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1 Introduction

Auctions are extensively used by governments and private organizations as a price-setting
mechanism in markets with private information. However, the performance of a specific auction
mechanism as well as the choice of the optimal policy instruments (such as reserve price)
depend on the exact distribution of private information in a given auction environment. Thus,
it is important in empirical auction analysis to be able to non-parametrically identify the
distribution of bidders’ private information from the available data.

A large literature on non-parametric identification of auction models has emerged to pro-
vide a theoretical foundation for empirical analysis. In a seminal contribution, Guerre, Perrigne
and Vuong (2000) established that the first-order condition of bidder optimization problem
can be used to recover the distribution of private information from the distribution of bids
under independent symmetric private values. Subsequent literature extended this result to
settings with affiliated private values, asymmetric bidders and settings with risk-averse bid-
ders. An important assumption underlying this literature is that the researcher has access to
all the common information available to bidders.

When a researcher may not have access to all the common information incorporated in
bidding decisions, the environment is said to feature unobserved auction heterogeneity. More
recently, it has been shown that models with independent private values are identified in the
presence of unobserved auction heterogeneity. Krasnokutskaya (2009) shows identification and
proposes an estimation procedure for the model with an unobserved heterogeneity factor that
multiplicatively affects bidders’ costs. She shows that accounting for unobserved heterogeneity

has important implications for policy analysis. Hu, McAdams and Shum (2008) obtain more



general identification result that allows for a flexible relationship between the distribution of
bidders’ costs and the unobserved heterogeneity factor. These papers, however, assume that
the unobserved heterogeneity factor is one-dimensional and, therefore, affects the moments of
the distribution of bidders’ costs in a coordinated way. The restriction of unobserved hetero-
geneity to be one-dimensional is potentially an important one. However, the literature provides
neither the identification results nor estimation procedure in case of multi-dimensional unob-
served heterogeneity. Consequently, little is known about its empirical relevance. This paper
attempts to fill this gap in the literature.

In particular, this paper extends the framework in Krasnokutskaya (2009) to allow for
two-dimensional unobserved heterogeneity so that independent factors may affect the mean
and the variance of the distribution of bidders’ costs. I prove that such a model is identified
from bid data and show how the identification argument can be translated into an estimation
procedure that produces uniformly consistent estimators. The latter step involves significant
modification of the argument developed in the one-dimensional case. In the one-dimensional
case the consistency argument relies in part on the results from the classical measurement
error literature developed by Li and Vuong (1998). However, these results require that all the
distributions should have bounded support. In the two-dimensional case the intermediate steps
of estimation procedure require working with the distributions that violate this assumption.
Therefore, an independent proof of consistency has to be developed which exploits restrictions
on the tail behavior of the distributions in question.

I apply the proposed estimation procedure to the data from California highway procure-
ment auctions to investigate the empirical importance of allowing for multi-dimensional un-

observed heterogeneity. The results show that allowing for two-dimensional unobserved het-



erogeneity may significantly affect the results of estimation as well as the choice of policy
relevant instruments derived from the estimated distributions of bidders’ costs. In particular,
I study the data on auctions for “bituminous resurfacing” and “small construction” categories
of projects. I recover the distributions of the private information and the unobserved hetero-
geneity under the two alternative assumptions on the structure of unobserved heterogeneity,
i.e. one- or two-dimensional. In the latter case two non-trivial components of unobserved
heterogeneity are recovered for both sets of projects. However, in the case of bituminous
resurfacing, the distribution of private information remains virtually the same under the two
specifications. In the case of small construction auctions, the variance of the private cost
component almost doubles when going from the model that allows for one-dimensional unob-
served heterogeneity to the model that allows for two-dimensional heterogeneity. Similarly, I
find only small differences in the mark-ups over the bidders’ costs and in the optimal reserve
price computed for the two specifications in the set of resurfacing projects. In contrast, for the
set of small construction projects, the model that allows for two-dimensional heterogeneity
recovers mark-ups which are 30% higher than those recovered in the model that allows for only
one-dimensional heterogeneity. Similarly, the optimal reserve price derived from the estimates
obtained in the model with two-dimensional heterogeneity results in a cost of procurement
which is 15% lower relative to the costs that arise when the reserve price is computed on
the basis of the estimates from the model with one-dimensional heterogeneity. These finding
indicate that allowing for a flexible relationship between the distribution of bidders’ costs and
unobserved heterogeneity may have important implications for policy variables and have a
sizable economic impact.

Hu, McAdams and Shum (2009) provide a very general identification result allowing for



a flexible relationship between the distribution of bidders’ costs and the unobserved hetero-
geneity factor in the setting with one-dimensional unobserved heterogeneity. They introduce
an unobserved project heterogeneity as a factor conditional on which bidders’ valuations are
independent. The authors require that a functional should exist that extracts the realization
of unobserved heterogeneity in a given auction from the auction-specific distribution of bids.
In addition, they require that a certain completeness condition should be satisfied. This con-
dition essentially states that the null space of this functional should contain only zero. They
show that under these conditions the distribution of valuations conditional on unobserved het-
erogeneity and the distribution of unobserved heterogeneity are identified. It seems that their
argument may be extended to allow for multi-dimensional unobserved heterogeneity. Their
strategy, however, does not allow to recover the distribution of private values or measure the
importance of private information since we cannot recover the functional form through which
unobserved heterogeneity combines with private values to form costs. Further, the estimation
strategy based on this identification result has not yet been developed and, therefore, cannot
be used to empirically assess the importance of multi-dimensional unobserved heterogeneity
in the data.

The rest of the paper is organized as follows: The remainder of this section discusses the
prior literature. Section 2 describes the model with two-dimensional unobserved heterogene-
ity. Section 3 outlines and proves the identification result. Section 4 describes an estimation
algorithm and analyzes statistical properties of the estimation procedure. Section 5 describes
the market for highway procurement projects and presents results of the estimation and policy

analysis. Section 6 concludes.



1.1 Literature

This paper relates to several strands of the empirical auction literature. The first strand
concerns estimation of auction models with private information. These are some of the most
influential papers in this literature. Donald and Paarsch (1993, 1996) and Laffont, Ossard
and Vuong (1995) develop parametric methods to recover the distribution of costs from the
observed distribution of bids. Guerre, Perrigne and Vuong (2000) study identification of the
first price auction model with symmetric bidders and propose a uniformly consistent estimation
procedure. Li, Perrigne and Vuong (2000, 2002) extend the result to the affiliated private values
and the conditionally independent private values models. Campo, Perrigne and Vuong (2003)
prove identification and develop a uniformly consistent estimation procedure for first price
auctions with asymmetric bidders and affiliated private values.

The second strand concerns the literature that studies unobserved auction heterogeneity.
Campo, Perrigne and Vuong (2003) as well as Bajari and Ye (2003) rely on the assumption that
the number of bidders can serve as a sufficient statistic for unobserved auction heterogeneity.
Haile, Hong and Shum (2003) appeal to the instrumental variables approach to control for
the variation generated by unobserved factors. Hong and Shum (2002) account for unobserved
auction heterogeneity by modeling the median of the bid distribution as a normal random
variable with a mean that depends on the number of bidders. Athey and Haile (2001) study
identification of auction models with unobserved auction heterogeneity in the context of second
price and English auctions. Chakraborty and Deltas (1998) assume that the distribution of
bidders’ valuations belongs to a two-parameter distribution family. They use this assumption

to derive small sample estimates for the corresponding parameters of the auction-specific



valuation distributions. The estimates are later regressed on observable auction characteristics
to determine the percentage of values variation that is due to unobserved auction heterogeneity.
Hu, McAdams and Shum (2009), Krasnokutskaya (2009), Guerre, Perrigne, Vuong (2009),
Roberts (2008) propose alternative methods to identify auction model with one-dimensional
unobserved heterogeneity.

Highway procurement auctions have been extensively studied in the literature. Porter
and Zona (1993) find evidence of collusion in Long Island highway procurement auctions.
Hong and Shum (2002) find some evidence of common values in bidders’ costs in the case
of New Jersey highway construction auctions. Bajari and Ye (2003) reject the hypothesis of
collusive behavior in procurement auctions conducted in Minnesota, North Dakota and South
Dakota. Jofre-Bonet and Pesendorfer (2003) find evidence of capacity constraints in California
highway procurement auctions. Bajari and Tadelis (2001) and Bajari, Houghton and Tadelis
(2004) study the implications of the incompleteness of procurement contracts. Decarolis (2008)
studies Italian highway procurement auctions where the average bid is used to determine the

winner.

2 Model

This section describes the first-price procurement auction model under unobserved auction
heterogeneity and summarizes properties of the equilibrium bidding strategies.

The seller offers a single project for sale to m bidders. Bidder ¢’s cost is equal to

(1) Ci =Y1 +Y2.X;

where Y; and Y5 represent common cost components known to all bidders; X; is an individual



cost component and private information of bidder 7. I use capital letters to denote random
variables summarizing the common and individual cost components. The small letters vy, y2
and x denote realizations of common components and the vector of individual components.

The random variables (Y3, Y2, X) are distributed on their respective supports S(Y;) =
v, 71), S(Y2) = [y,, %), S(X) = [2,7]™, y, > 0, y» > 0, according to the probability
distribution functions Fy,, Fy,, Fx.

