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Abstract

This paper provides sufficient conditions for the nonparametric identification of the
regression function m (-) in a regression model with an endogenous regressor z and an
instrumental variable z. It has been shown that the identification of the regression function
from the conditional expectation of the dependent variable on the instrument relies on the
completeness of the distribution of the endogenous regressor conditional on the instrument,
i.e., f(x|z). We show that (1) if the relative deviation of the conditional density f(z|zx)
from a known complete sequence of function is less than a constance determined by the
complete sequence for some distinct sequence {zj : k = 1,2, 3, ...} converging to zg, then
f(z|z) itself is complete, and (2) if the conditional density f(z|z) can form a linearly
independent sequence { f(-|z;) : k = 1,2, ...} for some distinct sequence {z; : k =1,2,3,...}
converging to zg and its relative deviation from a known complete sequence of function
under some norm is finite then f(z|z) itself is complete. We use this general result to
provide specific sufficient conditions for completeness in three different specifications of
the relationship between the endogenous regressor x and the instrumental variable z.
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1. Introduction

We consider a nonparametric regression model as follows:
y =m(z)+u, (1)

where y is an observable scalar random variable, and x is a d, X 1 vector of regressors and
may be correlated with a zero mean regression error u. The parameter of interest is the non-
parametric regression function m(-). A d, x 1 vector of instrumental variables z is conditional

mean independent of the regression error u, i.e., F(u|z) = 0, which implies

+00
Elyls] = / m(a)f (z]2)de, (2)

where the probability measure of z conditional on z is absolutely continuous w.r.t. the
Lebesgue measureH We observe a random sample of {y, x, z}, and denote the support of these
random variables as ), X and Z, respectively. This paper provides sufficient conditions on
the conditional density f(z|z) under which the regression function m (-) is nonparametrically
identified from, i.e., uniquely determined by, the observed conditional mean E[y|z]. We show
that (1) if the relative deviation of the conditional density f(z|z;) from a known complete
sequence of function is less than a constance determined by the complete sequence for some
distinct sequence {zj : k = 1,2,3, ...} converging to zo, then f(x|z) itself is complete, and (2) if
the conditional density f(z|z) can form a linearly independent sequence {f(-|zx) : k = 1,2, ...}
for some distinct sequence {z : k = 1,2,3,...} converging to zp and its relative deviation
from a known complete sequence of function under some norm is finite then f(z|z) itself is
complete. Consequently, the regression function m (-) is nonparametrically identified. Our
sufficient conditions for completeness impose no specific functional form on f(z|z), such as
the exponential family.

We assume the regression function m (-) is in a Hilbert space H of functions defined on

'In this paper, we need to consider E [Y|Z = z], i.e., conditional expectation of Y on the random variable Z
taking value z in its support Z. In other words, we need this conditional expectation to be well-defined even for
the zero-probability event {Z = z}. To avoid any confusion, we assume the conditional expectation F [Y|Z = z]
is a continuous function of z over the support Z. We are not the first study to use the conditional expectation
in this way for completeness. For example, Newey and Powell (2003) show that for exponential families and
normal distribution, the conditional expectations in the definition of completeness can be reduced to be defined
over an open subset of Z. We follow their definition of completeness to require conditional expectations are
defined for some set O C Z and this paper shows that O can be a distinct converging sequence in Z.



X the support of regressor x. This paper considers a weighted L? space L*(X,w) = {h(-) :
S |h(@)]?w(z)de < oo} with the inner product (f,g) = [, f (x)dz, where the positive
weight function w(z) is bounded almost everywhere and [, w(:z:)da: < ooE| The corresponding
norm is defined as: ||f]|?> = (f, f). The space L?(X,w) is complete under the norm | - || and
is a Hilbert space.

One may show that the uniqueness of the regression function m(-) is implied by the
completeness of the family {f(:|z) : z € O} in H, where O C Z is a subset of Z the support
of z. The set O may be Z itself or some subset of Z. In particular, this paper considers the
completeness with the set O being a distinct converging sequence {z : k = 1,2,3,...} in Z.
This case corresponds to a sequence of functions {f(:|zx) : k = 1,2,...}. We start with the

definition of the completeness in a Hilbert space .

Definition 1. Denote H = L?*(X,w) as a Hilbert space with the weight function w. The
family {f(-|z) € H : z € O} for some set O C Z is said to be complete in H if for all z € O,

Jx f(x(‘z)) dz < oo and for any h(-) € H

/ h(z)f(z|z)de =0 forallze€ O
X

implies h(-) = 0 almost surely in XE| When it is a conditional density function defined on
X x Z, f(x|z) is said to be a complete densityﬁ

The uniqueness (identification) of the regression function m(-) is implied by the complete-
ness of the family {f(:|z) : z € O} in H for some set O C Z. This sufficient condition may be
shown as follows. Suppose that m(-) is not identified so that there are two different functions

m(-) and m(-) in ‘H which are observationally equivalent, i.e., for any z € Z

/m f(z|2) d:v—/m f(z|z)dx (3)

2We consider the quotient space € L?(R,w) where the equivalent relation ~ is that f ~ g if the set
{z: f(x) # g(x)} is a set of measure zero. If the set of elements for which a property does not hold is a set of
measure zero for a probability measure, we use almost surely to indicate the property.

®The integral in the formula makes sense because [, |h(z)f(z|2)ldz = [, |h(z)w(z )2 f((;)fmd <

1/2 2)2)? , \/?

([ |h(z)Pw(z)da) ( x %dw) < oo.

4The Condltlonal density function f(z|z) has a two dimensional variation from = and z and we treat it as a
special class of the function form f(x,z) which can has a support like X x Z.




We then have for some h(z) = m(zx) — m(x) #0

/ h(z)f(x|z)dx =0 for any z € Z
X

which implies that {f(:|z) : z € O} for any O C Z is not complete in H. Therefore, if
{f(:|z) : z € O} for some O C Z is complete in H, then m(-) is uniquely determined by E[y|z]
and f(z|z), and therefore, is nonparametrically identified.

This definition implies that the equality in the definition can be rewritten as

0= /X h(@) f(z]2)dz = /X h() fi@?w(w)dw _ <h, {5(‘?> for all 2 € O

Therefore, we use the weighted function fogg(%) instead of f(x|z) in the inner product of the

Hilbert space L?(X,w), when we consider a complete sequence in the Hilbert space in the
appendix. The definition certainly imposes tail conditions on the conditional density function
f(z]z). On the other hand, because existing complete distribution functions used in this study
are the exponential family and a translated density function with exponentially decaying tails,
the definition is not very restrictive to the nonparametrically extension of completeness from
these existing complete distribution functions.

The completeness introduced in Definition (1| is close to L?- completeness considered in
Andrews| (2011) with H = L?(X, f,), where the density f, may be considered as the weight
function w in L?(X ,w)ﬂ Andrews| (2011) provides broad (nonparametric) classes of L2-
complete distributions that can have any marginal distributions and a wide range of strengths
of dependence. The L?-complete distributions are constructed by bivariate density functions
with respect to F, x F, which are constructed through orthonormal bases of L?(F,) and
L?(F,). Depending on which regularity conditions are imposed on the regression function
m (-), a different version of completeness can be also considered. For example, D’Haultfoeuillle
(2011) considers three different types of completeness including (1) ”standard” completeness,
where h satisfies E(|h(X)|) < oo, (2) P-completeness, where h is bounded by a polynomial,
and (3) bounded completeness for any bounded h in nonparametric models between the

two variables with an additive separability and a large support condition. D’Haultfoeuillle

5This is under the assumption that the density function f, exists. Closely related definitions of L*-
completeness can also be found in |Florens, Mouchart, and Rolin| (1990), Mattner| (1996)), and |San Martin
and Mouchart| (2007)).



