log
( Bi1

Bi3

)
, log

( Bi2
Bi3

))
, which

I denote by2(∙, ∙), according to a formula similar to equation (3).6 Specifically,

3
log
(

Ai3

)(−t) = exp

(∫ t

0

21(0,u2)

2(0,u2)
du2 − i t E

[
log

(
Ai1

)]
)

,

3
log
(

Ai1

)(t) =
2(t,0)

3
log
(

Ai3

)(−t)
.

Two observations can be made at this point. First, ifBi 1 andBi 3 are submitted by bidders of
the same group and the assumption about independence of individual components holds, then
3

log
(

Ai3

)(t) and3
log
(

Ai1

)(t) should be equal.7

Second, I have relied only on the functional form and the independence of the individual
cost components assumptions to obtain3

log
(

Aik

)(∙). The assumption of the independence ofY

andX then implies that3
log
(

Ai3

)(∙) and3
log
(

Ai1

)(∙) have to coincide with the functions given

by equation (3) under normalizationE
[
log

(
Ai1

)]
= 0.8 These observations are summarized by

conditions(W1) and(W2).

(W1) For any triple(i1, i2, i3) such that{i1 = 1, . . . ,m1 andi3 = 1, . . . ,m1}, or { i1 = m1 +
1, . . . ,m andi3 = m1 +1, . . . ,m}, andi k 6= i l for anyk, l ∈ {1,2,3}, k 6= l ,

3
log
(

Ai1

)(t) = 3
log
(

Ai3

)(t)

for everyt ∈ [−∞,∞] under normalizationE
[
log

(
Ai1

)]
= 0.9

(W2) For any triple(i1, i2, i3) such thati k 6= i l for anyk, l ∈ {1,2,3}, k 6= l ,

8
log
(

Aik

)(t) = 3
log
(

Aik

)(t)

for everyt ∈ [−∞,∞] under normalizationE
[
log

(
Ai1

)]
= 0.

Independence of individual cost components further implies condition(W3).
(W3) For any quadruple(i1, i2, i3, i4) ⊂ {1, . . . ,m} such thati k 6= i l for anyk, l ∈ {1,2,3,4},

k 6= l ,
Bi1
Bi2

and
Bi3
Bi4

are independently distributed.

Proposition 2 describes the implications of the independence assumptions.

6. The symbol21(∙, ∙) denotes the partial derivative of2(∙, ∙) with respect to the first argument.
7. Functions3

log
(

Ai1

)(t) and3
log
(

Ai3

)(t) can potentially differ by a multiplicative factor due to normalization.

Please read the proof of Proposition 2 for careful analysis of this detail.
8. Please read the proof of Proposition 2 for a careful treatment of normalization.
9. A similar relationship can be used to test for the presence of asymmetries. In particular, if bidders are symmet-

ric, then we should have
3

log
(

Ai1

)(t) = 3
log
(

Ai3

)(t)

for i1 ∈ {1, . . . ,m1} andi3 ∈ {m1 +1, . . . ,m}.
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Proposition 2. Let bidder i ’s cost for the project j be given by ci j = xi j yj .

1. If the individual cost components are independent, then(W1) has to be satisfied.
2. If the individual cost components are independent, then(W3) has to be satisfied.
3. Further, if Y is independent of X, then W2 holds.

Note that(W1) and(W2) apply to samples withm ≥ 3, whereas statement(W3) applies only
to the samples withm ≥ 4. The proof of Proposition 2 is given in Appendix A.

More generally, conditions below describe a set of joint restrictions imposed on the data by
all the assumptions of the model with unobserved auction heterogeneity.

(W4) For every pair (i l , i p), i l , i p = 1, . . . ,m, the functions8log(Y)(∙),8log
(

Ail

)(∙), and

8
log
(

Ai p

)(∙) given by equation (3) represent characteristic functions of real-valued vari-

ables. In particular, the random variables that correspond to8
log
(

Ail

)(∙) and8
log
(

Ai p

)(∙)

should have the same support.
(W5) The characteristic function8log(Y)(∙) does not depend on the pair of(i l , i p), i l , i p =

1, . . . ,m, which is used to derive it, and8
log
(

Ail

)(∙) = 8
log
(

Air

)(∙) and8
log
(

Ai p

)(∙) =

8
log
(

Aiq

)(∙) for (i r , iq) such thatk(i r ) = k(i l ) andk(iq) = k(i p).

(W6) The inverse bid functions

ξk(a) = a−

(
1− GAk(a)

)(
1− GA−k(a)

)

(mk −1)gAk(a)
(
1− GA−k(a)

)
+m−kgA−k(a)

(
1− GAk(a)

) , k = 1,2,

are strictly increasing ina.10

Proposition 3 establishes necessary conditions for the model with unobserved auction het-
erogeneity to be rationalizable11 by a given data set.

Proposition 3. If a model with unobserved heterogeneity generated the data, then condi-
tions(W4)–(W6) must hold.

3.3. Distinguishing from the model with APV

Unobserved auction heterogeneity induces dependence between bids submitted in the same auc-
tion. Within the private values framework, a similar regularity pertains to models with APV.
Interestingly, it can be shown that the set of bid distributions that can be rationalized by a model
with APV does not coincide with the set that can be rationalized by a model with unobserved
auction heterogeneity.

Indeed, bids generated by a model with unobserved auction heterogeneity are conditionally
independent. On the other hand, the distributions of bids generated by models with APV are
affiliated. The results related to de Finetti theorem12 establish that the set of affiliated distribu-
tions is larger than the set of conditionally independent distributions. Therefore, there must exist
bid distributions with dependent bids that could not be generated by a model with unobserved
auction heterogeneity.

10. This testable implication of equilibrium bidding was first pointed out byGuerre, Perrigne and Vuong(2000)
in the context of the first-price auction with symmetric IPV and without unobserved auction heterogeneity.

11. A model is rationalizable by a given data set if it could have been generated by this model.
12. Kingman(1978) or Kendall(1967) provides a useful discussion of these issues.
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Further, it is possible to construct a test that distinguishes the APV setting from the unob-
served auction heterogeneity setting in the data. As noted above, under unobserved heterogene-
ity, for every quadruple of bids submitted in the same auction, the pairwise ratios involving
distinct bids are independent. This property, however, does not hold for a large class of bid
distributions generated by models with APV. The proof of this statement is given in the Tech-
nical Appendix posted on the website of theReview of Economic Studies. The pairwise ratio
independence may hold for a small set of affiliated distributions (the details are in the Tech-
nical Appendix). Therefore, this test has no power against some alternatives. The Technical
Appendix also provides several examples of widely used affiliated distributions that fail the
property of pairwise ratios independence. Among others, it considers a truncated multivariate
normal distribution and shows that it fails the test for a large set of parameter values.

4. ESTIMATION

This section describes the estimation method and derives properties of the estimators. Some
practical issues related to the estimation procedure are discussed in Sections A.2 and A.3.

4.1. Estimation method

The econometrician has data forn0 auctions. For each auctionj , (mj , {bi j }
i =mj
i =1 ,zj ) are ob-

served, wheremj is the number of bidders in the auctionj , with mj 1 bidders of Group 1 and

mj 2 bidders of Group 2;{bi j }
i =mj
i =1 is a vector of bids submitted in the auctionj ; andzj is a

vector of auction characteristics. The estimation procedure is described for the case of discrete
covariates. It can be extended to the case of continuouszj .13

The estimates are obtained conditional on the number of bidders,mj = m0, m1 j = m01,
andzj = z0. Let n denote the number of auctions that satisfy these restrictions. The estimation
procedure closely follows the identification argument described in the proof of Theorem 1. It
consists of the following steps.14

1. The log transformation of bid data is performed to obtainL Bil j = log
(
Bil j

)
andL Bi p j =

log
(
Bi p j

)
, wherei l = 1, . . . ,m01 andi p = m01+1, . . . ,m0.

2. The joint characteristic function of an arbitrary pair
(
L Bil , L Bi p

)
is estimated by

9̂n(t1, t2) =
1

m01m02

∑

1≤l≤m01,m01+1≤p≤m0

1

n

n∑

j =1

exp
(
i t1 ∙ L Bil j + i t2 ∙ L Bi p j

)

and the derivative of9(∙, ∙) with respect to the first argument,91(∙, ∙), by

9̂1,n(t1, t2) =
1

m01m02

∑

1≤l≤m01, m01+1≤p≤m0

1

n

n∑

j =1

i L Bil j exp
(
i t1 ∙ L Bil j + i t2 ∙ L Bl p j

)
.

I average over all possible pairs to enhance efficiency.