Asymmetries between bidders: 1 assume that there are two groups of bidders; m; bidders
are from group 1, and msy bidders, ms = (m — my), are from group 2. Thus, the vector of
independent cost components is given by X = (Xi1, .., X1, Xo(mi41)s - X2m)- The model and
all the results can easily be extended to the case of m groups. I focus on the case of two groups
for the sake of expositional clarity. Groups are defined from the observable characteristics of
bidders.

Assumptions (D) — (D,) are maintained throughout the paper.

(Dy) Y1, Yz and X’s are mutually independent.

(D3) The probability density functions of the individual cost components, fy, and fx,,
are continuously differentiable and strictly positive on the interior of [z, Z|.

(D3) EY; =1 and EX; = 0.

(D4) (a) The number of bidders is common knowledge;?

!The variable Y5 captures the unobserved scaling of costs. It is natural, therefore, to restrict y2 > 0. In
addition, the natural restriction on the support of cost distribution is ¢ > 0. Hence internal consistency requires

that either y1 > 0orz>0.

2Note that the model does not assume that the number of bidders is exogenous. All the results in this paper
are valid if the number of bidders is endogenous and depends on the realization of unobserved heterogeneity.

For the details of the model with endogenous participation see Krasnokutskaya and Seim (2009).



(b) There is no binding reservation price.

The assumption (D) ensures the existence and uniqueness of the equilibrium in the auction
game; (Dq) and (D3) provide a basis for the identification argument; assumption (D) provides
necessary normalization restrictions;® and (D,) summarizes miscellaneous assumptions about
the auction environment.

The auction environment can be described as a collection of auction games indexed by
the different values of common components. An auction game corresponding to the common
components values 1y, € [gl,yl], Ys € [gz,%] is analyzed below.

In this game, the cost realizations of bidder ¢ are given by y; + yox;, for the realization of
the individual cost component x;. The bidding strategy of bidder ¢ is a real-valued function

defined on [z, 7|
Bi(-ly1,y2) [z, 7] — [0, 00].

Small Greek letter 5 with subscript ¢ is used to denote the strategy of bidder i as a
function of the individual cost components and a small Roman letter b to denote the value of
this function at a particular realization z.

Ezpected profit. The profit realization of bidder i, m;(b;, b_;, T;|y1, y2), equals (b; — y1 — yo;)
if bidder ¢ wins the project and zero if he loses. The symbol b; denotes the bid submitted by
bidder 7, and the symbol b_; denotes the vector of bids submitted by bidders other than 7. At
the time of bidding, bidder i knows (y1,y2) and x; but not b_;. The bidder who submits the

lowest bid wins the project. The interim expected profit of bidder i is given by

E[Wz‘|Xz‘ =x;, Y1 =y1,Y2 = 92] = (bi — Y1 — yﬂz‘)Pr(bz‘ < bj,vj 7é i|Xi =2, Y1 =y1,Y2 = 92)-

3These normalization restrictions imply that E[Y>X;,] = 0 and, therefore, E[Y1] = E[C;,].



A Bayesian Nash equilibrium is then characterized by a vector of functions

ﬁ(.|y1,y2) = {51(‘|yhy2)7 -'~76m('|y17y2)} such that byl,yQ;z‘ = 5i($z‘|y1,y2) maximizes
E{W1|Xz == xi?% = yl]7 when by1,y2;j = 6]<x]|y17y2>7 j # i? j = 17 NS

for every ¢ =1,..,m and for every realization of X;.

McAdams (2003) and others establish that, under assumptions (D;) — (D2), a vector of
equilibrium bidding strategies 5(.|y1,y2) = {B1(-|y1,92), .-, B (-|y1,y2) } exists and is unique.
The strategies are strictly monotone and differentiable.

Next, I characterize a simple property of the equilibrium bidding strategies.

Proposition 1

If (a1(.), ..., am(.)) is a vector of equilibrium bidding strategies in the game with y; = 0 and
Y2 = 1, then the vector of equilibrium bidding strategies in the game with (y1,v2), yi € [y, Uil
is given by Bi(-|y1,y2) = {B1(|y1,v2), - Bm (|y1, y2) }, such that
Bi(zilyr, y2) = 1 + poci(xi), i =1, ...,m.

The proposition shows that the bid function has a factor structure similar to costs with
the individual bid component given by «;(.). The proof of this proposition is based on the
comparison of two sets of first-order conditions and follows immediately from the assumption
that the factor structure of bidders’ costs and the common components are known to all
bidders.

The equilibrium inverse individual bid function for a group “k” bidder is denoted by &.
Since the function ay(.) is strictly monotone and differentiable, the function & (.) is well-defined

and differentiable. The necessary first-order conditions for the set of equilibrium strategies



when y; = 0,9, = 1 are then given by

; — (e — ka(i)(fk(i)(a))gl/c(i)(a) fX,W)( 7k(i)(a))fik(i)(a)
(2) = (g — 1)—— Py, (@) 7

a — &riiy(a)
where & (.) denotes the derivative of & (.).
Equation (2) characterizes the equilibrium inverse individual bid function when 3, = 0
and yo = 1. It describes a trade-off the bidder faces when choosing a bid: an increase in the
mark-up over the cost may lead to a higher ex-post profit if bidder ¢ wins, but it reduces

the probability of winning. The bid a is chosen in such a way that the marginal effects of an

infinitesimal change in a bid on the winner’s profit and the probability of winning sum to zero.

3 Identification

I assume that the econometrician has access to bid data, based on n independent draws from
the joint distribution of (Y7, Y2, X). The observable data are in the form {b;;}, where i denotes
the identity of the bidder, i = 1,..,m; and j denotes project, 7 = 1,...,n. If data represent
equilibrium outcomes of the model with two-dimensional unobserved auction heterogeneity,

then

(3) bij = Briiy(ijly1j, y2;)

(i.e., b;; is a value of bidder i’s equilibrium bidding strategy corresponding to (yi;, y2;) evalu-
ated at the point z;;).

[ use B; to denote the random variable that describes the bid of bidder i of group k(i) with
distribution function G By, and the associated probability density function 9By by denotes

the realization of this variable in auction j. The econometrician observes the joint distribution

10



function of (B, .., B;,) for all subsets (i1, ...,%;) of (1,...,m)%.

igs -

As was shown in the previous section, b;; depends on the realizations of the common and
individual cost components as well as on the distributions of the individual cost components.
This section examines under what conditions on available data there exists a unique tuple
{{zij}, Fvy, Fy,, Fx } that satisfies (3), i.e., under what conditions the model from the previous

section is identified.

Proposition 1 establishes that
bij = y1j + Y254,

where a;; is a hypothetical bid that would have been submitted by bidder 7 if y; were equal
to zero and yy were equal to one. I use A; to denote the random variable with realizations
equal to a;;. The associated distribution function is denoted by G Ay With the probability
density function gg,, . Notice that the econometrician does not observe (y15, y2j) and neither
therefore a;;. The distribution of A; is latent.

The following theorem is the main result of this section. It formulates sufficient identifica-
tion conditions for the model with two dimensional unobserved heterogeneity.

Theorem 1

If conditions (D) — (Dy4) are satisfied, then the probability density functions fy,, fy, are
uniquely identified from the joint distribution of four arbitrary bids (B, Bi,, Bis, Bi,). The
probability density functions fx,, j = 1,2, are also uniquely identified from the joint distribu-

tion of four bids (Bi,, Bi,, Bi,, Bi,)as long as at least one of (i1, iz, i3, i4) is a type j bidder.>°

4In fact, it is not necessary to observe joint distribution for all subsets. For details, see the formulation of

Theorem 1.
®Notice that if bidders are symmetric any four bids would work.

In this paper, we do not aim to propose the identification strategy that obtains the lowest data require-

11



The proof of Theorem 1 relies on a statistical result by Kotlarski (1966),” which establishes
that the marginal distributions of mutually independent random variables (77, Z,, Z3) are

identified from the joint distribution of random variables (W7, W5) such that

W1221+Z3, W2:Z2+Zg.

This result requires that the characteristic functions of 7y, Zs, Z3 should be non-vanishing.
Under these conditions it is possible to solve for the characteristic functions of Z!s from
the joint characteristic function of (W7, W5). More specifically, let W(.,.) and ¥y(.,.) denote
the joint characteristic function of (W;, Ws) and the partial derivative of this characteristic
function with respect to the first component respectively. Also, let @4 (.) denote characteristic

functions of Z/s . Then,

(4) b, (t) = exp (/ %dug —itE[Z]),
(I)Z1 (t> i(zt’<(z>)a
04) = Fod,

Once characteristic functions of Z;, Z,, Z3 are known the probability density functions of Z!s
can be recovered using inverse Fourier transformation. In fact, since there is a one-to-one
relationship between characteristic and density functions, the distribution of random variable
is identified if the characteristic function of this distribution can be recovered.

Proof

Lemma 1 (see Appendix) establishes that all the random variables considered in this proof

ments. It is possible that other strategies exist that may have lower data requirements than the strategy

proposed here.
"See Rao (1992).
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have non-vanishing characteristic functions. The rest of the proof is organized in 3 steps.