(2011) define completeness in terms of dependence condition between x and z such as z =
pu(v(z) + €), where p and v are mappings and z and ¢ are independent. The results are
useful in nonparametric regression models with a limited endogenous regressor. Regardless of
whether the support X is bounded or unbounded, such as the unit interval [0, 1] or the real
line R, respectively, the completeness in L?(X,w) is more informative for identification than
the bounded completeness because a bounded function always belongs to the weighted L?
space L?(X, w)ﬁ Therefore, we consider L?-completeness with a Hilbert space H = L?(X,w)
in this paper.

In the extreme case where x and z are discrete, completeness is the same as a no-perfect-
collinearity or a full rank condition on a finite number of distributions of z conditional on
different values of ZE] Our results for continuous variables extend this interpretation. Suppose
that the family of conditional distributions in {f(+|zx) : k = 1,2,...} is complete in L?(X,w).
As shown in Appendix, we can extract a subfamily {f(:|z,,) : £ = 1,2,...} as a basis in
L?(X,w). This basis interpretation implies that (1) there is no exact linear relationship
among the family of the conditional distribution {f(-|zr,) : k£ = 1,2,...} or a conditional
distribution at each point z can not be expressed as a linear combination of others, and
(2) every function in L?(X,w) can be approximated by linear combinations of the conditional
distributions in {f(-|z,) : k = 1,2, ...}. In this general continuous case, a function in L?(X,w)
may be expressed as an infinite sum of functions and the convergence of the infinite sum is
under the norm || - ||.

The L? completeness for the nonparametric regression model (1) suggests that identifica-

tion is achieved among functions whose difference with the true one is square integrable w.r.t.

5In a bounded domain, bounded completeness may also be less informative than L2-completeness. For
instance, consider a function h(x) = Y4 over (0,1). Bounded completeness can not distinguish the case that
the difference of two regression functions is h(x), i.e., h(z) = m(z) — m(z), where m and m are regression
functions such that y = m(z) + v or y = m(z) + w.
"When =,z € {0,1}, the conditional expectation E[ylz] = [, m(z)f(z|z)dz is equivalent
m{ Ely|z = 0] r _ [ m(0) r { F212(010)  fay2(0]1)
Ely|lz =1] m(1) fa12(110)  foyz(1]1)
uniquely determined from observed E[y|z], and f(x|z) if the last matrix is invertible, i.e., two vectors fy.(-|0)
and fy.(-|1) are linearly independent

}. In this binary case, the regression m (-) may be

Fa:00) 1 o p oy o [ Lo=01)

Therefore, completeness is equivalent to no-perfect collinearity among { f.(-|¢) : 4 = 1,2} or the rank condition

Fa(10) = |

on the matrix



the weighted Lebesgue measure. As an illustration, suppose that m(z) = a + fz. With com-
pleteness in L?(R,w), the regression function m can be identified within the set of functions
of the form {a + Bz + g(z) : g € L*(R,w)} Therefore, under our framework the functional
form of the regression function m may be very flexible. Notice that the function g can’t be
linear over R under bounded completeness, which implies that bounded completeness is not
enough to distinguish the true linear regression function m(x) = a + Sz from another linear
function m(z) = & + Bz.

The following two examples of complete f(z|z) are from Newey and Powell (2003) (See
their Theorem 2.2 and 2.3 for detaﬂsﬁ):

Example 1: Suppose that the distribution of = conditional on z is N(a + bz,02) for
02 > 0 and the support of z contains an open set, then E[h(x)|z = z1] = 0 for any 2, € Z
implies h(-) = 0 almost surely in X; equivalently, {f(:|z) : z € Z} is completeﬂ
Another case where the family {f(z|z) : z € O} is complete in H is that f(z|z) belongs to an
exponential family as follows:

Example 2: Let f(x|z) = s(z)t(z) exp [u(2)7(x)], where s(x) > 0,the mapping from x —

7(x) is one-to-one in x, and support of u(z), Z, contains an open set, then E[h(z)|z = z1] =0
for any z1 € Z implies h(-) = 0 almost surely in X; equivalently, the family of conditional
density functions {f(:|z) : z € Z} is complete.
These two examples show the completeness of a family {f(x|z) : z € O}, where O is an open
set. In order to extend the completeness to general density functions, we further reduce the
set O from an open set to a countable set with a limit point, i.e. a converging sequence in
the support Z.

This paper focuses on the sufficient conditions for completeness of a conditional density.
These conditions can be used to obtain global or local identification in a variety of models in-
cluding the nonparametric IV regression model (see Newey and Powell (2003)); Darolles, Fan,
Florens, and Renault| (2011)); Hall and Horowitz (2005)); Horowitz (2011))), semiparametric IV
models (see |Ai and Chen| (2003); Blundell, Chen, and Kristensen| (2007)), nonparametric IV

8Theorem 2.2 and 2.3 in [Newey and Powell (2003) do not specify which functional space the completeness
is discussed. The definition of the completeness in page 141 of [Lehmann| (1986]) also does not specify the
functional space. However, he starts to specify the property of completeness for all bounded functions and call
it boundedly complete in page 144.

In this paper, if we try to use a notation for a point, we would put a low subscript such as z and declare
it is a point.



quantile models (see (Chernozhukov and Hansen| (2005)); |(Chernozhukov, Imbens, and Neweyl|

(2007)); [Horowitz and Lee| (2007))), measurement error models (see |Hu and Schennach| (2008));

‘An and Hu (2009); Carroll, Chen, and Hu| (2010); Chen and Hul (2006))), random coefficient
models (see [Hoderlein, Nesheim, and Simoni| (2010)), and dynamic models (see Hu and Shum
(2009)); |Shiu and Hu| (2010)), etc. We refer to |D’Haultfoeuille (2011) and Andrews (2011) for

more complete literature reviews. On the other hand, (Canay, Santos, and Shaikh (2011]) con-

sider hypothesis testing problem concerns completeness and they show that the completeness
condition is, without further restrictions, untestable.

In this paper, we provide sufficient conditions for the completeness of a general condi-
tional density without imposing particular functional forms. We first show the set O of the
family {f(:|z) : z € O} in the definition of completeness can be as small as a converging
sequence {zp : k = 1,2,3,...} for some known complete families. This implies that the fam-
ily {fw|z(|zk)/w() k=12, } can form a complete sequence in a Hilbert space with the
weight function w. It is known that a complete sequence in a Hilbert space contains a sub-
sequence as a basis. We then use the stability properties of bases in a Banach space and a
Hilbert space (section 9 and 10 of chapter 1 in (1980)) to show that (1) if the rela-
tive deviation of the conditional density f(x|z;) from a known complete sequence of function
is less than a constance determined by the complete sequence for some distinct sequence
{z : k =1,2,3,...} converging to zp, then f(z|z) itself is complete, and (2) if the conditional
density f(z|z) can form a linearly independent sequence {f(-|zx) : k = 1,2,...} for some dis-
tinct sequence {z; : kK = 1,2,3,...} converging to zy and its relative deviation from a known
complete sequence of function under some norm is finite then f(z|z) itself is complete.