13. Estimation in the case of continuouszj requires smoothing overzj .
14. The method is described for the data set where bids submitted by bidders from both groups are present. It can

be easily modified for the case where the distributions of individual cost components for different groups have to be
recovered from different data subsets. To restore the normalization assumed in this paper, the characteristic function of
the log of the individual bid component for Group 2 in Step 3 should be multiplied by exp

(
E
[
log

(
Bi p

)
− log

(
Bil

)])
,

i l = 1, . . . ,m01 andi p = m01+1, . . . ,m0.
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3. The characteristic functions of the log of individual bid componentsL Ak, k = 1,2, and
the log of the common cost componentLY are estimated as

8̂LY,n(t) = exp

(∫ t

0

9̂1,n(0,u2)

9̂n(0,u2)
du2 − i t E [log(A1)]

)
,

8̂L A1,n(t) =
9̂n(t,0)

8̂LY,n(t)
,

8̂L A2,n(t) =
9̂n(0, t)

8̂LY,n(t)
.

I first use the normalizationE[log(A1)] = 0.
4. The inversion formula is used to estimate densitiesg̃L Ak , k = 1,2, and̃gLY.

g̃L Ak,n(u1) =
1

2π

∫ T

−T
exp(−i tu1)8̂L Ak,n(t)dt,

f̃LY,n(u2) =
1

2π

∫ T

−T
exp(−i tu2)8̂LY,n(t)dt

for u1 ∈ [log(a), log(a)] andu2 ∈ [log(y), log(y)], whereT is a smoothing parameter.
5. The densities ofAk andY are obtained as

g̃Ak,n(a) =
g̃L Ak,n(log(a))

a
,

f̃Y,n(y) =
f̃LY,n(log(y))

y
,

for a ∈ [a,a] and y ∈ [y, y].15

6. The individual inverse bid function at a pointa ∈ [a,a] is estimated as

ξ̂k,n(a) = a−

(
1− G̃A1,n(a)

)
∙
(
1− G̃A2,n(a)

)

(mk −1) ∙ g̃Ak,n(a) ∙
(
1− G̃A−k,n(a)

)
+m−k ∙ g̃A−k,n(a) ∙

(
1− G̃Ak,n(a)

) ,

where

G̃Ak,n(a) =
∫ a

â1
n

g̃Ak,n(z)dz

and̂a1
n is an estimate of the lower bound of the support ofgAk(.) which corresponds to the

normalizationE[log(A1)] = 0 (see Section A.2 for discussion of the support estimation).
7. The individual bid function for a groupk at a pointx ∈ [x,x] is estimated as

âk,n(x) = ξ̂−1
k,n(x) = a such that̂ξk,n(a) = x.

8. The cumulative distribution function of the individual cost component is estimated by
substituting the corresponding estimated bid function into the estimated cumulative distri-
bution function of the individual bid component

F̃Xk,n(x) = G̃Ak,n(̂ξ
−1
k,n(x)).

15. Horowitz and Markatou(1996) suggest using a bias correction technique in this setting to obtain better results
in small samples.
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9. To arrive at the normalization in(D3), computee1 = Ê[X1] =
∫ x

x xdF̃X1,n and then

perform the following adjustments:̂fY,n(y) = 1
e1

f̃Y,n
( y

e1

)
and F̂X̃k,n(x) = F̃Xk,n(e1x).

10. I have also constructed an estimate of the total cost density function

f̂Ck,n(c) =
∫ y

y

1

y
f̂Xk,n

(
c

y

)
f̂Y,n(y)dy

for c ∈ [x ∙ y,x ∙ y].
11. An expected inverse bid function16 is estimated as

ϑ̂k,n(b) =
∫ y

y
y ∙ ξ̂k,n

(
b

y

)
f̂Y,n(y | b)dy.

Here f̂Y,n(y | b) is given by

f̂Y,n(y | b) = f̂Y,n(y)

∫
b
b̃
b

b̃

f̂Y,n(y)dy

if y ∈
[

b

b̃
, b

b̃

]
and f̂Y,n(y | b) = 0, otherwise.

4.2. Properties of the estimator

This subsection shows that the estimation procedure yields uniformly consistent estimators of the
relevant distributions. This result is derived under the following restrictions on the tail behaviour
of characteristic functions.

(D5) The characteristic functions8LY(∙) and8L Ak(∙) are ordinary smooth17 with ~ > 1.

This property holds,e.g.when cumulative probability functions of cost components admit up
to R, R> 1, continuous derivatives on the support interior such thatM of them, 1≤ M ≤ R, can
be continuously extended to the real line. The uniform consistency of bid component estimators
is used to establish the uniform consistency of the cumulative distribution function estimator for
the individual cost component.

Proposition 4 summarizes properties of the estimator.

Proposition 4. If conditions(D1)–(D5) are satisfied, then̂FY(∙) and F̂Xk(∙) are uniformly
consistent estimators of FY(∙) and FXk(∙), k = 1,2, respectively.

The proof of Proposition 4 is given in Appendix A. Confidence intervals for the estimates
are obtained through a bootstrap procedure.

16. I use f̂Y(y | b) because some values ofy are not consistent with a givenb due to finite supports ofY andXk.
17. FollowingFan(1991),

Definition 1 The distribution of random variableZ is ordinary-smooth of order~ if its characteristic function
8z(t) satisfies

d0|t |−~ ≤ |8z(t)| ≤ d1|t |−~

ast → ∞ for some positive constantsd0, d1, and~.
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4.3. Monte Carlo study

In this section, I present and discuss the results from the simulation study, which analyses the
performance of the estimator in small samples.

The simulated data sets are generated as follows. The cost of bidderi is set to be equal
to the product of common and individual cost components,ci = yxi . The data are generated
using random draws from distributions that are similar in shape to the estimated distributions of
cost components. To create a typical data set describingn procurement auctions withk1 andk2
bidders from Groups 1 and 2 correspondingly, I takek1 ×n andk2 ×n independent draws from
the distributions of the individual cost component for Groups 1 and 2 and combine them withn
draws from the distribution of the common cost component such that

{ci j ,ci j = yj xi j , i = 1, . . . ,k1 +k2; j = 1, . . . ,n}

is a matrix of simulated costs. The matrix of associated bids is calculated according to the equi-
librium bid functions.

I set the value ofk1 = 2 andk2 = 2 similar to the configuration in the data and consider the
data sets of progressively smaller sizes withn = 250,200, and 150. Therefore, individual cost
components are estimates using 500, 400, and 300 bids, respectively.

The results of this study are summarized in Figures1, 2, and3. Figure1 presents results for
the common component, while Figures2 and3 describe the performance of the estimators for
the cumulative distribution and probability density functions of individual components. These
figures depict the original distributions of the individual and common cost components used to
generate the simulated data as well as the 5% and 95% quantiles of the estimators.

Figures1, 2, and3 demonstrate that estimators perform well except for the smallest data set
where the quantile range becomes quite wide and does not contain small parts of the underlying
distribution functions.

5. MICHIGAN HIGHWAY PROCUREMENT AUCTIONS

This section describes characteristics of the Michigan highway procurement auctions.
Sections5.1 and 5.2 present the data and report some descriptive statistics. Section5.2 also
presents the results of specification tests. Section5.3 describes the estimation results for the
model with unobserved auction heterogeneity, compares them to the estimates obtained under
the assumption of IPV and APV, performs reserve price analysis under alternative specifications,
and summarizes the tests’ outcomes for the assumptions of the model with unobserved auction
heterogeneity.

5.1. Market description

The Michigan Department of Transportation (DoT) is responsible for construction and mainte-
nance of most roads within Michigan. The DoT identifies work that has to be done and allocates
it to companies in the form of projects through a first-price sealed bid auction. The project usu-
ally involves a small number of tasks, such as resurfacing, replacing the base, or filling in cracks.

Letting process. The DoT advertises projects 4–10 weeks prior to the letting date. Adver-
tisement usually consists of a short description of the project, including the location, completion
time, and a short list of the tasks involved. Companies interested in the project can obtain a
detailed description from the DoT.
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FIGURE 1
This figure demonstrates the performance of the estimation procedure in the simulation study. Solid lines depict the

density of the unobserved auction heterogeneity component used to generate data. The dotted lines show 5% and 95%

pointwise quantiles of the estimated distributions. The figures correspond to simulated data sets that include, respectively,

(clockwise) 250, 200, and 150 auctions with two bidders from each group per auction

Estimated cost. The DoT constructs a cost estimate for every project that is based on
the engineer’s assessment of the work required to perform each task and prices derived from
the winning bids for similar projects let in the past. The costs are then adjusted through a price
deflator.