Step 1

First, I form the pair-wise bid differences for two pairs of distinct bids:
Wi i, = Bi, — Bi, and Wy, ,, = B,;, — B;,. The identification of the probability density
function fy, is established by applying Kotlarski’s argument to the joint distribution of
(log Wi, 4,, log Wi, ;,) conditional on (W, ;, > 0,W,,,;, > 0). The later condition is equiv-
alent to (A, — A, > 0,4;, — A;, > 0). Since there is no special rule according to
which indexes (i1, 19,13,74) are fixed, then log(A4;, — A;,) and log(A;, — A;,) conditional on
(A;;, — Ai, > 0, A;; — Ay, > 0) are independent of each other and of log(Y5). Therefore, condi-
tions of Kotlarski’s theorem are satisfied. At this point I impose normalization E[log(Y2)] = 0.
I will re-adjust recovered distributions later so as to satisfy condition (Dj).

Step 2

(a) The joint characteristic function of W;, ;, and W, ;, conditional on
Wiy s >0, Wi, > 0 together with the characteristic function of Y5 (identified in (a)) identi-
fies the joint characteristic functions and therefore joint distributions of
(A;;, — Ay, Ai, — A;,) conditional on (A;, — A;, >0, A;, — A;; > 0). The joint distributions
of (A, — Aiy, Ai, — Aiy) conditional on (A;, — Ay, >0, A;, — Aiy <0),
(A;, — Ai, <0, A, — Ay, >0), (A, — Aiy, <0, A, — A, <0) are identified in a similar way.
The probabilities of observing (A;, — A;; >0, A;, — A, >0), (A, — Ay, >0, A, — Aiy <0),
(A;, — A, <0, Ay, — Ay, >0) or (A, — Ay, <0, A;, — A, <0) are identified from the data.
Therefore, the joint distribution of (A4;, — A;,, Ai, — Aiy) is also identified.

(b) Kotlarski’s argument, then, is applied to the joint distribution of

(A;, — A, Ai, — Aj,) to identify the probability density functions of A;,, A;, and A;, under

13



normalization that F[A;] = 0.
(¢) The argument developed in Laffont and Vuong (1996) and used in Krasnokutskaya

(2009) establishes identification of the probability density functions of X , X;,, X;, from the

1
probability distributions of A, , A;, and A,.

(d) Let ey, and ey, denote the expectations of Y, and X; under above normalization,
then the random variables }72 = 2/722, )N(l = ey, X1 — ey€x,, fh = ey, A; — ey,ex,, and )~Qk =

ey, Xi, — evyex,, Ai, = ey, Ai, — ey,ex,, represent components of the model that corresponds

ik
to the normalization postulated in (D3).®

Step 3

The probability density functions g4, , fy, uniquely determine the probability distribution
and thus the characteristic function of Y5 - A;,, which allows unique identification of the
probability distribution of Y; from the characteristic function of B;,. End of proof.

Thus, fv,, fvs, [x,, [x, are identified from the joint distribution of four arbitrary bids.

Similar to the one-dimensional case, the exact realizations of yy;, y2; and {z;;} are not uniquely

identified.

4 Estimation

1=m;
=1 >

The econometrician has data for n auctions. For each auction j, (m;, {b;;} z;) are observed,
where m; is the number of bidders in the auction j, with m;; bidders of group 1 and m,
bidders of group 2; {bw}zjln] is a vector of bids submitted in the auction j; and z; is a vector

of auction characteristics.

8Notice, that the difference E[X;] — E[A;,] is correctly recovered. Therefore, no additional correction is

needed.
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In the estimation procedure which follows the observable covariates could be handled in two

ways. An index assumption could be made, i.e. ¢;; = exp(z;)(y1j+y2;xi;).> From Proposition

0
ij

1 it follows that b;; = exp(zja)(y1; + y2;b7;). Then, in the first step the index z;a is estimated
conditional on the number of bidders and normalized bids are formed: b); = b;;/ exp(z;).
The remaining steps of estimation procedure are applied to the normalized bids. I follow
this procedure in the empirical part of this paper. Alternatively, the estimation steps below
could be implemented conditional on the observable project characteristics. More specifically,
the researcher should condition on discrete attributes and use kernel smoothing over the
continuous attributes.

The steps of the estimation procedure closely follow the steps of the identification argu-
ment. | assume that at least four bids, (B, Bi2, Bis, Bis) are available per project. For the
convenience of exposition it is assumed that index i; corresponds to the bids submitted by
the bidders from the group 1 whereas all other bids are submitted by the bidders from the
group 2. It is straightforward to adjust the steps of estimation procedure if the configuration
of bidder set is different. Finally, I use Ay ; X to denote the difference between the observations

of variable X subscripted i, and 7;, i.e. Ay X = X, —X,,; LA ;X denotes logarithm of Ay ; X.

Step 1

1) First, the researcher selects a subsample such that (B;, — B;,) > 0, (B, — B;,) > 0. Let
us denote the number of projects in this subsample by ng;. This subsample is used to
estimate the joint characteristic function of (log(B;, — B;,), log(B;, — B;,)) as

) no1

1 . .
\II(L(Al,QB)vL(ABAB))(tl? t2) = E Z exp(1t1 log(Bi1 - Bi2) + 1ty log(Big - Bi4))

=1

9In this case, we additionally need to require that z;j should be independent of (x;, y1;, y2;)-

15



4)

and the derivative of W(.,.) with respect to the first argument, W (.,.), by

no1

1 ) . .
qjlv(L(Al,zB)vL(A&le)) (tlv t2) = E Z ¢ log(Bil _Bi2> eXp(ltl log(Bi1 _Biz)_{—ZtQ log(Bis_Bi4))'

j=1
The researcher should average over all possible quadruples to enhance efficiency. If bid-

ders are symmetric, the efficiency could be further improved by using

(—(B“ — Bi2)7 —(B — Bi4)) for Bil — BiQ < O, Big — Bi4 < 0.10

3

The characteristic function of log(Y5) is estimated as

t

. ‘T’JA B).L(As4B)) (0, u2) .
Gy, (t) = expl / L(L(812B) (43,4 5)) dus — itE[log(Bi, — Bi,)]).
VU r(a12B),0(As.08)) (0, Uz

0

Here I adopt normalization E[log(Ys2)] = 0. As in the identification argument the re-

searcher would re-normalize all the variables in the later steps.

Next, I use inversion formula to estimate fry,(.).

T
. 1 o
fnly) = o / exp(—ity) Py, (t)dt
“r
for y € S(logYs), where T is a smoothing parameter.

Finally, I obtain fy,(.) as

3 . fLYQ(IOg(y))
fY2 (y) - y

for y € S(Y3).

Step 2

10Estimation procedure requires that bids should be associated with independent private values. It is im-

portant, therefore, that bids for the same auction should be recorded in the dataset in a “random” order. We

can not, for example, arrange bids in increasing or decreasing order prior to implementing Step 1.
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1) I use ¢ry,(t) to estimate the joint characteristic function of

log(A;, — Ai,), log(A;, — A;,)) from the subsample with (B;, — B;, > 0, B;, — B;, > 0
1 3 2 3 1 3 2 3

and, therefore, (A;; — A;; >0, A;; — A;; > 0)

~

W (L(A12B), LA 5B)) (T1, T2)
DLy, (t1 +t2)

PL(AL3A). LA 54) (P, T2) =
Similarly, I obtain for s, = {+1, -1}, [ = 1,2,

From subsample with (s1A138 > 0, s2As3B > 0) :

V(05181 58).Lisphg 5 B)) (F1,12)

OL(s10154),L(s202,34)(E1, T2) =

PLY, (t1+t2)
2) I use the inversion formula to obtain
() LT
fL(slALgA),L(szAg,gA) (u1,uz) = @2 j; J;FGXP(—ZHW — itoU2) DL (51 A1 5 A), L(sa Ao 54) (1, t2)dl

conditional on (s1A; 34 > 0, 500534 > 0), for uy; € S(Ls1A13A[s1A;3A > 0),

Uy € S(LSQAZ?,A’SQAQ’;;A > 0)

As before, s; = {+1,—1}, | = 1,2, and superscrip k, k = 1,...,4, enumerates possible

combinations of (s, s3).

3) Next, I derive

7(1)
f(l) ( )_ L(51A1,3A)«82L(A2,3A)(IOg(ul)’IOg(W))
51A1,34,5282 34 Uy, uz) =

uy,u2

conditional on (SlAl’gA > 0, SQAQ}?,A > 0), for u; € S(L81A1’3A|81A1,3A > O),

U € S<L82A2,3A‘52A2’3A > 0)
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4) T use frequency estimators'!

no1
1

P?”AOb(ALgB > O, A2,3B > 0) = — ZI(A1:3B > O, Ag,gB > O),

n
o 5=

1 n02
D I(A13B <0, Ay3B < 0);

=1

P;Ob(ALgB < 0, Ag,gB < 0) =

N2

1 no3
> I(A13B <0, Ay3B > 0);

j=1

Prob(Ay3B <0, Ay3B > 0) =

No3

1 no4
> I(A13B >0, Ay3B < 0);

J=1

P;Ob(ALgB > O, AQ,SB < 0) =

N4

to obtain the probability density function of the unconditional distribution of

(Ail - Ai37 Aiz - Ai3>:

fA1,3A,A2,3A<u17 u2) = f§1),3A,A2,3A(u1’ u2>P7‘AOb(A17gB > 0, AQ’?,B > 0) +
f£2ily3A’_A2’3A(—ul, —UQ>P7:Ob(A17gB < 0, Ag,gB < 0) +
T, annsa(—tu, u2)Prob(AysB < 0, AysB > 0) +

~£41)73A,7A273A(u17 —UQ)P;'Ob(ALgB > 0, A2’3B < O)

5) This allows us to construct

@)Al,gA,AQ,gA(tl,tQ) = //eXp(ihUl + 7;752“2)]?A1,3A,A273A(U17u2)dul dus

@1,A1,3A,A2,3A(t1,t2) = //“h exp(ityug + itzuz)fAl,;;A,AQ,gA(uhUz)dul dus.