We apply the general results to show the completeness in three scenarios. First, we extend
Example 1 to a general setting. In particular, we show the completeness of f(xz|z) when z

and z satisfy for some function p () and o (+)
x=p(z)+o(z)e with z L e.
Second, we consider a general control function

x = h(z,e) with z L ¢,



and provide conditions for completeness of f(z|z) in this case. Third, our results imply that

the completeness of a multidimensional conditional density, e.g.,

f(z1, 22|21, 22),

may be reached by completeness of two conditional densities of lower dimension, i.e.,f(z1]21)
and f(z3]72).

This paper is organized as follows: section 2 provides sufficient conditions for complete-
ness; section 3 applies the main results to the three cases with different specifications of the
relationship between the endogenous variable and the instrument; section 4 concludes the

paper and all the proofs are in the appendix.

2. Sufficient Conditions for Completeness

In this section, we show that (1) if the relative deviation of the conditional density f(x|zx) from
a known complete sequence of function is less than a constance determined by the complete
sequence for some distinct sequence {zj : k = 1,2, 3, ...} converging to zp, then f(z|z) itself is
complete, and (2) if the conditional density f(x|z) can form a linearly independent sequence
{f(|zk) : k =1,2,...} for some distinct sequence {zj : k = 1,2, 3, ...} converging to zo and its
relative deviation from a known complete sequence of function under some norm is finite then
f(z]z) itself is complete. We start with the introduction of two well-known complete families
in Examples 1 and 2. Notice that these completeness results are established on an open set O
instead of a countable set with a limit point, i.e., a converging sequence. In order to extend
the completeness to a new function f(z|z), we first establish the completeness on a sequence
of z.

As we will show below, the completeness of an existing sequence {g(x|z;) : k =1,2,...} is
essential to show the completeness for a new function f(z|z). An important family of condi-
tional distributions which admit completeness is the exponential family. Many distributions
encountered in practice can be put into the form of exponential families, including Gaussian,
Poisson, Binomial, and certain multivariate form of these. Another family of conditional

distribution which implies completeness is in the form of a translated density function, i.e.,



g(z]z) = g(z — 2)[]

Based on the existing results, such as in Examples 1 and 2 in the introduction, we may
generate complete sequences from the exponential family or a translated density function.
We start with an introduction of a complete sequence in the exponential family. Example 2
shows the completeness of the family {g(-|z) : z € O}, where O is an open set in Z. In the
next lemma, we reduce the set O from an open set to a countable set with a limit point, i.e.

a converging sequence in Z E

Lemma 1. Suppose that X is a connected set. Denote O as an open set in Z C R. Let

{z 1 k=1,2,...} be a sequence of distinct z, € O converging to zy in the open set O. Define

9(x[z) = s(2)t(z) exp [u(z)7(2)]

on X x Z with s(-) > 0 and t(-) > 0 are continuous positive functions. Suppose that g(-|z) €
LY(X) for z € O and

i) u(-) is continuous differentiable with u' (zo) # 0;

ii) () is Cl-diffeomorphism from X to T(X)E

Then, the sequence {g(-|zx) : k = 1,2,...} is complete in L*(X,w), where the weight function

w(x) satisfies [, 3(@)? exp2(u(z0) T (@) HIT(@D] g < for some 6 > 0.

w(x)

Proof: See the appendix.

The restrictions on the weight function is mild and there are many potential candidates.
For example, suppose 7(+) > 0, since O is open and () is continuous with p’ (29) # 0, there
exists some Z € O and ¢ > 0 such that u(z9)7(x) 4 0|7(z)| < p(Z)7(x). One particular choice
of the weight function is w(x) = s(x) exp [u(Z)7(z)].

Another case where the completeness of g(x|z) is well studied is when g(z|z) = f. (x — 2),
which is usually due to a translation between the endogenous variable x and instrument z as
follows

r=z+¢ewith z L e.

0The term used here is according to a definition in page 182 of Rudin| (1987), where the translate of f is
defined as f(z — z) for all z and a given z.

1t is important to show the completeness of a family defined on a countable set because all the statistical
asymptotics are based on an infinitely countable number of observations, i.e., the sample size approaching
infinity, instead of a continuum of observations, for example, all the possible values in an open set.

2Given two open connected sets X and Y, a map f from X to Y is called a C'-diffeomorphism if f is a
bijection and both f: X — Y and its inverse f~!:Y — X are continuously differentiable.



Example 1 suggests that the family {g(:|z) € H : z € O} is complete if O is an open set in Z
and ¢ is normal. Again, we show the completeness still holds when the set O is a converging

sequence. We summarize the results as follows.

Lemma 2. Denote O as an open set in Z. Let {z : k=1,2,...} be a sequence of distinct

zr € O converging to zg in the open set O. Define

g9(x]z) = fe(x — 2)

on R x Z and set some positive constants ¢; for i = 1,2,3, and §; > 0 for i = 1,2,3,4,5.
Suppose that

felx — z)e_‘slz2 < 016_52(9”_022)26_53””2 (4)

and

< 636_64t26_63x2 (5)

o
0< ‘/ e f(x — z)e_51Z2dz
—0o0

for all t € R. Then, the sequence {g(:|z1) : k = 1,2,...} is complete in L*(R,w), where the
weight function w(zx) satisfies w(z) = e~ for some §' € (0,83) .
In particular, define Ho(z), Hi(2), ... as Hermite polynomials and qo(x),q1(x), ... as func-

2

tions of x. Suppose f-(e) = p(e)e 2 for some 0 < 1 such that the positive function

o0
p satisfies p((1 — 02)x + 0%2) = Z j(x)H;(z) where the sum is absolute convergence and

2
Yo lgi(x)||Hj(2)] < cpe‘spz"“QeT for some small 6, = % (— —1). Then, the family {g(:|zx) =
(= 2p) 1k =1,2,..} is complete in L2(R,w), where w(z) = e for some &' € (0, 6p).

Proof: See the appendix.
While Eq. is a tail condition for the weighted density function, Eq. implies that the
characteristic function of weighted density function of the error is not equal to zero on the
real line and that the function has exponentially decaying tails. The distribution of € may
be normal with zero mean and variance o2, or a distribution with PDF, f.(¢) = e2e” 22 for
o? < 1.

The form of p in the statement provide a nonparametric functional form. The restrictions
on p are easy to verify when p is a polynomial. Suppose p is a polynomial of degree dp,.
Because |(1 — 02?)x + 0%2] < (1 — 0?)|z| + 0?|z| and polynomials of |z|, |z| are bounded by

exponential functions of |z|, |z|, 1 -0z +022)| < Ce%e* 957 for some choices of small
P p

10



5, and 5.

The conditions and implies that the weighted density function f.(z — z)e*‘glz2
admits an analytic expansion on a strip of the complex plane (we can set ho(z) = 1 almost
surely in Eq. and then g(z) = [; fe(z — 2) 5122dx). Follow the proof of Lemma 2,
w— [ e_“”tgbg(t)dt is differentiable on a strip of the complex plane). The conditions is rather
restrictive and is essential to obtain completeness of a countable family {g(-|zx) = f-(- — 2zx) :
k =1,2,...} in the location model, by using the uniqueness of analytic functions on a set with
a limit point. A related assumption can be found in Proposition 2.3 of D’Haultfoeuille (2011).