Federal law requires that the winning bid should be lower than 110% of the engineer’s esti-
mate. If a state decides to accept a bid that is higher than this threshold, it has to justify this action
in writing. In this case, the engineer’s estimate has to be revised and verified for any possible
mistake. In my data set, I observe a number of bids higher than 110% of the engineer’s estimate.
On multiple occasions, the winning bid is higher than this threshold. These facts suggest that
bidders consider the probability of an event when this restriction comes into effect to be rather
small. The assumption of no reserve price is justified in this environment.
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FIGURE 2
This figure demonstrates the performance of the estimation procedure in the simulation study. The solid lines depict

the cumulative distribution functions (on the left) and the probability density functions (on the right) for the individual

cost component of the regular bidders used to generate data. The dotted lines show 5% and 95% pointwise quantiles of

the estimated distributions. The figures correspond to simulated data sets that include, respectively, 250, 200, and 150

auctions with two bidders from each group per auction
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FIGURE 3
This figure demonstrates the performance of the estimation procedure in the simulation study. The solid lines depict

the cumulative distribution functions (on the left) and the probability density functions (on the right) for the individual

cost component of fringe bidders used to generate data. The dotted lines show 5% and 95% pointwise quantiles of

the estimated distributions. The figures correspond to simulated data sets that include, respectively, 250, 200, and 150

auctions with two bidders from each group per auction

Number of bidders. It is unclear if the auction participants have a good idea about the
number of their competitors. The existing literature on highway procurement auctions tends to
argue that this is a small market where participants are well informed about each other and can
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accurately predict the identities of auction participants.18 I follow this tradition and assume that
the number of actual bidders is known to auction participants.

5.2. Descriptive statistics

I use data for the highway procurement auctions held by the Michigan DoT between February
1997 and December 2003. In particular, I focus on highway maintenance projects with bitumi-
nous resurfacing as the main task. The data set consists of a total of 3947 projects. My informa-
tion includes the letting date, the completion time, the location, the tasks involved, the identity
of all the bidders, their bids, and an engineer’s estimate.

My choice of the projects’ type is motivated by two objectives. First, I want to ensure that
the auction environment is characterized by private rather than common values. Second, I am
looking for an environment that is likely to have unobserved auction heterogeneity. Highway
maintenance projects are usually precisely specified and relatively simple. It is likely that bid-
ders can predict their own costs for the project quite well. The existing variation in bids is,
therefore, associated with variation in costs across firms, which is consistent with the private
values environment. This variation is generated by differences in opportunity costs and input
prices faced by different firms. Further, although highway maintenance projects are rather sim-
ple, their costs can be substantially affected by local conditions such as elevation and curvature
of the road, traffic intensity, and age and quality of the existing surface. Information about these
features may not be available to the researcher. On the other hand, firms’ representatives usually
travel to the project site and, therefore, are likely to collect this information and incorporate it
into their bids. Hence, I expect to find unobserved auction heterogeneity.

The paving companies participating in the maintenance auctions mostly differ by their size
(employment, number of locations). The differences in size may imply cost differences if
economies of scale are present. For example, larger companies are likely to own their equipment
instead of renting it, which may reduce cost. Since size is observable to all market participants,
it is important to allow for the possibility that market participants have different beliefs about the
distribution of costs for groups of companies that differ by size. Therefore, I allow for asymme-
tries between bidders. In particular, I distinguish between two types of bidders: regular (large)
bidders and fringe bidders. The set of regular bidders is defined to include companies that con-
sistently won at least $10 million in projects during each year in my data set and have at least
100 employees.19

In my data, the number of bidders per project varies between 1 and 11. More than 85% of
projects attracted between two and six bidders, with the mean number of bidders equaling 3.4
and a standard deviation of 1.3. About 75% of the projects have an engineer’s estimate ranging
between $100,000 and $1,000,000; 5% are below $100,000; and 20% are above $1,000,000.

Table1 provides summary statistics of several important variables by the number of bidders.
It shows that the mean of the engineer’s estimate does not change significantly across groups of
projects that attracted different numbers of bidders. The tabulation of the winning bid indicates
that the difference between the engineer’s estimate and the winning bid is positive and that it
increases with the number of bidders. An important statistic of the data is “money left on the
table” as represented by the difference between the lowest and second-to-lowest bid normalized
by the engineer’s estimate. This variable is usually taken to indicate the extent of uncertainty
present in the market. “Money left on the table” is, on average, equal to 7% of the engineer’s

18. See,e.g.Bajari and Ye(2003).
19. This definition is consistent with the industry definition of the large bidder. For example, California DoT uses

this definition to determine which companies should qualify for the favourable treatment awarded to small bidders.
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TABLE 1
Descriptivestatistics

Number of bidders Overall 1 2 3 4 5 6

Number of observations 3947 71 673 1126 1026 365 192
Engineer’s estimate (’00000)

Mean 1∙175 12∙80 10∙27 12∙60 13∙90 12∙90 16∙40
Standard deviation 4∙660 2∙35 1∙41 3∙02 2∙26 1∙79 3∙39

Winning bid (hdrds. th.)
Mean 1∙175 11∙10 10∙00 11∙80 12∙90 11∙80 15∙20
Standard deviation 4∙660 2∙32 1∙50 2∙89 2∙25 1∙66 3∙35

Money left on the table
Mean 1∙175 0∙07 0∙11 0∙08 0∙07 0∙05 0∙04
Standard deviation 4∙660 0∙05 0∙08 0∙06 0∙06 0∙05 0∙04

Number of regular bidders
Mean 1∙175 1∙92 1∙43 1∙65 2∙07 2∙16 2∙29
Standard deviation 1∙175 1∙06 0∙62 0∙72 0∙98 1∙21 1∙32

estimate and decreases with the number of bidders. The magnitude of the “money left on the
table” variable is similar to the findings of other studies.20 It indicates that cost uncertainty may
be substantial. Table1 also shows that the number of regular bidders is usually between 1 and 3
and increases only slightly with the total number of bidders.

Next, I explore if there is scope for unobserved auction heterogeneity in my data. I imple-
ment the specification tests outlined in Section 3.4. More specifically, I test for (1) conditional
independence of a pair of bids submitted in the same auction (H0: IPV vs. H1: unobserved
auction heterogeneity) and (2) conditional independence of two ratios of bids using four differ-
ent bids submitted in the same auction (H0: unobserved auction heterogeneity vs.H1: APV). I
condition on a linear index of observable auction characteristics such as the engineer’s estimate
and time to complete the project (duration), type of highway, year and month dummies, district
dummies, and total number of tasks. The index is estimated through an Ordinary Least Squares
regression. The tests are performed conditional on the main task of the project and the number
of bidders. The testing procedure I use is explained in Appendix A. For bituminous resurfacing
projects with four regular bidders, thep-value for the first test statistics is equal to 0.03 and
the p-value for the second test statistics is 0.52.21 Therefore, the null hypothesis of IPV can be
rejected against the alternative of unobserved auction heterogeneity at the 5% significance level.
At the same time, the null hypothesis of unobserved auction heterogeneity cannot be rejected
against the alternative of APV.

I interpret the correlation between bids submitted in the same auction as evidence of unob-
served auction heterogeneity. It is possible, however, that the correlation between bids is gen-
erated through some other mechanism. For example, it may arise if the auction environment
has common values features. It may also arise if participating companies are systematically en-
gaged in collusive behaviour. I deal with the first issue by restricting my attention to maintenance
projects that are unlikely to have any project-related uncertainty that could lead to a common val-
ues effect. It is much harder to reject a possibility of collusion since all the tests proposed in the
literature depend on the particular collusion scheme employed. I use the test proposed byPorter

20. See,e.g.Jofre-Bonet and Pesendorfer(2003).
21. The data set for which test is performed consists of 370 auctions with an engineer’s estimate between $350,000

and $750,000. The coefficients of the linear index are reported in Table2.
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TABLE 2
Regression results

Variables Test Estimation
subsample subsample

Constant 0∙375 0∙327
(0∙010) (0∙012)

Engineer’s estimate 0∙8413 0∙8113
(0∙028) (0∙025)

Duration 0∙0011 0∙0015
(0∙0013) (0∙0011)

Tasks 0∙0014 0∙0012
(0∙0007) (0∙0009)

(Nregular, Nfringe) (4,0) (2,2)
Number of projects 370 226

R2 33% 17%

and Zona(1993), which is based on the assumption that if there is a collusion scheme, then
only the winning bid corresponds to a real cost realization and all other bids are “phony”,i.e.
unsubstantiated by any cost realization. I use a procedure described inAthey and Haile(2002) to
recover the distribution of regular and fringe bids from the distribution of the winning bid. I then
compare these distributions to the ones estimated from the losing bids. Distributions estimated
through these two procedures appear to be similar, which gives me confidence that the data do
not reflect the outcome of collusive behaviour.