6) The characteristic functions of the individual bid components A;,, k = 1, 3, are estimated

HHere nge is the number of projects with (A1 3B < 0, Ag3B < 0), npg is the number of projects with

(A1,3B <0, Ag 3B > 0), ngy is the number of projects with (A; 3B > 0, Ay 3B < 0).
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as

t

0 0,u
oy (1) = exp( [ T2t eet O gy, iy )
WA, 54,0054(0,u2)

0 £,0
a,, () = Batdpd0) gy
(I)Aig <t>
Here I use normalization that E[A;,] = 0. I re-normalize all the variables in the later

steps.

7) The inversion formula is used to estimate densities ﬁAik, k=13,
T
~ 1 A
Fa () = 5 / exp(—itu)ba, (1)t
-7

8) The individual inverse bid function at a point a € S(Ay) is estimated as

inla) = a - (1= Fan(0) - (= Fasn(@)) ~
, (M — 1) fan(@) - (1= Fa_,n(@) +mep - fa_on(a) (1= Fu_n(a))

where
a

FAk,n(a’) = fAk,n(Z)dZ

oy

and a, is an estimate of the lower bound of the support of f4,(.), which corresponds to
the normalizations E[log Y5] = 0 and E[A;,] = 0 (see the Appendix for the discussion of

the support estimation).

9) Here the re-normalization should be performed as described in step 2 of the identification

argument.

Step 3
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1) T estimate fy,4, (.) as
" 1~ 2o A
fron;, (2) = ;fAil(g)fYQ(y) dy.
5(Y2)

2) I then estimate gy, 4, (t) and @y, (t) as

brag®= [ explit) s, (Wi
S(YQAil)

ci)Bi (t)
Yy, (t) = ———, where
) PY2A;, (t>

. 1 <& ,
P, () =~ > " exp(itB;,).
j=1

3) The inversion formula is used to estimate the density fyl

T
Frn) = 5 [ exp(=ity)on 0t
-7

5 Properties of the Estimators

The estimation procedure yields uniformly consistent estimators of the relevant distributions.

This result is derived under the following restrictions on the tail behavior of characteristic

functions.

(D5) The characteristic functions ¢ry,, ©v,, LA, ©a, and py,a, are ordinary-smooth.'?

This property holds, for example, when cumulative probability functions of cost compo-

nents admit up to R, R > 1 continuous derivatives on the support interior such that M of

them, 1 < M < R, can be continuously extended to the real line.

2Following Fan (1991): The distribution of random variable Z is ordinary-smooth of order & if its charac-

teristic function @, (¢) satisfies do|t| ™" < |@,(¢)| < d1|t|™" as t— oo for some positive constants dy,d; ,k.with

k> 1.
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Theorem 2 summarizes properties of the estimator.

Theorem 2

If conditions (Dy) — (Ds) are satisfied, then fyl, fy2 and ka are uniformly consistent
estimators of fy,, fv, and fx,, k =1,2, respectively.

Notice that in this setting I cannot directly apply results obtained in Li and Vuong (1998)
on the uniform consistency of the estimators derived from the Kotlarski’s theorem. This is
because their results require that all the random variables involved have bounded support.
This property does not hold in this setting. The random variables A;,, & = 1,..,3, have
the same support. As a result the support of (A;, — A;,) contains zero and the support of
log(A;, — A;,) conditional on A;, — A;, > 0 is given by (—oo, M] for some M > 0. In order
to derive the uniform convergence of estimators in the case with unbounded support I will

exploit the tail behavior of log(A;, — A;,) which is established in Lemma 3 (in the Appendix).

6 Application

I apply the methodology presented in Section 4 to data from highway procurement auctions.
I use data provided by the California Department of Transportation (CalTrans), which is re-
sponsible for construction and maintenance of roads and highways within California. CalTrans
allocates the work which needs to be done to companies in the form of projects through a
first price sealed bid auction. The project usually involves a small number of tasks, such as
resurfacing or replacing the base or filling in cracks.

Projects are advertised four weeks prior to the letting date. Companies interested in the

project can obtain a detailed description from CalTrans. CalTrans constructs a cost estimate
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for every project. This estimate is based on the engineer’s assessment of the work required
to perform each task and prices derived from the winning bids for similar projects let in the
past. The costs are then adjusted through a price deflator. The reserve price, while formally
present, is not enforced.

It is unclear if the auction participants have a good idea about the number of their com-
petitors. The existing literature on highway procurement auctions tends to argue that this
is a small market where participants are well informed about each other and can accurately
predict the identities of auction participants.!® I follow this tradition and assume that the
number of actual bidders is known to auction participants.

I allow for cost asymmetries between bidders. In particular, I distinguish between two types
of bidders: regular (large) bidders and fringe bidders. The set of regular bidders is defined to
include companies that consistently won at least $10 million in projects during each year in
my data set and have at least 100 employees.

The analysis focuses on two types of projects: (1) bituminous resurfacing and (2) small
construction projects.'* The projects in the first set involve stripping the old surface off,
correcting the road base and laying out new surface. These projects are quite similar and well
defined. After I control for the size of the project, time allocated, location and type of road, the
remaining variation (not observed in the data) is associated with possible curvature, incline

or elevation of the road, ground conditions, etc. In comparison, small construction projects

13See, for example, Bajari and Ye (2003).

14The “small construction projects” is a category that includes construction projects under $3 miln. The
distribution of project sizes in this category is comparable with the distribution of sizes in the bituminous
re-surfacing category. In contrast, the regular construction projects category consists of projects that costs

more than $10 mln.
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usually involve building small parking lots, culverts and small bridges. The projects in this
set are less homogeneous and may have substantial amount of project-specific variation which
is difficult to summarize in the data. Such projects usually involve excavation, leveling the
ground, laying the base, building a stand alone structure, etc. They are much simpler than
projects in the construction category because they involve building simple objects according
to known and well-defined blueprints. The completion of such project does not require a lot
of time and therefore is not associated with long-run risks, planning and commitments. Thus,
these projects are consistent with private value framework adopted in this paper.

Table 1 provides summary statistics for the two sets of projects. I focus on the medium-
size projects in both categories so that engineer’s estimates are similar across the two sets.
The small construction projects are allowed longer duration (on average 25% longer than the
duration of resurfacing projects) and tend to have a higher number of tasks.

Table 2 reports the estimates from the OLS regression of the logs of the bids on the
project characteristics for the two sets of projects used in the estimation. The results indicate
that observable characteristics explain a higher portion of variation in log-bids in the case of
bituminous resurfacing. In addition, the engineer’s estimate plays a more important role in
the case of bituminous resurfacing. This indicates that this measurement is more precise for
resurfacing projects.

To account for the observable project characteristics I assume that

log(cij) = zja + logy + log x5

for the specification with one-dimensional unobserved heterogeneity and

log(cij) = zjo +1og(yr + yasj)
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Table 1: Summary Statistics

Variables Bituminous Small

Resurfacing Construction

Engineer’s estimate 6.05 6.0
(hundreds of thousands) (1.6) (1.2)
Duration (days) 69.5 44.1
(15.1) (25.3)
Tasks 4.2 9.4
(1.32) (4.46)
[Nyeguiars M fringe) [4, 0] [4, 0]
Number of projects 252 270

Note: The standard deviations are shown in the parenthesis.

for the specification with two-dimensional unobserved heterogeneity. That is, I extract observ-
able project variation by using OLS projection of bids on observable project characteristics
and use residuals from this regression in further estimation.

Figures 1 and 2 depict the estimated densities of the costs components under one- and two-
dimensional unobserved heterogeneity, and for the two sets of projects. Table 77 summarizes
the results of the estimation. For both groups of projects the estimation under the assump-
tion of two-dimensional unobserved heterogeneity recovers three non-trivial cost components.
In both cases, the variance of the scaling component (Y3) is smaller under two-dimensional
specification relative to one-dimensional specification. The variance of the distribution of the

individual cost component is very similar across specifications in the case of bituminous resur-
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Table 2: Log-Bid Regression

Variables Bituminous Small
Resurfacing Construction
Constant 0.273 -0.0061
(0.087) (0.002)
Engineer’s estimate 0.903 1.013
(0.024) (0.012)
Duration 0.0011 0.0003
(0.0002) (0.0001)
Tasks 0.0008 0.0006
(0.0002) (0.0001)
Other controls: year, month and district dummy variables.
R? 0.91 0.82

Note: The standard errors are shown in the parenthesis.

facing and increases substantially in the case of small construction projects. Similarly, the
estimated markups over the bidders’ costs differ very little across specifications in the case of
resurfacing projects whereas they increase from 7% (under one-dimensional specification) to
9.3% (under two-dimensional specification) in the case of small construction projects.