With the complete sequences explicitly specified in Lemmal[I]and [2] we are ready to extend
the completeness to a more general conditional density f(z|z). We will apply two different
types of the stability of bases in Hilbert space to obtain the completeness, one is only involved
with a small perturbation of a basis and the other is linked to an added structure of a Hilbert
space, an orthonormal basis. Our first sufficient conditions for completeness are summarized

as follows:

Theorem 1. Denote H = L?(X,w). Suppose f(-|z) and g(:|z) are conditional densities. For
every z € Z, let f(-|z) and g(-|z) be in the Hilbert space H of functions defined on X with
norm || - ||. Set N (z0) = {z € Z : ||z — 20|| < € for some small e > 0}C Z as an open neigh-
borhood for a point zy such that

i) for every sequence {zj : k =1,2,..} of distinct zi, € N (29) converging to zy, the corre-
sponding sequence {g(-|zx) : k = 1,2,...} is complete in a Hilbert space H;

ii) there exists a complete sequence {g(-|zx) : k = 1,2,...} such that f(:|z) satisfies

lg(l2x) /() = FClz) jw()]] 1
Z PGl <M

where constant M > 1 is determined by sequence {g(-|zx)/w(-) 1 k=1,2,...}.
Then, the family {f(-|z) : z € N (20)} is complete in H.

Proof: See the appendix.

This theorem implies that the new complete sequence always exist, although its distance
from the existing sequence is determined by that sequence. However, the upper bound ﬁ is
hard to obtain. Therefore, it is useful to relax this condition. The second stability criteria

related to an orthonormal basis is the following.

11



Theorem 2. Denote H = L*(X,w). For every z € Z, let f(-|z) and g(-|z) be condi-
tional densities in the Hilbert space H of functions defined on X with norm || - |. Set
N(z0) =1{z € Z: ||z — 20| < € for some small e > 0}C Z as an open neighborhood for a
point zy such that

i) for every sequence {zp : k =1,2,..} of distinct z € N (29) converging to zy, the corre-
sponding sequence {g(-|zr) : k = 1,2,...} is complete in a Hilbert space H;

i1) there exists a complete sequence {g(:|zk) : k = 1,2, ...} such that the corresponding sequence

{f(|zr) : k =1,2,...} satisfies that

= ot

= el

where for h € {g, f}, the sequence of functions v} is defined as vi(-) = h(-|21)/w("),..., VP(-) =

k=1 z w v
h(-lzx)/w(-) — Zl (e Q;,fg; v(h)(’)g ¢ )>v§?, and that for any finite subsequence {z, i =1,2,...,1}
J 7

{f(|zk;) i =1,2,..., I} is linearly independent, i.e.,
I
Zczf(x|zkz) =0 for all x € X implies ¢; = 0.
i=1

Then, the family {f(-|z) : z € N (20)} is complete in H.

Proof: See the appendix.

This theorem avoid the upper bound 1/M in the previous theorem, which is hard to
obtain. We show that if the distance between the two corresponding orthogonal sequence is
finite and the new sequence is linearly independent, the new sequence is complete.

Condition i) provides complete sequences, which may be from Lemma and [2| Condition
ii) requires that the total sum of relative quadratic deviation from the orthogonal sequence
{v}:k=1,2,...} constructed by {g(-|zr,)/w(:) : k = 1,2,..} and an orthogonal sequence
{UIJ: k=12, } constructed by {f(:|2z,)/w(-) : k =1,2,...} is finite.

The linear independence in condition iii) imposed on {f(:|z;)} implies that there are no
redundant terms in the sequence in the sense that no term can be expressed as a linear com-
bination of some other terms. Because a weight function is positive, the linear independence

of {f(-|zk)} is equivalent to the linear independence of {f(:|zx)/w(-)}. For simplification, we

12



use an ordered sequence zi. When the support of f(:|zx) is the whole real line for all z, a

sufficient condition for the linear independence is that

i Gl

= 0 for all k, 6
T——00 f(x‘zk) ( )

which implies limg_, o % = 0 for any m > 1 and for all z. If ZiI:I ¢if(x|zg,) = 0 for

all x € (—o0, +00), we may have

The limit of the right-hand side is zero as * — —oo so that ¢; = 0. Similarly, we may show
2,3, ...,cr = 0 for all ¢ by induction. Notice that the exponential family satisfies Eq. @ for
appropriate choices of u, 7 and a sequence. When the support X is bounded, for example,

X =[0,1], the condition (@ may become

- f@laeg)

For example, the Corollary (Miintz) on page 91 in Young| (1980) implies that the family

[e.°]

of function {x*',x?2 2% ..} is complete in L%([0,1]) if i = oo. This family also sat-
k=1

isfies the condition for a strictly increasing {z;}. For an existing function g(x|z) > 0,

we may always have f(x|z) = gg"g x g(z|z). If the existing sequence {g(:|zx)} satisfies

Eq. @), ie., limgp_o géf;’;:)l) = 0, then the condition 0 < (limxﬁ,oo géﬂj’;;) < oo im-

plies limg_,_oo L ﬁlgj’;:)l) = 0 or linear independence of {f(-|zx)}. Furthermore, when f(z|z) =

h(z|z)xg(x|z), the condition @) is implied by lim,—, o 9@lzien) — ) apqd (limzﬁ,oo hmzk“)) <

g(z|zr) h(z|zk)
Q.

Suppose the function f(z|z) is differentiable with respect to the variable  up to any finite

order for all the z; in the sequence. We may consider the so-called Wronskian determinant

13



as follows:

f(xlzr,) flalay) o flolzwy)
W(2) = det I (@|2x,) f@lzk,) o f(@lz) ®)
JUI-1 41 JUI-1
Wf($|zk1) mf(l"%) mf($|zkz)

If there exists an zg such that the determinant W (zg) # 0 for every {z, : i = 1,2, ..., I}, then
{f(:|zx)} is linear independent.

Another sufficient condition for the linear independence is that the so-called Gram determi-
nant G is not equal to zero for every {zy, : i = 1,2, ..., 1}, where Gy = det (Kf(]zkl), f(-|zk].)>] ”) .
This condition does not require the function has all the derivatives.

We summarize these results on the linear independence as follows:

Lemma 3. The sequence {f(-|zx)} corresponding to a sequence {z : k =1,2,...} of distinct
2 € N (z0) converging to zo is linearly independent if one of the following conditions hold:

1) Zi[:l cif(xlzg,) =0 for all x € X implies ¢; = 0 for all I.

2) for all k, lim,_,_~ % =0 or limg_,4, f%f";:)l) =0 for some x;

3) there exists an xo such that the determinant W (xzo) # 0 for every {zy, : i =1,2,...,1}.
In particular, %FO(O) # 0 for k = 1,2,... if f(z]z) = LFy(u(z)7(x)) with p'(20) # 0,
7(0) = 0.

4) for every {zy, i =1,2,..., I}, det ([<f(]zkl),f(]zkj)>]

>7é0.

1,
Proof: See the appendix.
In order to illustrate the relationship between the complete sequence {g(:|zx)} and the
sequence { f(-|zx)}, we present numerical examples of these two functions as follows. We may

also consider

f(z]z) = A(2) h(z|2) + [1 = A(2)] g([2)- (9)

In this case, the conditional density f(:|z) is a mixture of two continuous conditional densities

h,g and the weight \ in the mixture depends on z. Consider g(x|2) = 2% over L%(]0,0.8])
o0

for Z = (%,%) We pick z, = %— m with 2z, — 29 = % Since kgli = oo, by the

Corollary (Miintz) on page 91 in [Young (1980) the family of function {z*',2*2, z%, ...} is

complete in L2([0,0.8]) and the points {z1, 22, 21, ...} are inside the interval [0.5 — 0.0001, 0.5].