Thus, I find evidence in favour of unobserved auction heterogeneity in Michigan high-
way procurement auctions. I estimate the distributions of cost components using the estimation
method outlined in Section4 to evaluate the relative importance of different cost components.

5.3. Estimation results

The estimation results presented below correspond to the set of projects with an engineer’s es-
timate between $300,000 and $580,000 and the time to completion between 3 and 6 months
that attracted two regular and two fringe bidders. This set consists of 226 projects. The results
for different values of engineer’s estimate, duration, and the number of bidders are qualitatively
similar.

I use projects that are quite similar in estimation. However, the data set still contains some
residual variation in observable auction characteristics. I use a homogenization procedure to
eliminate the variation in observable factors. To arrive at homogenized bids, I estimate the mean
of log(bid) as a linear function of observable characteristics, eliminate the estimated mean from
the bids, and use the residuals in the estimation; I add the estimated mean back in when eval-
uating the importance of private information and for comparison to alternative models.22 The
mean of log(bid) is assumed to be a linear function of the engineer’s estimate, duration, type of
highway, year and month dummies, district dummies, and total number of tasks.

In the estimation, the mean of the regular type is normalized to be equal to one. Figure4
presents estimated distributions of the unobserved auction heterogeneity component and indi-
vidual cost components. The common cost component is a product of the common observable

22. Effectively, I assume thatci j = exp(zj α)yj xi j . Herezj denotes the vector of projectj ’s observable charac-
teristics. The homogenization procedure is used byHaile, Hong and Shum(2003) andBajari, Houghton and Tadelis
(2004). The coefficients of the observable “scaling factor” are reported in Table2.
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FIGURE 4
This figure depicts the estimated densities of the unobserved auction heterogeneity component and the common cost

component as well as the estimated cumulative distribution functions (on the left) and the probability density functions

(on the right) of the individual cost components. The dotted lines show pointwise 95% confidence intervals estimated

through a bootstrap procedure

component (extracted through homogenization procedure) and unobserved heterogeneity com-
ponent. The recovered distribution of the unobserved heterogeneity component has a mean of
0.98 and a standard deviation of 0.204, whereas the mean and standard deviation of the common
component are equal to $392,000 and $78,890, respectively. The recovered distributions of indi-
vidual components for regular and fringe groups are similar. The individual cost component of
the fringe type has a higher mean but lower variance than the individual cost component of the
regular type. The mean of the fringe type distribution is 1.06. Standard deviations of the regular
and fringe type distributions are 0.14 and 0.13, respectively. I also perform a test of the equality
of individual cost component distributions.23 The distribution of the test statistic is computed

23. I do not have access to random samples drawn from these distributions, which is a standard requirement in
most statistical procedures testing for the equality of two distributions (e.g.Kolmogorov–Smirnov tests). Therefore, I
perform this test as a test for the equality of two functions. The description of the test procedure is given in Appendix A.
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both through subsampling24 and bootstrap procedures. Thep-value of the test statistic is 0.69.
Therefore, I can formally reject equality at the 10% significance level.

5.3.1. Variance decomposition. Recall that bidderi ’s cost for project j is given by
ci j = yj × xi j . A Taylor approximation applied toC(∙, ∙) as a function ofX andY allows us
to approximate the variance ofC in the following way:

Var(c) ' (EY)2Var(X)+ (E X)2Var(Y).

If (EY)2Var(X) and(E X)2Var(Y) are taken to represent parts of the cost variation generated by
the variation in the individual cost and unobserved heterogeneity components, respectively, then
it can be calculated that the individual cost component accounts for almost 31% of variation in
the homogenized costs.25,26,27

5.3.2. Markups over the bidders’ costs. The estimated inverse bid functions are used
to compute markups over the bidders’ costs. The normalized markup,b−c

c = a−x
x , x = ξ(a),

ranges from 0.1% to 25% and, on average, is equal to 8.4% for the regular bidder. Markups for
the fringe type bidders range between 0.1% and 18% and, on average, are equal to 6.1%.

5.3.3. Inefficient outcomes. When bidders are asymmetric, it is possible that the project
is not awarded to the lowest cost bidder,i.e. the auction outcome is not efficient. To compute the
probability of such an event for the selected set of projects, I use the estimated distributions of
cost components to create a pseudo-sample of bidders’ costs for a set of 250 auctions with three
bidders each. Then, for each cost draw, I calculate the bid value from the estimated bid function.
Finally, the fraction of the auctions in which the lowest bid does not correspond to the lowest
cost is computed. This exercise is repeated 1000 times. I find that the estimated probability of
an inefficient outcome is, on average, equal to 5% with a 95% quantile range given by [3.6, 6.2].
This corresponds to an estimated 2% increase in the cost of the procurement; the 95% quantile
range is given by [1.3, 2.8].

5.3.4. Comparison to alternative auction models. Figure5 compares the average bid
function estimated under the assumption of unobserved auction heterogeneity to the bid function
recovered under the APV and IPV assumptions, respectively.28 Both the IPV and APV proce-
dures estimate the total costs that are substantially lower than the average costs estimated under
the unobserved auction heterogeneity assumptions for both regular and fringe bidders. In par-
ticular, the model with unobserved auction heterogeneity implies an average markup over the

24. This procedure is valid since the rate of the convergence of estimators is known; seePolitis, Romano and Wolf
(1999).

25. Note that this decomposition does not depend on the choice of a mean normalization.
26. The exact expression for the variance of costs is given by

Var(c) = (EY)2Var(X)+ (E X)2Var(Y)+Var(X)Var(Y). (4)

The term(EY)2Var(X) accounts for 31.3% of Var(c) computed according to the formula above.
27. Variance decomposition can also be performed for the total costs,ci j = exp(zj α)yj xi j . It can be calculated

that(E[exp(Zα)Y])2Var(X) accounts for 34.4% of the variation in total costs.
28. I follow the methodology described inGuerre, Perrigne and Vuong(2000) andLi, Perrigne and Vuong(2002)

for the estimation under IPV and APV assumptions correspondingly.
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FIGURE 5
This figure compares expected bid functions estimated from the model with unobserved heterogeneity and alternative

models (with APV and IPV). In each case, the lowest line shown is the diagonal. The dark solid lines correspond to the

expected bid function estimated from the model with unobserved heterogeneity and the expected bid function estimated

under the alternative model. In each case, a lower line corresponds to the bid function estimated from the model with

unobserved heterogeneity. The figure also shows pointwise 95% confidence intervals estimated through a bootstrap

procedure

bidders’ costs to be 8.4% (6.1% for fringe bidders), whereas the model with APV predicts a
markup of 14% (12.2%) and the model with IPV predicts a markup of 19% (16.5%). In each
case, confidence intervals for the IPV and APV estimates intersect the confidence interval con-
structed under the unobserved heterogeneity assumption only for a very small part near the upper
end of the support.

Figure6 compares the average density function of the cost distribution estimated under the
assumption of unobserved auction heterogeneity to the cost density functions recovered under
APV and IPV assumptions. The estimated density function for the IPV and APV models are
flatter relative to the density function estimated under the assumption of unobserved auction
heterogeneity. In both cases, confidence intervals for the IPV and APV estimates intersect the
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FIGURE 6
This figure compares the expected density of the total costs estimated from the model with unobserved heterogeneity

and alternative models (with APV and IPV). The solid lines correspond to the expected densities. In each case, a tighter

distribution corresponds to the density estimated from the model with unobserved heterogeneity. The figure also shows

pointwise 95% confidence intervals estimated through a bootstrap procedure

confidence interval constructed under the assumption of unobserved auction heterogeneity only
for a very small part of the support. The variance of the cost distribution estimated under the
assumption of unobserved auction heterogeneity is about 18% lower than the variance of the
cost distribution estimated under the assumption of APV and 22% lower than the variance of the
cost distribution estimated under the assumption of IPV.

Reserve price. I use the results of estimation to compute the optimal reserve price in the
environment with unobserved auction heterogeneity. I compare the performance of this reserve
price and of reserve prices derived from the estimates based on alternative assumptions. To
avoid theoretical complications unrelated to the subject of this paper, I restrict my attention to
the symmetric case in this section.

The government chooses a reserve price to minimize the expected cost of procurement, which
consists of two parts: the expected cost of not allocating the job today and the expected cost at
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which work can be completed today given the reserve pricer . Let us denote the first component
c0. It represents the sum of the cost of waiting another period and the expected cost at which the
project can be completed in the future. I do not have data on the magnitude ofc0. Therefore, I
consider a range of possible values forc0 and derive an optimal reserve price for each of them.