The results of estimation, thus, underscore the potential for misspecification bias. The
model with two-dimensional heterogeneity mitigates the bias by allowing for greater flexibility

in estimation.
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Further, I study the importance of allowing for greater flexibility in the specification of the
model with unobserved heterogeneity by comparing the optimal reserve price derived from
the estimates obtained under the assumption of (a) one-dimensional and (b) two-dimensional
unobserved heterogeneity.

The government chooses a reserve price to minimize the expected cost of procurement,
which consists of two parts: the expected cost of not allocating the job today and the expected
cost of completing the work today given the reserve price r. Let us denote the first component
co. It represents the sum of the cost of waiting another period and the expected cost at which
the project can be completed in the future. Then the objective function of the government is

therefore given by

r

C=coPr(byy>r, i=1,...,n)+ /bn(l — Fp(b))" ' fz(b)db.

1S

I do not have data on the magnitude of ¢y. Therefore, I use a plausible value for ¢y and
derive an optimal reserve price for this value.

The results of the analysis are summarized in Table 4. The table records for every case
(1) the reserve price, (2) the probability with which a bid is submitted and (3) the cost of
procurement as a percent of cg.

For each specification I consider two cases: (a) realization of unobserved heterogeneity is

known to the government with the cost to the government given by

r

Cy) = coPr(byy >, i=1,..,nly) + /bn(l — F(bly))" fo(bly)db;
b

(b) realization of unobserved heterogeneity is unknown to the government and the reserve

price is derived to minimize the average cost of procurement, where the average is taken with
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Table 3: Estimation Results

One Factor Model Two Factor Model

Bituminous resurfacing

oy, 0.12 0.062
0.11, 0.128] [0.053, 0.068]
o% 0.11 0.124
0.102, 0.125] [0.11,0.132]
oy, - 0.11
0.106, 0.118]
avrg. mark-up 6.6% ™%
(6.3,6.9] (6.5, 7.2]

Small Structures

oy, 0.16 0.07
[0.153,0.172) 0.064,0.8]

o3 0.08 0.13
0.07,0.085 ] 0.12,0.14]

oy, - 0.13
[0.12,0.126]

avrg. mark-up 5.7% 7.8%

[5.3,6.4] 7.2,8.3]

Note: The 5% - 95% quantiles of the estimators are shown in the parenthesis. The quantiles are computed

through a bootstrap procedure.
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respect to the distribution of unobserved auction heterogeneity, i.e.

T

C = /(CO Pr(by; >r, i=1,...ny) + /bn(l — F(bly))" " f(bly)db) fy(y)dy.

b

For the case in (a) Table 4 reports (1) the average reserve price, (2) the average probability
with which a bid is submitted and (3) the average cost of procurement as a percent of c¢q. The
average is taken with respect to the distribution of unobserved heterogeneity.

I consider both (a) and (b) cases because the case (a) may not be implementable in practice
if the government does not know the realization of unobserved auction heterogeneity. In this
case the reserve price derived in (b) can be used.

The table shows that in the set of small construction projects the reserve price based on the
distributions estimated under the assumption of two-dimensional unobserved heterogeneity is
higher than the reserve price based on the distributions estimated under the assumption of
one-dimensional unobserved heterogeneity. It also results in higher participation and lower
cost of procurement. The table does not record significant differences between one- and two-

dimensional cases in the case of bituminous resurfacing.

7 Conclusion

This paper analyzes the first price auction model with two-dimensional unobserved auction
heterogeneity. I show that such a model is identified from the bid data, and develop an esti-
mation methodology to recover the distribution of bidders’ private information and the distri-
butions of two-dimensional unobserved auction heterogeneity. I show that this methodology
produces uniformly consistent estimators of the distributions in question.

I apply this methodology to the sets of projects associated with bituminous resurfacing
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and small structures. I find that while in the case of bituminous resurfacing projects the
estimated distribution of the private information differs little across specifications, in the case
of small structure projects, allowing for two-dimensional unobserved heterogeneity results in
significantly different estimates.

I also show that accounting for the two-dimensional nature of unobserved heterogeneity
has important implications for the computation of optimal reserve prices. In particular, I find
that in the set of small construction projects where two distinct dimensions of unobserved
heterogeneity are present, the optimal reserve price is higher and calls for higher participation
compared to the reserve price derived from the estimates obtained under the assumption of
one-dimensional unobserved heterogeneity. I also find that the reserve price based on estimates
from the misspecified model results in procurement costs which are 15% higher than the

procurement costs under optimal reserve price.

Affiliation:

Elena Krasnokutskya - Johns Hopkins University, U.S.A.
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Figure 1: Bituminous Resurfacing

Note: The top panel shows the estimated densities of the unobserved auction heterogeneity components. The
lower panel reports the estimated density of bidder private information. The solid line corresponds to the case
of one-dimensional unobserved heterogeneity while the line with a cross-marker depicts the density estimated
under two-dimensional unobserved heterogeneity. Dotted lines represent 5% - 95% quantiles of pointwise

density estimators. The quantiles are computed through a bootstrap procedure.
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Figure 2: Small Construction Projects

Note: The top panel shows the estimated densities of the unobserved auction heterogeneity components. The
lower panel reports the estimated density of bidder private information. The solid line corresponds to the case
of one-dimensional unobserved heterogeneity while the line with a cross-marker depicts the density estimated
under two-dimensional unobserved heterogeneity. Dotted lines represent 5% - 95% quantiles of pointwise

density estimators. The quantiles are computed through a bootstrap procedure.
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8 Appendix

Definition

The characteristic function of the variable X is non-vanishing if for every T > 0 there
exists t such that |t| > T and ox(t) # 0.

Lemma 1

Let Y and A denote random variables with bounded supports y, 5] and (a, @] such that

y >0, a=0. Then, the characteristic functions of (a) Y and (b)log A are non-vanishing.

Proof

(a) The non-vanishing property of the characteristic function of Y is established as in Kras-
nokutskaya (2009). The proof introduces a function which is an extension of the characteristic
function to the complex plane. It is shown that such a function is infinitely differentiable
everywhere in the complex plane. It, therefore, is an entire function. Thus, the number of
points where ¢y (t) is equal to zero cannot be more than countable, which means that py ()
is non-vanishing.

(b) I follow a similar strategy to show that the characteristic function of log A is non-
vanishing. Notice that the density function of log A is given by fiog a(z) = fa(e”)e”. Then, the
characteristic function of log A is given by ¢ioq a(t) = l(}gae““flogA(a)da = l?ae““fA(ea)e“da.
It is easy to see that the characteristic function can be extended to the complex plane. The
k-th derivative of the characteristic function, gol(f; A4(t) = lofga(ia)ke”“ fa(e®)e*da, is well defined
and finite everywhere on the complex plane. Therefore, @i, 4 is an entire function. As before

this implies that ¢;,54(t) is non-vanishing.

Lemma 2
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Let X = (X1, X3) denote a vector of random variables such that

1) The support of X, Sx, is unbounded, i.e. Sx = [—o0, M]? for some M > 0;

2) Prob(|X| > x) < Loe™™ for some Ly > 0.

Then, provided that T,, = O((2-)*) for some a > 0:

fogn
(a) supi_r,, 7, / e d(Fx — Fx)| = 0((10%)0-5) a.s.
Further, if the following conditions are satisfied
3) Prob(|Xs| > x) < Lie™® for some Ly > 0;
4) E[XF|Xs] < Ly < 0o for some Ly, >0, k=1,2;
5) E[XF|Xy] < Ly x LE72k! < 0o for some L3 >0, k > 2;
then, provided that T,, = O((33;)®) for some o > 0:
(b) supi_r, 1.]| / iX,62d(Fx — Fx)| = 0((10%)0-5) a.s.