14



g(x|

Figure 1: An example of g(z|z) and f(z|z) in Theorem
Set h(z|z) = (x — 2+ 10)? and A (2) is the following:

(2 —0.4999)% if x < 0,
Az)=4 0 if x € [0.5—0.0001,0.5],
(2 —0.5)2 if x> 0.5.

At a point z € [0.5 — 0.0001,0.5], f(-|z) coincides with g(-|2) if A (z) = 1. This suggests that

Z lg(lzx) /() = f(l20) /@)

lg( |zk>/w< ) =0, (10)

and Theorem [I] implies that {f(-|2) : z € Z} is also complete in L?([0,0.8]).

The advantage of this condition is that there are only mild restrictions imposed on the
functional form of A (z) and h(z|z). Figure 1 presents a 3D graph of g(z|z) and f(z|z) for
(z,2) in [0,0.8] x (2,2) to illustrate the relationship between the complete sequence {g(-|z)}

and the sequence {f(|zx)}.
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3. Applications

We consider three applications of our main results: first, we show the sufficient conditions
for the completeness of f(z|z) when x = u(z) + o (2)e with z L &; second, we consider the
completeness with a general control function z = h(z,¢); finally, we show how to use our

results to transform a multivariate completeness problem to a single variable one.

3.1. Extension of the convolution case

Lemma [2| provides a complete sequence when x = z + . Using Theorems [1| and [2, we may
provide sufficient conditions for the completeness of f(z|z) when the endogenous variable x

and the instrument z satisfy a general heterogeneous structure as follows:
x=pu(z)+o(z)e with z L .

Without loss of generality, we set

We summarize the result as follows:

Lemma 4. For every z € Z C R, let f(-|2) be in L' (R). Suppose that there exists a point 2o
with its open neighborhood N (z0) C Z such that
i) set f-(-) = f(-|z0) and the function f. satisfies the restrictions and (3) in Lemma 2 for
some positive constants ¢; fori=1,2,3, and 6; >0 fori=1,2,3,4,5;
i1) there exists a {f(-|zx) : k = 1,2,...} satisfies that one of the following conditions holds:

1) o (z) =1 for ||z — z0|| < € for some small € > 0;

2) o (z) satisfies

0 |f (- = z1) Jw() — @fs (ﬁ) /w(')H 1
2 TAGEAYXE] S M

where constant M > 1 is determined by sequence {fz (- — z) /w(:) : k=1,2,...}.

3) o (z) satisfies
f_ ot
> H”k -
Y i 4

2
=]
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where v£ and v;° are defined as in Theorem@ with f(z) = fe(x — 2)/w(:) and fo(x) =
%fe (%) Jw(-), and that for any finite subsequence {zx, : i = 1,2, ..., I}, the family of func-

tions Lt Eh) L= 1,2,...,1 » is linearly independent.
J(Zki) )

O’(Zki

Then, the family {f(-|z) : 2 € Z} is complete in L? (R,w), where the weight function w(x)

satisfies w(z) = e~ for some &' € (0,43) .

The first part of Lemma [4 implies that one may always make a convolution sequence
coincide with a complete sequence in Lemma 2 at a open neighborhood of a limit point and
provides more complete families. The rest of Lemma 4 is to provide sufficient conditions for
the completeness under a small perturbation of the variance under the deviations defined
in Theorems 1 and 2. The first case immediately provides the completeness of the normal
distribution with heteroskedasticity which is more flexible than the normal distribution with
homoskedasticity. Suppose € ~ N(0,1) and ¢ is a standard normal PDF. Then, by Lemma
4 we have the family {f(x\z) = ﬁ(ﬁ (%) 1z € N(zo)} is complete in L}(R,w) if o () =
1 for ||z — 20| < € for some small € > 0. This result is new to the literature and provides
the identification for models with heteroskedasticity. Therefore, our results have shown many
complete DGPs that are not previously known. Another point to emphasize is that we only
need the restrictions of Lemma 2 to hold for f.(-) = f(:|20) at a open neighborhood of the
limit point zg not over all z. Any distribution containing a normal factor, say a convolution

of normal and another distribution, satisfies this tail restriction.

We may then consider the nonparametric identification of a regression model
y=a+pfr+u, Elulz]=0, (11)

with x = 240 (2) e and € ~ N(0,1). Here the true regression function m(z) is linear, which is

unknown to researchers. We have shown that the family { flz|z) = ﬁqh (ﬁ (5) czeN (zo)}
is complete in L?(R,w) if o (2) = 1 for ||z — 20| < € for some small € > 0, which implies the
above linear model is uniquely identified among all the functions in L?(R,w). Notice that the

bounded completeness is not enough for such an identification.
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3.2. Completeness with a control function

We then consider a general expression of the relationship between the endogenous variable x
and the instrument z. Let a control function describe the relationship between an endogenous

variable x and an instrument z as follow@
x = h(z,e), with z L €. (12)

We consider the case where z and ¢ have the support R. Denote cdf of ¢ as F'(g). It is
well known that the function h is related to the cdf F}, as h(z,¢) = Fazl (F (¢)|z) when the

inverse of F,|, exists and h is strictly increasing in €. Given the function h, we are interested

in what restrictions on h are sufficient for the completeness of the conditional density f(x|z)

implied by Eq. .

Lemma 5. Let N (z0) € Z C R be an open neighborhood of some zyg € Z and Eq. (12) hold
with h(zo,€) = €, where the distribution function of e, f-, satisfies [p |fe (e)]* de < o0, and
the conditions in Lemma 2 with a weight function w. Suppose that
i) for z € N (20), the function h(z,e) is strictly increasing in £ and twice differentiable in z
and &;
i1) there exists a {f(:|zk) = a LF (h(z,2)) = }%h_l(zk,-)‘fg (h " Hzk,-)) « k= 1,2,...}
satisfies that one of the following conditions holds:

1) h(z,e) = cz + ¢, for a constant ¢ # 0 and z satisfying ||z — 20]| < € for some small
e > 0;

2) f(+|zx) satisfies

ZHfs — z) [w() = fClz) /@Ol _ 1

<7

1fe (- = 2&) /w() M

where constant M > 1 is determined by sequence {fz (- — z) Jw(:) : k =1,2,...}.
3) f(-|zk) satisfies

> H”k - ”k

o

13Here we call h the control function without assuming that the IV z is independent of (u,€) as in the usual
control function approach.
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where v,{ and UIJ:Z are defined as in Theorem@with fC)=fe(-—2)/w(:) and f.(-) = f(:|2)/w(),
and that for any finite subsequence {zg, i =1,2,.... I}, {f(-|zk,) i =1,2,..., I} is linearly
independent.

Then, the family {f(:|z) : 2 € N'(20)} is complete in L*(R,w).

Proof: See the appendix.
Condition i) guarantees that the conditional density f(x|z) is continuous in both z and
z around zg. The condition h(zp,&) = € is not restrictive because one may always redefine
€. Therefore, f(z|z) satisfies f(x|z0) = fz(x). The first part of Lemma [5 implies that
key sufficient assumptions for the completeness of f(x|z) implied by the control function in
Equation is that the control function h is locally linear around a neighborhood of a limit
point in the support of z. Our results may provide sufficient conditions for completeness with
a general h. For example, suppose ¢ # 0, and small € > 0, we may have
cz+e if x € (20 —€,20+¢),
h(z,e) = .
Z+e* e + Z‘jjzo (z—20)% hj(e) else.
where h; (-) are increasing functions. The function i may also have a nonseparable form such

as

heo) cz+e€ if x € (20 — €, 20+ ¢€),
z,€) =
zZ+1In [(z —20)% + exp(e)} else .