I compute a reserve price under four assumptions: (a) unobserved auction heterogeneity
(realization of unobserved heterogeneity is known to the government); (b) unobserved auction
heterogeneity (realization of unobserved heterogeneity is unknown to the government); (c) IPV;
and (d) APV. In (b) the reserve price is derived to minimize the average cost of procurement,
where the average is taken with respect to the distribution of unobserved auction heterogeneity.
While assumption (a) describes the benchmark case, it may not be implementable in practice if
the government does not know the realization of unobserved auction heterogeneity. In this case,
the reserve price derived in (b) can be used. I compare the performance of these four reserve
prices on the basis of an average cost of procurement29 achieved for a given reserve price. To
perform these computations, I use the results of the estimation for regular bidders only.

The results of the analysis are summarized in Table4. The table records for every reserve
price candidate(1) an average probability with which a bid is submitted;(2) the average cost
of procurement as a percent ofc0; and(3) the average cost of procurement as a percent of the
benchmark expected costs.

The results of the computation show that the reserve price computed from the cost distri-
bution estimated under the IPV or APV assumption fares considerably worse in comparison to
the benchmark case and to the reserve price derived from the average cost function in (b). In
particular, the average expected cost achieved through the reserve price based on IPV estimates
is 9%–20% ofc0 higher than the benchmark cost, whereas the reserve price derived in (b) is
only about 1% ofc0 higher. The results are even more drastic if we express expected costs as a
percent of benchmark costs. Then the reserve price in (b) produces still only a 1%–2% increase
in costs relative to the benchmark case, whereas the IPV reserve price leads to a 10%–35% in-
crease in costs. The disparity is smallest whenc0 is very close to the mean cost, which is not
very likely to happen in reality. In realistic cases ofc0 equal to at least 150% of the mean costs,
the gain from using the cost distribution estimated under the assumption of unobserved hetero-
geneity constitutes at least 16% of the benchmark costs. This is a significant effect, especially
since the bidders’ markup in this environment constitutes only about 6%–8% of the costs. The
discrepancy is much higher when the reserve price is derived on the basis of APV estimates.
Also, IPV and APV results imply a lower than optimal probability to submit a bid.

Evaluating assumptions of the model. The identification and estimation of the model
with unobserved auction heterogeneity relies on the assumption that individual cost components
are independent from each other and from the common cost component. Proposition 2 from the
identification section allows us to evaluate the validity of these assumptions in the data.

Part(2) of Proposition 2 suggests a test of independence of individual components. Imple-
mentation of this test is discussed in Section5.2 The results of the test are reported in Table3.
They strongly suggest that the null hypothesis cannot be rejected.

Part (3) of Proposition 2 allows us to test the assumption that the common component is
independent from the individual components. This test is performed as a test of the equality of
two functions. Both functions are estimated from the data. The testing procedure is described in
Appendix A. Thep-value of the test statistic is 0.81. The null hypothesis, therefore, cannot be
rejected at any reasonable significance level.

29. The average is taken with respect to the distribution of the unobserved auction heterogeneity.
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TABLE 3
Results of testing procedures

Test p-Value

1.
Bi1
Bi2

⊥
Bi3
Bi4

Conditional independence 0∙52

2. Xi ⊥Y Bootstrap 0∙81
Subsampling 0∙75

3. Xi ⊥X j Bootstrap 0∙43
Subsampling 0∙63

TABLE 4
Reserveprice

Unobserved
Unobserved Heterogeneity,

Medium projects: engineer’s estimate = 4∙0(’00,000) Heterogeneity Expected ipv apv

1. Probability of submitting a bid c0 = 5 0∙29 0∙28 0∙07 0∙03
(expected) (0∙26,0∙31) (0∙25,0∙31) (0∙05,0∙09) (0∙02,0∙06)

2. Expected cost of procurement 85∙2 86∙5 93∙5 96∙8
(as % ofc0) (83, 87) (85, 88) (91, 95) (95, 98)

3. Expected cost of procurement 101∙4 109∙7 113∙6
(as % ofunh)

1. Probability of submitting a bid c0 = 7 0∙45 0∙42 0∙20 0∙04
(expected) (0∙43,0∙46) (0∙40,0∙43) (0∙18,0∙21) (0∙03,0∙05)

2. Expected cost of procurement 72∙1 73∙2 83∙9 95∙4
(as % ofc0) (71∙2,73∙5) (72∙3,75∙1) (81∙2,84∙7) (94∙3,96∙2)

3. Expected cost of procurement 101∙6 116∙4 132∙4
(as % ofunh)

1. Probability of submitting a bid c0 = 10 0∙58 0∙55 0∙20 0∙037
(expected) (0∙56,0∙59) (0∙54,0∙56) (0∙18,0∙21) (0∙03,0∙04)

2. Expected cost of procurement 58∙1 59∙1 78∙7 94∙7
(as % ofc0) (56∙2,59∙5) (57∙8,60∙1) (76∙5,79∙7) (94∙0,95∙6)

3. Expected cost of procurement 101∙6 135∙5 163∙0
(as % ofunh)

I have also performed the test from part(1) of Proposition 2 following the same procedure
as above. Thep-value of the test statistic is 0.63. It is, therefore, in line with the results of the
tests presented earlier.

Robustness check. The model of bidding behaviour that I take to the data assumes that
firms’ bidding decisions are independent across auctions. This assumption may be violated if
bidders’ decisions are affected by dynamic considerations. In particular, when a company is ca-
pacity constrained, it has to take into account the effect of winning the project today on its ability
to explore profitable opportunities tomorrow. If dynamic links between auctions are substantial
in magnitude, our estimates of the characteristic function of the joint distribution of two bids
submitted in the same auction may be biased, which in turn would lead to biased estimates for
the distributions of cost components. To evaluate the effect of dynamic links on the performance
of the estimation procedure, I re-estimate the model for the subset of projects such that all reg-
ular firms bidding for the projects in this subset have their backlog variable between 30% and
75% of the maximum of the backlog variable for the firms observed in the data. Even though
this exercise substantially reduces the number of available projects and, therefore, leads to less
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precise estimates, they imply similar results for the variance decomposition and the biases from
misspecification.

6. CONCLUSION

This paper proposes a non-parametric procedure to recover the distribution of bidders’ private
information when unobserved auction heterogeneity is present. It derives sufficient conditions
under which the model is identified and shows that the estimation procedure produces uni-
formly consistent estimators of the distributions in question. The paper describes a number
of testable restrictions implied by the model with unobserved heterogeneity. It also provides
guidance on the practical implementation of the testing procedures that correspond to these
restrictions.

This methodology is applied to the data for highway maintenance projects collected by
Michigan DoT. For this data set, private information is estimated to explain only about 34.4%
of the variation in a project’s costs. This estimate is obtained while conditioning on the number
of bidders, on the type of the project as defined by the main task, and on the size and duration
bracket. Results of the estimation reveal that the estimation procedures that account for unob-
served auction heterogeneity tend to estimate higher average costs, lower variance of the cost
distribution, and lower markups relative to the estimates obtained under the assumption of IPV
or APV. Additionally, the reserve price chosen on the basis of IPV or APV estimates leads to
significantly higher costs of procurement than the reserve price chosen on the basis of the esti-
mates for the unobserved auction heterogeneity model. This result holds both in the case where
the reserve price is derived as a function of a specific realization of unobserved heterogeneity
and in the case where a single reserve price is chosen in such a way as to minimize the average
cost of procurement where the average is taken with respect to the distribution of unobserved
heterogeneity. In the latter case, the average cost of the procurement is 9%–19% lower than the
average cost achieved when the reserve price based on either IPV or APV estimates is used.

The methodology in this paper is developed for the case where a bidder’s cost of completing
the project equals the product of the common cost component and the individual cost component.
A somewhat more general model that allows for the common component to have distinct effects
on the mean and variance of the cost distribution is analysed inKrasnokutskaya(2009).

APPENDIX A

A.1. Proofs of theoretical results

Proof of Proposition 1. The vector of equilibrium strategies in the game withy = 1 satisfies the system of
differential equations

1

a− x
=

(mk −1) fXk (α−1
k1 (a))

(
1− FXk (α−1

k1 (a))
)
α′

k1(α−1
k1 (a))

+
m−k fXk (α−1

k1 (a))
(
1− FXk (α−1

k1 (a))
)
α′

k1(α−1
k1 (a))

(A.1)

with boundary conditions (a)αk(x) = x and (b) there existsd0 ∈ [x,x] such thatαk(x) = d0.
Define(β1y,β2y), βky: [yx, yx] → (0,∞) such that

βky(z) = yαk

(
z

y

)
,

βky(yx) = yx, (A.2)

βky(yx) = yd0.