Proot
The (a) statement of Lemma 2 follows from Theorem 1 in Csorgo (1981). The latter result

establishes that

A (Ty) = supi_r,,1,)] / N d(F,.x — Fx)| = O(R,) as.
(5) if Y e M 4 N (KT R,) e MR < o0
n=ng n=ng
for some M, My > 0 such that ng = no(My, M) = inf{n: R, < 1/4y/max(M;, M)}

and K, = inf{z > 0: Prob(|X| > z) < R,}.
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It is straightforward to verify that condition (5) is satisfied for R, = (1"%)0'5 and T, =

O((@)“) with @ > 0 when Prob(|X| > z) < Lge™® for some Ly > 0. The latter implies

that K, = —0.5(loglogn — logn) — log(Lp). Substituting all the appropriate values into (5)

obtains:
S e 3 (0T Ry e
n=ngo n=no
S0+ 3 (<05(loglogn — logn) - Log (L)) )7 <
n=ngo n=no
M n 2041, —M.
SRR ST
n=ngo n=no
o 2a+1 Mo
Zn 1+ZW<ooforM1>landMg>2(a—i—l)
n=ng

(b) The result in 5 can be extended to the case of
An(Tn) = SuP[*Tn,Tn]‘ /ineitQXQd(Fn;X - FX)‘

when random vector X satisfies conditions (1-5). The statement exactly identical to the one
in Theorem 1 of Csorgo (1980) obtains with the only modification that ng = ng(My, My) =
inf{n: R, < Ly/4y/max(M;, M)}

Lemma 3

Let X; = log(B;, — B;,)|Biy, — Bi, > 0 and Xy = log(B;, — B;,)|Bi; — Bi, > 0 for some

11, ..., 14 Such that iy # iy and i3 # i4. Then the the following properties hold:
1) The support of X, Sx, is unbounded, i.e. Sx = [—00, My|? for some My > 0;
2) Prob(|Xs| > z) < Loe™* as z — —oo and for some Ly > 0.;

3) Prob(|X| > z) < Lpie* as z — —oo and for some Ly > 0.
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4) E[XF|X5] < Ly < 0o for some L, >0, k=1,2;
5) E[XF|Xy) < Ly % LE72k! < 0o for some Lz >0, k > 2.
Proof

1) According to the assumptions of the model S(B;,) = [b, b]. Then, S(Ay|Ay > 0) =
(0, b — b]. Finally, S(LAw|Aw > 0) = (—oo, log(b — b)]. Denoting My = log(b — b)

obtains the result.

2) Here I use that log(B;, — B;,) = log(A4;, — A;,) + log(Y2). Then,

Pr(log(A;, — A;) +logYy <z, A — A;; >0)

< . — A =
Pr(log(A;,—A;)+logYs < 2| Ay —A;, > 0) Pr(A;, — A;, > 0)

Further,

(6) Pr(log(A;, — A;) +logYs <z, A, —A; >0) =

Yy a ar+e*7Y

// / Fa,(ag) fa,(a1) dag day fry,(y) dy =

//(FAk(al +e7Y) = Fa,(a1)) fa,(a1) day fry,(y) dy =

//(fAk(al)ez +o(e®)) fa,(ar1) day fry,(y) dy =

a

//fAk a1) far(ar) dar foy, (y) dy + ofc* /y/fAk (a1) das fry,(y) dy < Wie* + o(e?)

asz—> —0OQ.

The last inequality holds because Ay, A;, LY5 have finite support and continuous den-

sity functions. Therefore, fa,, fa,, fry, as well as

I —
I® — g

fap (@) fa,(a1) dar fry,(y) dy and
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fa,(a1) day fry,(y) dy are bounded by some constant.

IS —
I — g

fa,(az) day fa,(ar) day =

18— q
S —q

In addition, Pr(4;, — 4;, >0) =

(1 = Fyu,(a1))fa,(ar) day > Wy for some Wy > 0.

I® — g

(7)
Combining (6) and (7) proves the result of the lemma.
3) Similarly,

Ap,) +logYy < z1,log(A;, — Aiy) +logYs < 29|A;, — Ay, >0, Ay, — Ay, >0) =

Pr(log(Ail -
fyf(FAl(aﬁezl*y)—FAl(al))ng (a1) day ?(FA3(a2+622’y)—FA3(az))fA4(az)daz fry, (v) dy
ya a
J (1=Fa, (a14+9)) fag (ar) dar | (1—Fag (az-+y))fa, (a2) daz
As above,
/(1 — Fa,(a1)) fa,(a1) day /(1 — Fa,(a2)) fa, (az) day > W3 > 0.
Further,

(Fas(az + e7Y) — Fag(az)) fa,(az) daz fry, (y) dy

I®— g

(Fa, (a1 +e17Y) — Fa, (a1)) fa, (a1) day

12—
18— q

(6227yf143 (aQ) + 0(622))fA4 (aQ) dasy fLYz (y) dy

I® — g

(emiyfAl (al) + O(€ZI))fA2 (al) dal

IS
I® —q

(e7¥fas(az) +0(1)) fa,(az) dag fry,(y) dy <

1B — g

(e_yfAl (al) + 0(1))fA2 (al) dal

@

N

A

@

(N

M)
e ey
18— o

e*re*2W, for some Wy > 0 as z;, 29 — —00.

In addition,
Ald) + log}/Q S Zlalog(Aiz - A’L3) + log}/Q S Z2|Ai1 - AZ5 > O? Aig - AZ5 > O) =
7(FA1(a+€z1*y)—FA1(a))(FA2(a+622*y)—FA2(a))fA3(a) da fry, (y) dy

Pr(log(A;, —

Y

I g
®—q

(1=Fa, (a))(1-Fay(a)) faz(a) da

18— g
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and,

(FAI (a + eZI_y) - FAl (a>>(FA2 (a + 622_y) - FAz (a))fA3 (a’) da fLY2 (y) dy

IS
B — g

(570 (@) + o€ ) (€7 £, (@) + 0fe™) 4, (@) da Fro (9) dy

IS
18— g

(€7 far(a) + o(1)) (€7 fay(a) + o(1)) faz(a) da fry, (y) dy <

®

By

R

)

N

M)
ke
18— g

e*1e*2 Wy for some W5 > 0 as z;, 29 — —00

with [(1 — Fa,(a+€¥))(1 — Fa,(a+¢€Y))fa,(a)da > Wg > 0.

18— g

4) The probability density function of the conditional distribution of log(B;, — B;,) condi-

tional on log(B;, — B;,) is given by
fa128185.8(b1[b2) =

P17V fa, (P17 Y4a1)fa,(ar) day febQ_yng (e’27Y4az)fa, (a2) daz fLy, (y) dy

a

e g
12— g

€27V f4, (P27 Y+as) fa, (a2) daz fLy, (y) dy

1@ —g
18 —gq

el fye_Qy ffAl (e17Y+a1)fa, (al)dal]lng(eb2_y+a2)fA4(a2)da2 fry, (y) dy
Y a a

e~ [ fag(e®27Y4az)fa, (a2) daz fLy, (y) dy

e
18—

Then,

ElIB:1B2) = [ InldFa, i, =

vt fyefzy fa fa, (€7 + ar) fa,(ar) day faan(ebQ*y + az) fa,(az) day fry, (y) dy

|b1‘ Yy a
/ fas (€27 + az) fa,(az) das fry,(y) dy

—00

db; <

e Y

IS
I® —q
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Mmoo fy€_2y f fay (€7 + ay) fa,(ar) day fafAs(ebQ_y + ag) fa, (az) das fry,(y) dy

y a a

|b1|— T db, <
7
M fe_§+efﬂM M2 (a _ (I)Q M
/ |by | —2 %YZ A = dby < Wy / |by |e" dby = Wg(/blebldbl +
—00 0

o0

- / |by|ePrdby) = We(eM(M —1) +1 — /ble‘bldbl) = WeeM(M —1).
0

The first inequality holds for every by # b, b since due to continuity of f4 and fry, there

exists non-empty sets of y’s and as’s such that the integrand is positive over these sets.

The second inequality also arises due to the continuity of f4 and fry, and compactness
of [y, 7] and [a, @]. All the equalities are derived by direct computation. Similarly,

E[B|Bs] = /b%dFBﬂBz <

M M

Wiy / v2eb dby = Wy( / b2e db, +
—00 0
0 o)
+ / v2ehdb,) = We(eM(M? — 2(M /bfe—bldbl Wes(eM(M? —2(M — 1)).
—00 0

5) Finally, for the k-order moment I have

E[|B;[*|B,] =/|bl|deB1|BQ <
M

Wy / by |FePrdb, = Wg(/b’febldbl +
0

0 M %)
+ / |b1|k€bldb1) = Wg(/ b]febldlh — /blfe_bldbl).
—00 0 0

M 00

Denote MY = [ biePrdby and M} = [bfe b1 db;. Then,
0 0

M) = MMy — kMY
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Using the recursive formulas above obtains:

This gives us

WeeM MK (1 +

for some Wy > 0.
Lemma 4

Let X be a random variable with the probability density function fx(.) and such that

1) The characteristic function of X, px(t) is ordinarily smooth, i.e. |px(t)| > do|t|™P= for

some dy > 0 and B, > 1;

2) The estimator of px(t), Pxin(t) is such that supici—t,,1,)|Pxm(t) — ©x ()| = Coins

A

A~ Ty .
3) The estimator of fx(.), fux(x) is given by fux(z) = 5= [ e ™oy, (t)dt.

-T,
Then
sup | frix (@) — fx(2)] < 2T,Chp + TP s,
z€S(X)
Proof
1
fue(@) = @) < o= [ 1oxal®) = ox(@lit +
—T,
—Tn 0o
1 1
o [ lextolar+ o [lexvlar <
—00 Th



) 1 )
I, sup  |Ban(t) — ox ()] + - / ot |dt =
t€[—Tn, Th] &

1
21,,C g, + —do TP
™

Proof of Theorem 2

Step 1

First, I begin by establishing the rate of convergence for sup|_r,, 7,1 |Pn;vs (t) — Ly, (¢)]- In
Step 1 I always condition on Ay 9B > 0, A3 4B > 0. I suppress conditioning in the notations
for the ease of exposition.