3.3. Multivariate completeness

When the endogenous variable x and the instrument z are both vectors, our main results in
Theorems |1} and [ still applies. In other words, our results can be extended to the multivariate
case straightforwardly. In this section, we show that one can use Theorems [I] and [2] to reduce
a multivariate completeness problem to a single variate one. Without loss of generality, we
consider x = (x1,x2), 2 = (21,22), X = &} X Xy, and Z = Z; X Z3. One may show that
the completeness of f(x1|z1) and f(z2|z2) implies that of f(x1]z1) X f(z2]|z2). Theorems
and [2| then implies that if conditional density f(z1,z2|21,22) has a small deviation from
f(z1]21) X f(x2|22) at some converging sequence in Z under the deviations defined in Theorems

and |2 then f(x1,x2|z1,22) is complete. We summarize the results as follows:
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Lemma 6. Denote H = L*(X,w) as a Hilbert space. For every z € Z = 21 x Z3, let f,.(-]2)
be in the Hilbert space H of functions defined on X = Xy x Xy with norm || - ||. The weight
function is a multiplicative product of weight functions of Hilbert spaces defined on X1 and
Xo, ie., w(zy,x2) = w(a:l)w(xg)ﬂ Suppose that there exists a point zy = (210, 220) with its
open neighborhood N (z9) C Z such that

i) for every sequence {zx:k =1,2,3,...} of distinct zx € N (20) converging to zy, the
corresponding sequence {fy ., (-|21x) + k = 1,2,3, ...} and {fa,)2,(-|22k) : kb = 1,2,3,...} are
complete in Hilbert spaces H of functions defined on X and Xs;

ii) there exists a {f(:|zx) : k = 1,2,...} satisfies that one of the following conditions holds:

1) fal2 (0|21, 22) = fay oy (121) faa oo (|22) for [[21 = 210[| < €1 and [|z2 — 220]| < €2 for small
€1,€ > 0;

2) fm|z(‘zk> satisfies

<7

|| farlzr Cl2n) /() fan)za (22) fw () | M

i fo|z(a "Zkla zk2)/w('7 ) - f:c1|z1(‘Zkl)/“)()fxg\zz(’Zk2>/w()H 1
k=1

where M > 1 is determined by the sequence {fmzl(-]zkl)/w(-)fm@(-]sz)/w(-) tk=1,2,..}.
3) fm|z(‘zk) satisfies

f2122 fz 2
| A
> E <
=]

where v,{zm and U]{Z are defined as in Theorem@ With fry 2 (") = fay)2 (12k1) /W () frg)zs (l2a2) /w(0)
and f.(-) = fy.(:|2)/w(:,-), and that {f(-|z,) : i =1,2,...,I} is linearly independent for any
finite subsequence {zy, :i=1,2,...,1}.

Then, the sequence { f|.(-,"|21,22) : 2 € Z} is complete in the Hilbert space H of functions
defined on X) X Xy,

Proof: See the appendix.

In many applications, it is difficult to show the completeness for a multivariate conditional
density. The results above use Theorems [1] and [2] to extend the completeness for the one-
dimensional sequences {fy,|z, ("|z1x) : & = 1,2,3, ...} and {fo, ., (-|22x) : b = 1,2,3,...} to the

multiple dimensional sequence {fy. (-, |21k, 22k) : k = 1,2,3,...}. The key assumption is that

A simple example of this type of weight functions is w(zi,zs) = e~(maf+azed) _ -arofg-asel _

w(x1)w(x2), where a1, a2 > 0.
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the endogenous variables are conditionally independent of each other for some value of the

instruments, i.e.

f$|z(a '|210a 220) = fa:l\zl ('|210)f932\z2('|220)- (13)

We may then use the completeness of one-dimensional conditional densities f,, ., (-|z1x) and
fas|2 (-|221) to show the completeness of a multi-dimensional density fy.(:, |21k, 22x). There-
fore, Lemma [6] may reduce the dimension as well as the difficulty of the problem.

What we need for the multivariate case (Lemma @ in equation includes two steps:

first, we need the independence between x1 and x5 only at z = zg, i.e.,
x1 Lo | 2 = 20; (14)
The second step requires with zg = (210, 220)

fa:1|z('|20) = fm1|z1("210) and fx2|z(|ZO) = fx2|22('|220)'

This step is for simplicity and convenience because f,,|.(-|210, 220) and fo,.(:|210, 220) are
already one-dimensional densities and we may re-define the two sequences in condition i) in
Lemma |§| corresponding to f, |.(-|20) and f,.(-|20). Such a simplification is particularly
useful when one can find an instrument corresponding to each endogenous variable.

The completeness of a conditional density function f(z|z) implies there exists a sequence
of conditional density function {f(z|zx) : k = 1,2,3,...} as a basis. At these points z; =
(21k, 22k), an intuitive idea of Lemma 6 is the fact that the tensor product of univariate
basis are multivariate basis. With the completeness of the sequence of product function
{fa1120 Cl21k) fan| 2o (l22k) + k= 1,2,3, ...}, we can utilize the main perturbation results, Theo-
rems (1| and |2}, to extend the result to other sequence of function close to the sequence of the
product function. At these "small” perturbation sequences, {fy.(, |21k, z2) : b = 1,2,3, ...}

can be nonseparable and satisfy the condition 1} For example, set f,|., (v1]21) = L7121

z1
and fo,|2, (x2]z2) = %e*“” where 21,29 > 0 and x1,72 € {0} URT. Applying the results of
Lemma 1 (a generalized version of Example 2) to these two density functions, we can obtain
the completeness of the two families {f, ., (:|z21x) : k = 1,2,3,..} and {fg,2 (-22¢) : k =

1,2,3,...} where zy; and 29 are distinct sequences converging to 1.
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The family of product function { fy, |2, (:|21%) faa|2, (*|226) 1 k& = 1,2, 3, ...}, where f; ., (71]21) =
%e*‘”lzl and fo,|z, (22]22) = %e*‘”"’? is complete in {0} UR*? because the family contains
a subfamily as a basis in {0} UR*2. Then, by Theorems |1 and [2| the family of multivariate
density {fy).(, |21k, 22¢) : k = 1,2,3,...} may be complete when the family is sufficient close
to the family of product functions under the deviations defined in Theorems [I| and [2l On the
other hand, we can use condition ii) 1) to provide more complete families. For small €1, €3 > 0,

set O, = (z10 — €1, 210 + €1) X (220 — €2, 210 + €1). Consider the multivariate density

f:):1|z1(“zl)fxz|ZQ("22) if (21722) €0,
fx\z('7'|21722) = 2 2
czh p—(T1218t 222K+ (21— 1) (226 —1)?T122)  glge .
Z1k 22k

where ¢,y is a normalized coefficient, 21,20 > 0, and 21,22 € {0} URT. The family has an
exponential decay tail over R*? and hence integrable. The family at O, is the same as the

family of product function {fy, |z, (‘|21k) fas|z, (*|22k) + kB = 1,2,3,...}, where f, ., (z1]21) =

%e*’“zl and fy,|z, (T2]22) =

1

e T Lemma@implies the sequence {f,.(-,"|21,22) : 2 € Z}

is complete.