Substituting equations (A.2) into equation (A.1) obtains thatβ1y andβ2y satisfy the first-order conditions for the game
indexed byy. They also satisfy corresponding boundary conditions by definition. Therefore, a vector(β1y,β2y) consti-
tutes the set of equilibrium functions.‖
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Proof of Theorem 1. (a) I start by establishing a statistical result that I use to prove Theorem 1. Namely,

Lemma A1. Let X be a random variable with the probability density function f(∙) and support[x,x], then the
characteristic function of variable X,ϕX(t), is non-vanishing, i.e. for every T> 0 there is t such that|t | > T and
ϕX(t) 6= 0.

Proof. The idea of a proof is to consider the extension of the characteristic functionϕX(t) =
∫ x

x eitx f (x)dx to

the complex domain. In particular, I consider functionϕ̃X(∙) defined as̃ϕX(z) =
∫ x

x eizx f (x)dx at an arbitrary complex
point z. It is straightforward to show that̃ϕX(∙) is an entire function,i.e. it is infinitely complex differentiable at every
finite point of the complex plane. Therefore, it can only be equal to zero in a countable number of points. Thus, the
number of points whereϕX(t) is equal to zero cannot be more than countable, which means thatϕX(t) is non-vanishing.

Finally, ϕ̃X(∙) is an entire function because

ϕ̃
(k)
X (z) =

∫ x

x
(i x)keizx f (x)dx.

Note that for everyk, ϕ̃
(k)
X (z) is well defined due to the boundedness of theX’s support. That concludes the proof

of LemmaA1. ‖

(b) Random variablesY, Ai , log(Y), and log(Ai ) have bounded supports and, therefore, have non-vanishing char-
acteristic functions. The identification result follows from a theorem byKotlarski (1966)30 and results established by
Laffont and Vuong(1996) as described in Section3.1. ‖

Proof of Proposition 2. (1) If Xik ’s are independent, then so are log
(
Xik

)
. The structure of the bidder’s cost,

ci = yxi , implies that log
( Bi1

Bi3

)
= log

(
Ai1

)
− log

(
Ai3

)
and log

( Bi2
Bi3

)
= log

(
Ai2

)
− log

(
Ai3

)
. Then, byKotlarski (1966)

theorem, the characteristic function of log
(
Ai3

)
is given by

3
log
(

Ai3

)(−t) = exp

(∫ t

0

21(0,u2)

2(0,u2)
du2 − i t E

[
log

(
Ai1

)]
)

and the characteristic function of log
(
Ai1

)
by

3
log
(

Ai1

)(t) =
2(t,0)

3
log
(

Ai3

)(−t)
. (A.3)

If biddersi1 andi3 are from the same group, then the characteristic functions of log(Ai1) and log(Ai3) should be the
same up to a multiplicative factor determined by the difference in means induced by normalization. Let us consider

normalizationE
[
log
(
Ai1

)]
= 0. Then, equation (A.3) implies that log

( Bi2
Bi3

)
and−log

(
Ai3

)
should have the same mean.

However,k(i1) = k( i3) thereforeE
[
log
( Bi1

Bi3

)]
= 0. This implies thatE

[
log
(
Ai3

)]
= E

[
log
(
Ai1

)]
= 0, and hence

3
log
(

Ai1

)(t) = 3
log
(

Ai3

)(t).

(2) The proof follows from the property of independent variables: if the random variablesZ1 andZ2 are indepen-
dent, then so aref (Z1) and f (Z2), for any function f (∙).

(3) If Y andXi ’s are independent, the cost structure is given byci j = yj xi j , thenKotlarski (1966) theorem applied
to
(
log
(
Bi1

)
, log

(
Bi2

))
implies that the characteristic function of log

(
Ai1

)
is given by the function8

log
(

Ai1

)(t) defined

by equation (3). Kotlarski (1966) theorem applied to
(
log
( Bi1

Bi3

)
, log

( Bi2
Bi3

))
implies that the characteristic function of

log
(
Ai1

)
is given by3

log
(

Ai1

)(t) defined by equation (4). Thus, under normalizationE
[
log
(
Ai1

)]
= 0, the following

equality has to hold:
8

log
(

Ai1

)(t) = 3
log
(

Ai1

)(t).

A similar relationship holds fori3. This is obvious ifi1 andi3 belong to the same group. If they do not, then we have to
make sure that normalization does not induce a shift of a random variable, which corresponds to3

log
(

Ai3

)(t) relative

30. SeeRao(1992).
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to the random variable, which corresponds to8
log
(

Ai3

)(t). It is easy to see, however, that the former represents a

characteristic function of a random variable with a mean equal toE
[
log
(
Bi3

)]
− E

[
log
(
Bi1

)]
. The same is true of the

latter. ‖

Proof of Proposition 3. The “only-if”direction is a straightforward corollary of the identification argument and
the properties of the bidding strategies.‖

A.2. Estimation

I start by describing how the supports of the distributions of the individual bid and the common cost components can be
estimated. Then, I proceed to the proof of Proposition 4.

Estimation of the support bounds. Strictly speaking, bounds of the support are recovered during the inversion
procedure when the density function of the distribution in question is computed. According to the inversion formula, the
density function recovered from the theoretical characteristic function should approach zero as the smoothing parameter
T approaches infinity at every point outside of the support. Therefore, the upper and lower bounds of the support are,
respectively, defined as lower and upper limits of the points where the density function is equal to zero. In estimation,
the density function recovered from the estimated characteristic function does not, in general, equal zero outside of the
support. An econometrician, therefore, has to choose cut-off points that correspond to sufficiently low values of the
estimated density function. Unfortunately, econometric theory does not provide us with guidelines on how to choose
such cut-off points which is why I use a different approach in this paper. I estimate bounds of the supports for the
distributions of interest using restrictions imposed by the model with unobserved auction heterogeneity. If the data are
generated by the model with unobserved auction heterogeneity, then this approach leads to consistent estimators of the
support bounds. The proof of this statement and the derivation of the rate of convergence are given together with the
proof of Proposition 6. Below I describe a procedure to estimate the support bounds of the distributions of the individual
bid and the common cost components.

Denote the support of the log of the common component by [y, y] and the supports of the log of the indi-
vidual bid components by [a,a]. Then the support of the log of bids for Group 1 is given by [a + y,a + y] and
the support of the differences in the log of bids is given by [a − a,a − a]. Additionally, I start with the normal-
ization E[log(A1)] = 0. Since the bounds of the supports can be estimated as [min(log(b1l j )),max(log(b1l j ))] and
[min(log(b1l j )− log(b1pj )),max(log(b1l j )− log(b1pj ))], I arrive at the system of equations

min(log(b1l j )) = ân + ŷ
n
,

max(log(b1l j )) = ân + ŷn,

max(log(b1l j )− log(b1pj )) = ân − ân,
∫ ân

ân

aĝL A,n(a)da = 0.

Therefore, I have a system of four equations in four unknowns. The population counterpart of this system is

a+ y = log(b),

a+ y = log(b),

a−a = log(b1)− log(b2),
∫ a

a
agL A(a)da = 0.

It is straightforward to establish that this system has a solution and that this solution is unique. First, notethat y, y, and
a can be expressed as functions ofa:

y = b−a,

y = b−b1 −b2 −a,

a = b1 −b2 +a.

Let us denoteU1 = b, U2 = b, U3 = b1 −b2, thena = U3+a and
∫U3+a
a agL A(a)da= 0. Second, let us establish

that−U3 ≤ a ≤ 0. Indeed, sincegL A(a) ≥ 0 and
∫U3+a
a ahL A(a)da = 0, it must follow thata ≤ 0 anda ≥ 0 or a ≥

−U3. Third, it is easy to show thatf (z) =
∫U3+z

z agL A(a)da is strictly increasing on(−U3,0) sincegL A(∙) is positive
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on the interior of the log(A) support. Indeed,f ′(z) = (U3+z)gL A(U3+z)−zgL A(z) > 0. If z< a, thenzgL A(z) = 0;
at the same time, 0< U3+z≤ U3+a = a and, therefore,(U3+z)gL A(U3+z) > 0. The argument is similar whenz> a.
We have two cases whenz= a: (a)gL A(a) ≥ gL A(a) and (b)gL A(a) < gL A(a). In (a), f ′(z) > 0 follows immediately.
In (b), we have agL A(a) − agL A(a) > (a − a)gL A(a) ≥ 0. Finally, f (−U3) < 0, whereasf (0) > 0. Therefore, the
solution to

∫U3+a
a agL A(a)da = 0 must exist and be unique.

Proof of Proposition 5. The proof consists of several steps.