Applying Taylor approximation to

t ~

. Uy 1A, 58,005 ,8(0,u2)
bura(t) = exp( [ LB B g,
Ui, .B,05.48(0,u2)

obtains

dUQ)l

~ t
t vy, 0,u vy, 0,u
Giva(t) — iy ()] = SOLxﬁ( )(/ LLAL 2B, LAz 4B( Z)du2 _ / LLA; 2B LA 4B(0, U2)

=1 \I]Lﬁl,zB,LA:sAB(Oa UZ)

Vin,.B,.005,.8(0,uz)

"E‘) '6)

1, LAy 9B,LAs 4B(0,u2) V1.LA, oB,LAg 4B(0u2)
1.2 3.4 f 1.2 3.4 du2)| Then
YLay 9B,LAg 4B (0u2)

t
Denote |A,| =] [ =
0

LAy 9B,LAg 4B(0u2)
Gy () — ()] < D 1A
=1

Using von Mises differentials I have

[e.9]

1 ~
A, = E HdkT(FLALgB,LAgAB; Friray2B,085.8 — FLA 2B.1As4B),
k=1

Where dkT(FLAl 2B, LAg3, 4B; Fn'LAl 2B, LA3 4B — FLAl 2B, LA374B) -

b
f ib1e"22d(Fpa, .8, 15,8 + A(Fpra, 2B,LAsaB — FLa 2B, LA .B))
d)\k

[ e22d(Fpn, ,BLag.B + A(Fra, 2B,LAs.B — FLAL 2B, LA .B))

duy |,\:0 .
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By direct differentiation I establish that

A(U,Q)B(U,Q)kil

dUQ
Wrn, .8 LAs,8(0, uz)ktt

A T(Fua, 38,00048) PoitasB.0s.8 — FLA 3B.LAs 1B) = (—1)’%!/
where

A(ug) = /ibleimed(Fn;LALgB,LAgAB - FLALQB,LAgAB)/eiUQdeFLALgB,LAgAB
_/ibleiuzbzdFLAl,gB,LAgAB/eiUQde(Fn;LALgB,LAgAB — Fra,,B,LA34B)-

B(ug) = /eiuzbzd(Fn;LALzB,LAgAB — Fra,,B,LA34B)-

Lemma 2 and Lemma 3 imply that

sup  [B(us)| = sup ‘/eiUsz’d(Fn;LAl,gB,LAgAB = Fraiopras.8)l = O(R,)
te[—Tn,Th] te[—Tn,Th]
1 1
where R,, = ( Ogn)0'5 and T, = ( 0gn>a for some a > 0;
n n
sup \/iblew?bgd(pn;LAl,zB,LAsAB — Fia.B1as.8)| = O(Ry)
te[—Tn,Tn)

logn

1
where R,, = ( Ogn)o'5 and T, = (
n n

. iugb:
\/Zble 2dFpa, 2B 08548| < Lipas.

) for some a > 0.

Therefore,

|A(u2)‘ < |/iblemﬂnd<ﬁn;LA1,QB,LA3,4B - FLA1,2B7LA3,4B)H /eiUszdFLAlzB,LAsABl +
|/ibleiuszdFLALgB,LAgAB’|/eiUQde(Fn;LAl,gB,LAgAB — Fra,B,005.48)] <

| /ibleiu2b2d<ﬁ’n;LAl,gB,LA3,4B - FLALQB,LASAB)H_

|/ibleimedFLAl,zB,LAe,AB!| /eiUQde(Fn;LAmB,LAMB — Fra,.B,005.8)] = O(Ry).
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Next,

AT (Fra, 2B,00s.48; Frina, oB.1as B — FLA 9B LA 4B) =

t
A(UQ)B(UQ)kil QanRgil

—1 kk!/ du :/ duy <
=1 / VA, .B,LAs,8(0,up)k+? ? / Win, 0B LA;,.8(0, ug)kt? ?
Ty
1
QlRIfb/ sl duy = Qo RETHPLas(Hh) for some Qy, Qy > 0.
LAB+Ln

The following reasoning justifies the inequality: ¢ry,(t) and ¢ra,,a(f) are ordinarily
smooth with parameters 1y, and Braa respectively. Since LA, ;B = LY; + LA ;A then
\I/LALQB,LA&ZIB(O, ug) is ordinarily smooth with parameter Spap = Oy, + Braa. Further, it can
be shown (see Li and Vuong (1998)) that if T, is large enough then |V, .5 1a,,8(0,u2)| >
dLAB|Tn|*'BLAB for an appropriate d;ag > 0.

Then,

T1+2Pras (10%)0.5

= 1
Bl = YD Qu TR P04 =

2 .
LT (s

Therefore,

logn logn

‘An| < O(T1+2/BLAB< )0.57a(1+25LAB)>

%) = O

n n
and

|A logn

— 0.5—()4(1+2ﬁLAB)
T = ) )

|PLy,(t) — oLy, (1) <

1
foa<<——— |
~ 2(1426raB)

Next, Lemma 4 implies that

A logn. os5_, 1-8
b [finas) = Jon ()] € O(T, (2E2)03-els2nan) 4 700
YESLY,
R logn. o5 94 logn. ,q_
or sup |fiv(y) = fow(y)| < O((—=)* 2 am) 4 O((—=)=Fm)),
yESLy2 n n

43



Since y, > 0 and y, < oo:

: Ly, (log y) — lo
sup | fv, (¥) — fra(y)| = sup |fLY2( 8Y) — fiva( gy)| <
yESYQ y65y2 )

1087 05 20(14 805 logn
O<<T)O.5 20(1+8La )) + O((——

)a(lfﬁLYQ))'

[use Cy,, to denote sup,cg, | /v, (4) — fy,(y)| in the rest of the proof.
Step 2
All the analysis below is performed conditional on A; 3A, Ag3A unless otherwise noted.

The conditioning is suppressed for the ease of exposition. I begin by deriving
SUp  |Praysa,Lass4(ti,te) — ©Lay 54,08y 54 (01, 2)].
[7Tn7Tn]

Taylor expansion gives:

@LALgA,LAQ’gA(tla t2) - QDLA173A,LA2’3A(t17 t?) =

k=00
PLAL5A, LA A (T, T2) X
Z = ];3 (log(@ray 4,80 54(t1, t2)) — log(0ra, sa,00,54(t1, 12)))".
k=1 '
Further,

‘@LAL[;A, LA273A(t17 t2) - (pLAl,gA,LAQ’gA<t17 t2)’ S
k=00

D 1(10g(Prasa, 1assalty, t2) = 108(Pra, 4 assa(ts, 1)) =
k=1

O(log(¢LA1,3A, LA2,3A(t1’ tQ)) - 10g(90LA1,3A, LA2,3A(t17 tQ)))

when [1og(Pra, 54, Las54(t1,12)) —108(0rA, 54, LA, 5a(t1,12))] < 1.
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Then,

| log(QZJLALz%A, LA2,3A(t17 t2)) - log(SOLﬁl,gA LA2,3A(t1? t2))| -
| log(\ijLAlﬁA, LA2,3A(t17 t2)> - log(‘I;LALSA LA2,3A(t17 tQ)) +
log(@ry, (t1 + t2)) — log(wry, (t: +t2))| <

\i’LALBB,LAMB(tl, t2) — Win,3B,L0,58(t1, t2) )

O]

Vi, 3B, L0 5B(t1, T2)
|Pry, (t1 +t2) — Ly, (t1 + t2)!)
YLy, (t + t2) '

O(

Similar to Step 1, ordinary smoothness of ¢, ;4,0a,,4 and of pry, implies that

|OLAL 54, LAz 54(E1, T2)] > dpaapaalty| Prarad |ty Praean

oy, ()] > dry,|t] 702,
Applying Lemma 2 and Lemma 3, I obtain

sup |(10g(¢LA1,3A, LA2,3A<t17 t2)) - log(SOLA1,3A,LA2,3A(t17 t2))| =
tl,tQE[*Tn,TnP

O<logn)0.5*a(5LA173B+BLA2’3B) + O((logn)0.570{(1+25LAB3,4+5LY2)) _ O(<logn)0.5—aﬁ*)
n n n
1
it T, = O(logn)a’ with a < 5 where

B* = min{(Bra, 58 + Brasss), (1 +2BraB,, + Bryv,)}

Notice that in above (¢; + t2) € [-2T},, 2T}, where as 2T, is still O((5537)%)-

Using Lemma 4 and the fact that ¢pa, ;4,0a,,4 is ordinarily smooth with parameters
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Braa.s, Braa,, obtains:

sup |fLar ;4,000 54(01,02) = fLA, 54,08, 54(a1, a2)| <
al,GQES(LAl,gA,LAgygA)

0.5—apB*
logn A 2=PrLay 3a—BLa; 34

o(T, )+ T,

or |fLA1,3A,LA2,3A(G1, a2) - fLA1,3A7 LA273A(011> a2)| =

1 " 1 1 «
O((@)Oﬁ—a(l-i-ﬁ )) + O((ﬂ)a(ﬁLA1’3A+/BLA2’3A_2)) _ O((ﬂ)0.5—a(1+ﬁ ))
n n n
if a < !
1I «&v .
2(8* + Bravsa + Bragsa — 1)

Also, for every subset, SC' = [g,, Ma]?, of S(A13A, Ag3A) = (0, Ma)?