4. Conclusion

We provide sufficient conditions for the nonparametric identification of the regression func-
tion in a regression model with an endogenous regressor x and an instrumental variable z.
The identification of the regression function from the conditional expectation of the depen-
dent variable is implied by the completeness of the distribution of the endogenous regressor
conditional on the instrument, i.e., f(z|z). Sufficient conditions are then provided for the
completeness of f(x|z) without imposing a specific functional form, such as the exponen-
tial family. We use the results in the stability of bases in Hilbert space to show that (1)
if the relative deviation of the conditional density f(z|zx) from a known complete sequence
of function is less than a constance determined by the complete sequence for some distinct
sequence {z; : k = 1,2,3,...} converging to zp, then f(z|z) itself is complete, and (2) if the
conditional density f(x|z) can form a linearly independent sequence {f(-|zx) : k = 1,2,...} for
some distinct sequence {zj : k = 1,2, 3, ...} converging to zo and its relative deviation from a

known complete sequence of function under some norm is finite then f(z|z) itself is complete.

22



Therefore, the regression function is nonparametrically identified.

5. Appendix: Proofs

5.1. Preliminaries

Recall this paper considers a weighted L? space L*(X,w) = {h(:) : [ |h(z)*w(z)dz < oo}
with the inner product (f,g9) = [, f Py (x)dx. We define the corresponding norm as:
I£II? = (f, f). The completion of LQ(X w) under the norm || - || is a Hilbert space, which may
be denoted as H. The conditional density of interest f(z|z) is defined over X x Z. Let w be a
weight function. If z only takes values from a countable set in Z then the conditional density

f(z]z) can be used to extend as a sequence of functions {fi, f2, fs, ...} in H with

where {z; : K =1,2,3,...} is a sequence in Z. The property of the sequence {f;} determines
the identification of the regression function in .

We then introduce the definition of a basis in a Hilbert space.

Definition 2. A sequence of functions { f1, f2, f3,...} in a Hilbert space H is said to be a basis

if for any h € H there corresponds a unique sequence of scalars {c1, ca,cs, ...} such that

h = Z Ckfk.
k=1

The identification of a regression function in Equation actually only requires a sequence
{1, f2, f3, ...} containing a basis, instead of a basis itself. Therefore, we consider a complete
sequence of functions { fi, f2, f3,...} which satisfies that (g, fx) = 0 for k = 1,2, 3... implies
g=0.

In fact, one can show that a basis is complete and that a complete sequence contains a
basis. Since every element in a Hilbert space has a unique representation in terms of a basis,
there is redundancy in a complete sequence. Given a complete sequence in a Hilbert space,

we can extract a basis from the complete sequence. One of the important properties of a
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complete sequence for a Hilbert space is that every element can be approximated arbitrarily

close by finite combinations of the elements. We summarize these results as follows.

Lemma 7. (1) A basis in the Hilbert space H is also a complete sequence.

(2) Let W be a closed linear subspace of a Hilbert space. Set W+ = {h € H : (h,g) =
0 for all g € W}. Then W+ is a closed linear subspace such that, W @ W+ = H.

(3) Given a complete sequence of functions { f1, fa, f3,...} in a Hilbert space H, there exists

a subsequence {ry1,r2,73,...} which is a basis in the Hilbert space H.

Proof of Lemma (1): Given a basis {f1, f2, f3,...} in a Hilbert space H, apply-

ing Gram-Schmidt process to the basis yields an orthonormal sequence {g1, 92,93, ...} and

span({ f1, f2, f3,...}) = span({g1, 92, g3, ...} ). This implies that {g1, g2, g3, ...} is also a basis of

the Hilbert space H and f = > (f,gx)gr for any f € H. Suppose that [ fy(z)h(z)dz =0
k=1
58]
for all k. It follows that (h,gi) = 0 for all k. Thus, h = > (h,gx)gx = 0. {f1, fo, f3,...} is a
k=1

complete sequence. QED.

The proof of Lemma [7(2) can be found as a corollary in page 7 in [Zimmer| (1990).
Proof of Lemma (3): We will choose r; using Gram-Schmidt procedure. First, let

Then ry = fs, where sy is the smallest index among {2,3,4,...}

r = fi and g1 =

i

such that go = fs, — (fss,91)91 # 0. Denote g2 = 2. Keep the selection process go-

1321
ing, in the k-th step, we have rp = f;, where s is the smallest index among {sx_1 +
k—1 _
1,851+ 2,85-1 +3,...} such that g = fs, — > (fs,,9i)9i # 0 and gi, = HZIZII' This selection
i=1

procedure produces three sequences with the same span space, i.e., span({fi, f2, f3,...}) =
span({r1,r2,73,...}) = span({g1,92,93,..-}). In addition, {¢1,92,93,...} is an orthonormal
sequence. To prove {ri,rs,rs,...} is a basis, it is sufficient to show (i) the completion of
span({ry,r2,7s,...}) = H, and (ii) every finite linear combinations of elements in {ry,ro, 3, ...}
has a unique representation. Let W be the completion of the subspace span({ri,re,rs,...})
under the norm || - ||. Let W+ = {h € H : (h,g) = Oforallg € W}. By Lemma
, W@ W+ = H. Since the sequence {f1, f2, f3,...} is complete and span({fi, fa, f3,...}) =
span({ry,r2,73,...}) then W+ = {0} and W = H. On the other hand, suppose that i CkTE =

k=1
k—1
0 for some scalars ci, .., ¢,. From the selection of ry, we have rp = > (fs;, gi)9i + ||grllgr =
i=1
k n
> a;rg; where agr = ||gr|| # 0. Plugging the expression into the previous equation, > cpry =
i=1 k=1
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n k
> ek ( aikgi> = (0. Consider the inner products of this term with g, £k = 1,...,n. We
k=1 i=1

obtain the system of linear equations

n

Z ckarg = 0,

k=1

n
E ckagy = 0,
k=2

n

Z crani = 0.

k=n

The matrix expression of the above system is

ail a2 ... Qinp C1
0 a2 ... a9n (&)
=0.
0 0

0 0 0 ann Cn

Since agr = ||gx|| # 0 for all k, using backward induction results in ¢, = 0 for all k. This

proves the condition (ii). Therefore, the sequence {ry,ro,r3,...} is a basis. QED.

Any function f in a Hilbert space can be expressed as a linear combination of the basis
function with a unique sequence of scalars {ci, co, cs,...}. Therefore, we can consider ¢, as a

function of f. In fact, ¢, (+) is the so-called coefficient functional.

Definition 3. If {f1, fo, f3,...} is a basis in a Hilbert space H, then every function f in H

has a unique series {ci,ca,cs, ...} such that

=" calf) fu-
n=1

Each ¢y, is a function of f. The functionals ¢, (n = 1,2,3,...) are called the coefficient
functionals associated with the basis {f1, fa, f3,...}. Because ¢, is a coefficient functional

from H to R. Define its norm by

lenll = sup {len(f)]: FeH, [IfII <1}
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The following results regarding the coefficient functionals are from Theorem 3 in section

6 in [Young (1980).

Lemma 8. If{f1, f2, f3,...} is a basis in a Hilbert space H. Define ¢, as coefficient functionals

associated with the basis. Then, there exists a constant M such that
L<(fall - llenll < M, (15)

for all n.

In our proofs, we limit our attention to linearly independent sequences when providing
sufficient conditions for completeness. The linear independence of an infinite sequence is

considered as follows.

Definition 4. A sequence of functions { f, (-)} of a Hilbert space H is said to be w—independent
if the equality

oo

chfn(x) =0 forallz e X

n=1

is possible only for ¢, =0, (n=1,2,3,...).

It is obvious that the w—independence implies that linear independence. But the converse
argument does not hold. A complete sequence may not be w—independent, but it contains a
basis, and therefore, contains an w—independent subsequence.