(1) First, I establish that the distribution function and the probability density functions of the individual bid compo-
nents inherit properties of the distribution function and the probability density functions of the individual cost
component. Namely,

Lemma A2. Given D1 − D5, the distribution functions GAk (∙) satisfy the following:

(i) Their supports S
(
GAk

)
are given by[a,a] with a = x anda > 0;

(ii) GAk is continuously differentiable on the interior of S
(
GAk

)
;

(iii) For every closed subset of the interior of S
(
GAk

)
, there exists cg > 0 such that

∣
∣gAk (a)

∣
∣ ≥ cg > 0 on

this subset.
(iv) For every closed subset of the interior of S

(
GAk

)
, there exists cG > 0 such that1− GAk (a) ≥ cG > 0

on this subset.

Proof. The point (i) is established in Section 2. To show that the points (ii), (iii), and (iv) hold, I use the
relationship between the distribution functions of the individual bid components and the distribution functions
of the individual cost components. Namely,

GAk (a) = FXk (ξk(a)),

whereξk(∙) is the inverse individual bid function of the bidder of groupk. Then,

gAk (a) = G′
Ak

(a) = fXk (ξk(a))ξ ′
k(a).

From(D2): fXk (∙) is continuously differentiable and for every closed subset ofS
(
GAk

)
, there existsc f > 0 such

that
∣
∣ fXk (∙)

∣
∣≥ c f ; from equilibrium characterization:ξk(∙) is continuously differentiable and strictly increasing

on S
(
GAk

)
; therefore, for every closed subset ofS

(
GAk

)
, there existsc0 > 0 such that|ξ ′

k(∙)| ≥ c0. This implies
(ii) and (iii), wherecg is equal to the product of correspondingc f andc0. Finally, (iii) implies thatGAk (a) < 1
for any closed subset ofS

(
GAk

)
, which obtains (iv). ‖

(2) If the probability density functions of the cost components are ordinarily smooth of order~ > 1, then Theo-
rems 3.1–3.2 inLi and Vuong(1998) apply; these theorems establish the uniform consistency of the first-stage
estimators. In particular, they establish that

sup
y∈S(HLY)

| f̂LY,n(y)− fLY(y)| = O

(
n

log logn

)−(2~−1)
2(2+5~)

,

sup
a∈S

(
GL Ak

)
∣
∣̂gL Ak,n(a)− gL Ak (a)

∣
∣ = O

(
n

log logn

)−(2~−1)
2(2+6~)

.

Since,

fY(y) =
fLY(log(y))

y
, f̂Y,n(y) =

f̂LY,n(log(y))

y
,

fAk (a) =
fL Ak (log(a))

a
, f̂ Ak,n(a) =

f̂L Ak,n(log(a))

a
anda ∈ [a,a], a > x > 0, then

sup
y∈S(HY)

| f̂Y,n(y)− fY(y)| = O

(
n

log logn

)−(2~−1)
2(2+5~)

,

sup
a∈S

(
GAk

)
∣
∣̂gAk,n(a)− gAk (a)

∣
∣ = O

(
n

log logn

)−(2~−1)
2(2+6~)

.
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(3) Next, I establish the uniform convergence of the individual bid function following the logic of Proposition 3 and
Theorem 3 ofGuerre, Perrigne and Vuong(2000).

(a) First, I derive the rate of convergence for the support boundsa anda. Recall that the bounds of supports have been
derived in several steps. First, supports of the distributions ofL B1i and

(
L B1i1 − L B1i2

)
have been estimated as

[min(log(b1l j )),max(log(b1l j ))] = [Û1,n,Û2,n],

[min(log(b1l j )− log(b1pj )),max(log(b1l j )− log(b1pj ))] = [−Û3,n,Û3,n].

These are maximum likelihood estimators for the support bounds of corresponding densities. We know that they
converge to the true value of the support bounds at the rate ofn.

Q̂n(z) =

(∫ Û3,n+z

z
aĝL A1,n(a)da

)2

=

(∫ Û3,n

0
aĝL A1,n(a+ z)da+ z

)2

.

The usual results for extremum estimators apply. Note thatQ̂n →
(∫U3

0 agL A1(a+ z)da+ z
)2 at the same rate

asĝL A1,n converges togL A1.31 Let us denote this rate bydn. All the standard conditions for the convergence of
extremum estimators hold; therefore,ân converges toa uniformly at the ratedn. Since,̂an, ŷ

n
, and̂yn are linear

combinations of̂U1,n,Û2,n,Û3,n, and̂an, they converge uniformlyto a, y, y correspondingly at the ratedn. The

bounds of supports forAk are estimated aŝa1
n = exp(̂an) and̂a

1
n = exp(̂an), respectively. The smoothness of the

exponential function ensures the consistency of these estimators. The delta method can be used to show that the
rate of convergence remains equal todn.

(b) The rate of convergence for̂gAk,n(∙) is established inLi and Vuong(1998). Recall that here we denote itdn.
Now, we derive a rate of convergence forĜAk,n. The estimator forGAk is defined as

ĜAk,n(a) =
∫ a

ân

ĝAk,n(a)da.

To establish consistency we consider

∣
∣ĜAk,n(a)− GAk (a)

∣
∣≤

∣
∣
∣
∣
∣

∫ ak

âk,n

ĝAk,n(a)da

∣
∣
∣
∣
∣
+

∣
∣
∣
∣
∣

∫ a

ak

(
ĝAk,n(a)− gAk (a)

)
da

∣
∣
∣
∣
∣
.

SincegAk is a continuous function with bounded support, according to Lemma 6.1(ii), thengAk is a bounded
function. For large enoughn, ĝAk,n is also bounded a.s. due to the uniform convergence ofĝAk,n to gAk . Then,
part (b) implies that the first summand converges to zero at the ratedn. The second summand also converges to
zero at the ratedn since support ofgAk is bounded. Therefore,̂GAk,n converges toGAk at the ratedn.

(c) Next, I prove the uniform consistency of the estimator for the individual inverse bid function. The following
argument holds for every closed subset of(a,a). Note that for everya ∈ (a,a), correspondinĝξk,n(a) is finite.
It follows immediately sincêgAk,n(a) and 1− ĜAk,n(a) are positive on the interior of the support. Note that
ĝAk,n(a) ≥ cg > 0 and

(
1−ĜAk,n(a)

)
≥ cG > 0 for somecg andcG sincêgAk,n andĜAk,n uniformly converge

to gAk andGAk , respectively, and (iii) and (iv) of Lemma 6.1. Let us denote

ξk(a) =

(
1− GA1(a)

)
∙
(
1− GA2(a)

)

(mk −1) ∙ gAk (a) ∙
(
1− GA−k (a)

)
+m−k ∙ gA−k (a) ∙

(
1− GAk (a)

) ,

ξ̂k,n(a) =

(
1− ĜA1,n(a)

)
∙
(
1− ĜA2,n(a)

)

(mk −1) ∙ ĝAk,n(a) ∙
(
1− ĜA−k,n(a)

)
+m−k ∙ ĝA−k,n(a) ∙

(
1− ĜAk,n(a)

) ,

ζk(a) = (mk −1) ∙ gAk (a) ∙
(
1− GA−k (a)

)
+m−k ∙ gA−k (a) ∙

(
1− GAk (a)

)
,

ζ̂k,n(a) = (mk −1) ∙ ĝAk,n(a) ∙
(
1− ĜA−k,n(a)

)
+m−k ∙ ĝA−k,n(a) ∙

(
1− ĜAk,n(a)

)
,

εk(a) =
(
1− GAk (a)

)
∙
(
1− GA−k (a)

)
,

ε̂k,n(a) =
(
1− ĜAk,n(a)

)
∙
(
1− ĜA−k,n(a)

)
.

31. SeeLi and Vuong(1998) for an appropriate rate of convergence.
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Then,

|̂ξk,n(a)− ξk(a)| ≤
1

C2
1

|̂εk,n(a)ζk(a)− εk(a)̂ζk,n(a)|, C1 = (mk +m−k −1)cgcG,

|̂ξk,n(a)− ξk(a)| ≤
1

C2
1

(|̂εk,n(a)− εk(a)| ∙ |ζk(a)|+ |̂ζk,n(a)− ζk(a)| ∙ |εk(a)|),

|̂ξk,n(a)− ξk(a)| ≤
C̃1

C2
1

|̂εk,n(a)− εk(a)|+
c̃2
G

C2
1

|̂ζk,n(a)− ζk(a)|,

whereC̃1 = (m1 + m2 − 1)̃cgc̃G, c̃g = maxa∈S(Ak)
(
gAk (a)

)
, andc̃G = maxa∈S(Ak)

(
1− GAk (a)

)
. The con-

stants̃cg, andc̃G are well defined becausegAk (∙) andGAk (∙) are continuous functions andS(Ak) is a compact
set.
Pointwise application of the delta method and uniform convergence ofĝAk,n and ĜAk,n to gAk and GAk
correspondingly allows us to conclude that

|̂εk,n(a)− εk(a)| = O(dn), a.s.

|̂ζk,n(a)− ζk(a)| = O(dn), a.s.

|̂ξk,n(a)− ξk(a)| = O(dn), a.s..