SUP | fa,54,8054(01,02) — fA, 348,54 (a1,a2)] =
[57L7MA]2

|f‘LA1,3A,LA2,3A(aJ17 a?) - fLALgA,LAzygA(IOg ay, log a’2) | <

sup
[en,M4]? a1a2

o dogn o5 niis
= O(e (R4,
n
Then,

R logn o -_ o
|fA1,3A,A2’3A(CL1, CL2> - fﬁl,sA,A2,3A<a17 CL2)| = O((T)O5 e(1+87) 27)'

if e, = (logn

" )7 for some v > 0.

Next, I investigate the convergence of the estimator for the density of the unconditional
distribution of A A, Ag4A.
. logn. g -_ o
sup |fA1,3A,A2,3A(a1a a’2) - fAl,:sA7 A2,3A(a17 a2)| = O((—)05 (1+57) 27)'
al,aQGS(ALgA,AQ,gA) n
It is so because

IPr(Ay3B >, 0, AgsB > 0) —Pr(A3B >, 0, Ay3B >_ 0)| = O(n?).
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Next, I use the uniform convergence of fALg AAs34(ar, az) to show the uniform convergence
for @a,,, ¢a, as well as fAig and fAik for £ = 1,2. I begin as in Step 1 by using a Taylor

approximation to obtain that

[Ga, (1) = @, ()] < D |A"
=1

t

V1, 34,89 34(0,u2) W1:n) 34,89 34(0,u2)
where |A,| = dus)|, and
| n| ‘ ,([ WA1,3A7A2,3A(OU’2 f WAy 34,89 34(0uz2) 2>|’

T _ i(uiar+ugas) £
WAy 34,00 54(U1,U2) = (u1a1-+uz 2)fA173A,A2,3A<a17a2)dalda2

/ c
T o . i(ura1+ugaz) £
\Ijlsﬁl,sA,Az,sA(ulvu?) - /Za’le( rT 2)fA1,3A7A2,3A(a/17a2) daydas.

Using von Mises differentials I have

o0

1
Z k_ fAl 3A,A0 345 fn iA1,3A,A23A — fAlygA,AZgA)a

where
dkT(fALsA,Az,sA; fn;Al,sA,AzsA - fAl,SA:AZ,SA) =
t . ~
d* /falem2a2 (fA1,3A7A2,3A + )‘(fn;Al,sA,A2,3A - fA1,3A,A2,3A))da1da2 du ’ i
. ~ 2|1A=0 —
ax" 0 f ezu2a2(fA1,3A7A2,3A =+ )\(fn;Al,SAyAZSA - fAl,sA,A2,3A))da1da2
¢ A B k—1
(_1)%!/ ) k+1 dus
WA, 54,0054(0,u2)
with

Alug) = / 101" (friny 54,0054 — FA1 54,00 54)dardas / €22 i, s n, sadarday —
/ialeiuymfA1,3A7A2,3Ada1da2/6iU2a2d(fN;A1,3A7A2,3A_fA1,3A,A2,3A)da1da2‘
B(u2> = /eiUWQ(fn;Al,?,A,Az,sA - fA1,3A,A2,3A)da1da2'

47



In contrast to Step 1 all the random variables in the expression above have bounded

support. Therefore,

|B(us)| < (Aa)*Cly,

[A(uz)| < (@ — a®)(Aa + Aa®)O(Chy,y)-

As in Step 1 I use the fact that Ay ;A is ordinarily smooth with parameter Saa:

o 5 TQBAAC B
AL <D QsCH, Tiaalih) = —n__—Joa (72840, ),
k=1

Ty

where T, = O((L)O‘l) for some oy > 0.
logn

Therefore,

) 1087\ 05 a(148)—27—2018a4
[B,(8) = 9, (D] < O(IA,]) = O((FER 5048 -21-2m8a1)

0.5 —a(l+ ") —2v
20aa '

with o <
The rate of convergence for A;, and A;, is obtained as at the beginning of Step 2.

o ~ﬂAi3
|90Aik (t) — YA, (t)| = O(O@A1’3A,A273A)) + O(Tn C@A%)

~Ba,,
O(CfAA> + O(TTLA CLPAi3> =

1 * ]. —« *) —a
O((%)O.Ewa(lﬁ@ )727)4_0((%)05 (1+8*)—2v 1(2,8AA+6A1-3))

1 —a *)—2y—a
o(( oin)(m (1+8%)—2y 1(2ﬁAA+5A,-3)) for k =1,2.
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Finally, the rate of convergence for densities follows from Lemma 4 and is given by

~1
n

~ ~ 1 —Ba,
|fAik (a) — fas, (a)| < ZT”C@A% + %dAikT P for k=1,2,3

logn

lo . o _
gn>0.5fa(1+5 )72'yfa1(25A,4+1)>+O(( - ) 1(Bag, 1)) _

[fa, (@) = fa, (@) < O((

O((IOE-’;n)0.57a(1+,8*)*27*al(25AA+1)) for

n

«
" ﬁAA - 2ﬁ‘4i3 ' 2BAA
P logn S—a *)—2v—« . IOgn ai =1
| fa, (@) = fa, (a)] < O<<T)O5 (1+87) -2y 1(2BAA+/3AZ3)) n O((T) (Bay, )) _
O((XBT-oti+) - Chantin)y g, 050U F) =2y 05 —all+f) -2y,
n 208p4 + Ba,, + Ba, — 1 2Ba4

The uniform consistency of the estimator for the density of cost distribution is shown
exactly like in Krasnokutskaya (2009). The only modification needed concerns the derivation
of the estimators for the support bounds. More specifically, if [Aa, Aa] denotes the support

of Ay A variables, then under normalization E[logYs] = 1 the following restrictions hold:

AB =y,Aa

log y,

/ frv(y)dy =1
logy,

logg2

/ Yfiva(y) dy = 0.
logy,

Alternatively, I could have used restriction that Aa = —Aa since it holds even under the

normalization above. The last two equations uniquely identify y, and 7, whereas the first two

equation will then identify Aa and Aa consistent with Eflog Y5] = 1 normalization. The latter
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set of values can be used to identify a and @ from the following restrictions:

This set of restrictions is used to derive estimators for the support bounds.
Step 3

I first derive

CfY2A1 = sup ’fY2Ai1 (Z) - fYZAil (Z>’ <
ZES(YQAl)

/ §|fy2 )1, O = P, C) 5 F)a, ) = o), Cldy
< / §<|fy2<y>||f%<§> - fAil<§>| + |fAi1<§>||fy2<y> — fr(y))dy =
[ (O, + €y YO, + MuaC, ) =

MO,YzMLYszAiI + MO,Yle,AlchQ + MO,Y2CfY2 CfAi1 < Q3CfAi1 =

1 —a *)—2v—a
O(( Oin)[)f) (1+8*)—2v 1(2ﬂAA+ﬁAi3))

for some Q)3 > 0.

Here [ Ldy < Moy, |fvo(y)] € Miy,, [fa,, (2)] < Mya, with Moy, >0, Myy, >0 My a, > 0.

This, then, implies that

‘¢Y2Ail (t) — P24y, (t)| <

7 log 1\ 0.5—a(148*)—2y—a1 (2 .
/‘fYQAi1 (y) — fYQAil (y)| dy = ]\/[QYQAi1 Q3CszAil — O<(T) (1+487)—2y—ou( BAA+5A,3))7

where [ dy < Moy, a,, -

S(Y2A;,)

Similar to Step 2:

|Dy: () = v ()] = O([ log (v, (£)) — log(ipy: (1))]

20



and

)+

. Up, (t) — Up, (t)
Cop, = sup |log(dy, (1)) —log(ey, (1) < O]
te[_TnyTn] \I}Bil (t)

¢Y2Ai1 (t) — Pyaay (t)

O = Trlb"‘ﬁB +C j’szfh _
(’ PY2A;, (t) ’ Fe ahy
O((bglﬂ)o.5,a2(l+53)) N O((logn)o.5fa(1+/3*),27fa1(25AA+/3AZ.3)fazﬁml) _

n

O((lOin)O.Sa(l+/@*)2’ya1(2,8AA+ﬁAi3)a2,5y2Al)
a(l+ %) + 2y + a1(2Baa + Ba,,)

1+ B + Byvya,

if 6Y2A1 <1 +6B7 or (o S

Here I use the ordinary smoothness of Up, (t) and @y, 4, (t).

The value for sup;e(_r, 7, | B;, (t) — ¥p, ()] is obtained from integration by parts

sup [ Up, (1) — Vg, (t)] =| / (Frp(b) — Fup(b))ite™db] =

t€[—Tn,T]

A log logn e
= O, Ty = O((FE B por-en)
for T, = O(( )*?) with ay > 0.

logn
The value for Cp, obtains by the log-log law (see Chung, 1949; Serfing, 1980). Finally, from

Lemma 4 I have

175}/1

() = fa (O] < 2G4, Ty +dn T, " =

O((loi;n)0.5—a(1+/3*)_27_a1(25AA+/3A1.3)—a2(1+5Y2A1)) + O((loin)”(ﬂﬁ‘l)).
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