(d) Next, I establish the uniform convergence of the individual bid function estimator. For a givenx ∈ (x,x), let us
denote bya0 = αk(x) and byan = α̂k,n(x). Here,a0 is some number from(a,a) andan is a random variable
with realizations in(a,a) for largen. For every realization ofan, there is a numbera∗ such that

ξk(a0)− ξk(an) = ξ
′

k(a∗
n)(a0 −an), a∗

n ∈ [a0,an],

sinceξk(∙) is continuously differentiable on the compact. Let us also denote bya∗
n a random variable with

realizations as above. Note that ifa0,an always belong to the interior ofS(Ak), thena∗
n also always belongs to

the interior ofS(Ak). Sinceξk(∙) is strictly increasing on the compact, then‖ξ
′

k(a∗
n)‖ ≥ cξ > 0, and therefore,

‖a0 −an‖ ≤
1

cξ
‖ξk(a0)− ξk(an)‖.

On the other hand,
ξk(a0)− ξk(an) = ξ̂k,n(an)− ξk(an).

Since, as I have shown above,ξ̂k,n converges uniformly toξk, then

‖ξk(a0)− ξk(an)‖ = ‖̂ξk,n(an)− ξk(an)‖ = O(dn) a.s.

and
‖a0 −an‖ = ‖α̂k,n(x)−αk(x)‖ = O(dn) a.s..

(e) Finally, I establish the uniform convergence ofF̂Xk,n(x).

∥
∥ĜAk,n(̂αk,n(x))− GAk (αk(x))

∥
∥≤

∥
∥ĜAk,n(̂αk,n(x))− GAk (̂αk,n(x))

∥
∥+

∥
∥GAk (̂αk,n(x))− GAk (αk(x))

∥
∥ .

Uniform convergence of̂GAk,n and α̂k,n(x) and continuous differentiability ofGAk (∙) obtain
∥
∥ĜAk,n(̂αk,n(x)) −

GAk (αk(x))
∥
∥= O(dn) a.s. ‖

Practical issues.As noted byDiggle and Hall(1993) andLi, Perrigne and Vuong(2000), the estimators for̂fLY(∙)
andĝL A(∙), which are obtained by truncated inverse Fourier transformation, may have fluctuating tails.32 This feature
can be alleviated by adding a damping factor to the integrals inf̂LY(∙) andĝL A(∙). Following Diggle and Hall(1993)
andLi, Perrigne and Vuong(2000), I introduce a damping factor defined as

dT (t) =

{
1−

|t |

T
, if |t | ≤ T

0, otherwise

}

.

32. Li, Perrigne and Vuong(2000) encountered this problem as well and dealt with it in a similar way.
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Thus, the estimators are generalized to

ĝL A(a) =
1

2π

∫ T

−T
dT (t)exp(−i ta)8̂L A(t)dt,

f̂LY(y) =
1

2π

∫ T

−T
dT (t)exp(−i t y)8̂LY(t)dt.

The smoothing parameterT should be chosen to diverge slowly asn → ∞, so as to ensure the uniform consistency
of the estimators. However, the actual choice ofT in finite samples has not yet been addressed in the literature. I choose
T through a data-driven criterion. In particular, I use the bid data to obtain estimates of the means and variances for
distributions33,34 of LY andL A, μ̂LY , μ̂L A1 = 0, μ̂L A2, σ̂2

LY , σ̂2
L A1

, σ̂2
L A2

. These estimates are then used to choose
a value ofT . Specifically, I try different values ofT and obtain estimates offLY(∙) andgL A(∙). From each estimated
density I compute the means and variancesμ̃LY , μ̃L A1, μ̃L A2, σ̃2

LY , σ̃2
L A1

, σ̃2
L A2

, respectively. This gives goodness-of-

fit criterion |μ̂LY − μ̃LY |2 + |̂σLY − σ̃LY |2 for LY and similarly forL Ak. The value ofT that I choose minimizes the
sum of these errors in a percentage ofσ̂2

LY andσ̂2
L Ak

. In the estimation, the optimalT equals 50.

Finally, similar toHorowitz and Markatou(1996), I find that the bias correction technique described in their paper
improves the performance of the estimator in small samples.

A.3. Summary of testing procedures

Point (a) describes the procedure to test the conditional independence ofZ1 andZ2 conditional on linear index variable
X; point (b) outlines the procedure I use to test the equality of two functions.

(a) Test of conditional independence.35 The conditioning variable is assumed to be given by a single index of the
observable covariates,λθ (X). The test statistic is based on the monotonic transform ofλθ (X), U = F0(λθ (X)),
and Rosenblatt’s transforms36 of Z1 andZ2,

Z̃1 = GZ1|U (Z1 | U ),

Z̃2 = GZ2|U (Z2 | U ).

Here,X denotes the vector of project characteristics,θ is a vector of parameters, andF0(∙) is the cumulative distribution
function ofλθ (X). The hypothesis tested is

H0: Pr
(

GZ̃1
(z1 | λ(X), Z̃2) = GZ̃1

(z1), ∀ z1 ∈ [0,1]
)

= 1 or

H0: Pr(E[1(Z̃1 ≤ z1) | λ(X), Z̃2] = E[ Z̃1 ≤ z1], ∀ z1 ∈ [0,1]) = 1.

The test statistic is given by
T̂K S,n = sup

r ∈S
|ϑ̂n(r )|,

where

ϑ̂n(r ) =
1

√
n

i =n∑

i =1

1(Ûi ≤ u)(1(̂̃Z1i ≤ z1)− z1)(1(̂̃Z2i ≤ z2)− z2), r = (u,z1,z2), with

Ûi = F̂n,θ̂ ,i (λθ̂ (X)), ̂̃Z1i = ĜZ1|U,i (Z1 | Ûi ),
̂̃Z2i = ĜZ2|U,i (Z2 | Ûi ),

where F̂n,θ̂ ,i (∙), ĜZ1|U,i (∙ | ∙), andĜZ2|U,i (∙ | ∙) denote the empirical distribution function of{λθ̂ (Xi )}i =1,...,n and
kernel estimators ofGZ1|U,i (∙ | ∙) andGZ2|U,i (∙ | ∙). All three objects are estimated with the omission of thei -th data
point. The test statistic above converges to a Gaussian process asn → ∞. For more details, seeSong(2009). I compute
the distribution of the test statistics via a wild bootstrap procedure.

33. Note that the estimation is performed under the assumptionE[log(A1)] = 0. The distributions are later adjusted
to satisfy normalization in(D3).

34. The estimates for the first two moments of the distributions ofLY, L A1, and L A2 can be obtained as fol-

lows: μ̂LY =

∑
i1≤m1

log
(
bi1

)

n×m1
, μ̂L A = 0, μ̂L A2 =

∑
m1<i2≤m log

(
bi2

)

n×(m−m1) − μ̂LY , σ̂2
LY =

(
σ̂2

L B1
+ σ̂2

L B2
− σ̂2

L B1−L B2

)
/2,

σ̂2
L A1

= σ̂2
L B1

− σ̂2
LY , andσ̂2

L A2
= σ̂2

L B2
− σ̂2

LY .

35. This test is developed in Song (2009). An alternative approach to this test is presented inSu and White(2008).
36. SeeRosenblatt(1952).
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(a) Test of the equality of two functions.The null hypothesis is

H0: f1(t) = f2(t) vs.

H1: f1(t) 6= f2(t).

The test statistic is defined as

T̂n =
i =N∑

i =1

d2
n( f̂1,n(ti )− f̂2,n(ti ))

2,

where{ti }i =1,...,N is a finite set of points from the real line. The asymptotic distribution of this test statistic is
unknown. Therefore, it is not clear whether a bootstrap procedure can be used to compute the distribution of the
test statistic. Instead, a subsampling procedure can be used since the rate of convergence is known.37 To ensure
the power of the test, I use re-centred test statistics followingHall and Horowitz(1996):

˜̂Tn =
i =N∑

i =1

d2
n( f̂0,b(ti )− f̂0,n(ti ))

2,

where f̂0,b = f̂1,b − f̂2,b is computed from a simulated sample andf̂0,n = f̂1,n − f̂2,n is computed from the data.
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