Our proofs also need a uniqueness theorem of complex differentiable functions. Let w =
a + ib, where a,b are real number and i = /—1. Define C = {w = a + ib: a,b € R} and it is

called a complex plane. The complex differentiable function is defined as follows.

Definition 5. Denote Q2 as an open set in C. Suppose f is a complex function defined in Q.

If 29 € Q and
o 1) = 1)

Z—20 zZ— 20

exists, we denote this limit by f'(z0) and call it the derivative of f at zo. If f'(z0) exists for

every zog € Q, f is called a complex differentiable (or holomorphic) function in Q.

To be more precise, f/(zg) exists if for every € > 0 there corresponds a ¢ > 0 such that

f(2) = f(z0)

— f(20)| <eforall 0 < |z — 2| <§.
Z— 20
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A complex differentiable function has a large number of interesting properties which are
different from a real differentiable function. One of them is the following uniqueness theorem,

as stated in a corollary on page 209 in Rudin| (1987)).

Lemma 9. If g and f are complex differentiable functions in an open connected set Q0 and

if f(z) = g(2) for all z in some set which has a limit point in §, then f(z) = g(2) for all

ZGQE

5.2. Proofs of completeness of existing sequences

Proof of Lemma Set t(z) = 1 is for simplicity. In order to use the above uniqueness
result of complex differentiable functions, we consider a converging sequence {z; : k= 1,2, ...}
in Z as the set with a limit point. Since y (-) is continuous with p' (z9) # 0 for some limit point
29 € Z, there exists 0 > 0 and a subsequence {zy, : i = 1,2,...} converging to zy such that
{u(zy,) i =1,2,..} € (u(z0) — 0, u(20) + 0) C u(N (20)) be a sequence of distinct numbers
converging to an interior point u(zo) € p(N (20)) and p(zg,)7(x) < p(zo0)7(x) + 0|7(x)| for
i =1,2,.... In addition, since g(-|z) € L}(X) for z € O,

/X s(x) exp [u(z0)7(x) + 6|7 (2)|] dx < 0.

s(z)? eXp[Q(u(ZE)))T(x)MIT(I)\)

Choose a weight function w(z) satisfying [ Py ldz < oo and it follows
that [, g(z|2)?/w(z)dz < oo for z € O. Given hy € L*(X,w) and pick a positive constant
61 such that 0 < 61 < 6. Let w = a + ib, where a,b are real numbers. Then, check the

integrability of the function s(x)e®™® hg(x) over z € X for a € (u(zp) — 01, p(20) + 61). Use

5Let E be a subset of a metric space X. A point p in X is a limit point of E if every neighborhood of p
contains a point ¢ # p such that ¢ € E.
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Cauchy-Schwarz inequality to the function,

‘/ (@) o )dxf (16)

/ S(l.)em'(:v)
w(z)1/2
/ S(:,;)eu<m>v(m>+al|r(m>\’

(

( x w(x)1/? ho(ﬂr)!w(:c)l/?dx>2
< (/X S(x)eﬂ(zO)T(m)+6|T(m)|h0(x)’w(x)1/2dx>2

(

w(x)l/2
s(x)? exp [2(p(z0)7(2) + 8|7 (=
< /X /yho )20 dx)

0
w(x)

o) () dz )

This suggests that a complex function defined as an integral of the function exists and is

finite. Consider the complex function with the following form

f(w) = /X $(2)e" P ho(2)da, (17)

where the complex variable w is in the vertical strip R = {w : u(z0) — 61 < Re(w) <
w(zo) + 51}E Suppose 1 € C such that |n| < d2 and §; + d2 < §. Given w € R. Consider the
difference quotient of the integrand in Eq. , we have

)eW M@ o (2) — s(x)e?™ @ hy(z) ‘

n
ew’r(ac) (6777(70) — 1)

n
wr(z)+02|7 ()]
e
5 ’hom‘
e(w+52)7’(1’) + e(w—ég)‘r(m)
02
et(20)7(x)+(51+02) |7 ()]
< 25(0)
2

Qam)| = |

ho(x)‘

o)

ho(l‘) y

53\ al

where we have used (1) apply the inequality |ea171] < for |z| < d3 to the factor
(en‘r(l)_l)

; and (2) w € R. The right-hand side is integrable when 61 + d2 < § by a similar

16 A holomorphic (or analytic) function defined with a similar function form in a strip is also discussed in
the proof of Theorem 1 in Section 4.3 of |[Lehmann| (1986). The proof provided here is close to the proof of
Theorem 9 in Section 2.7 of [Lehmann/ (1986).

"The inequality can be found in page 60 of |[Lehmann| (1986).
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derivation in Eq. . It follows from the Lebesgue dominated convergence theorem that

lim/XQ(:U,n)d:L‘:/X}]ig%)Q(x,n)dx:/Xs(ac)T(:L‘)ewT(x)ho(x)dx.

n—0

Therefore, f’(w) exists and the function f defined through the integral is holomorphic.

The condition [ s 2)etCR)T@ o ()dz = 0 is equivalent to f(u(zy,)) = 0 by Eq. |)
This implies that the complex differentiable function f is equal to zeros in the sequence
{1(2k,), 11(2ky), 11(2k3), ...} which has a limit point p(zp). Applying the uniqueness theorem
(Lemma [9) quoted above to f results in f(w) =0 on {w : p(20) — 81 < Re (w) < p(z0) + 61}
If X is a bounded domain, we extend hg to a function in L?(R,w) by

o) = ho(z) ifxe X,
0 otherwise.
We also extend s(x) and 7(z) to functions in R, §(x) and 7(z) respectively with the following
properties, §(z) > 0 and 7/(x) # 0 for every x. In particular, set w = pu(Z) + it for any real ¢
and some Z € O such that p(2) € (u(z0) — 01, u(20) + 91), we have

flw) = / o(2) MO @ o () —
X
= /OO 5(7-1(w))eu(2)xeit:1:h0(7~_1(x>)”1)dx

—00 T (JZ
/ e ho(z)dz.

The last step implies that the Fourier transform of kg (z) is zero on the whole real line. And

Eq. (16) implies hg € Ll(R) By Lemma @ for hg € L'(R) we have hyg = 0 and therefore

18Recall that p(2) € (u(z0) — 81, p(z0) + 1) and ho(z) = 5(7_1(z))e“(g)xﬁo(%_l(x))ﬁ. Consider

/f:o |ﬁo(x)|dw < /j: ’5(7-*1(;p))eﬂ(z')zilo(%ﬂ(x))%lzx) ’dm

s( Ye rETE) g (z)|dz

/ s( eu(zo>7<x>+61\7<x>|
X

|ho(z)|w ()" 2dx

z)1/2

s(z)er (o T<z)+sx (@)|
= /x e |ho(@)|w(w) "/ de

< (/X s(2)" exp [2(pu(20)7(x) + |7 (x)))] dx)l/2(/X |h0($)|2w($)d:€)1/2 < o0.

w(z)
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the function hg = 0. This shows that the sequence {g(-|zx) = s(-)t(z)e*) 70 k =1,2, ..}
is complete in L?(X,w). QED.

Proof of Lemma Choose a sequence of distinct numbers {z;} in the support Z

converging to zg € Z. The inequality

2
g(SU‘Zk) _ fs(m - Zk) < 0167252(:1: czzk) (2537(5/)126251,2}%
w(z) w(z)

with d5 > 0 and 253 > ¢ implies that fR w'i’“) dxr < oo for all k. Suppose that for some

ho € L*(R,w), [* ho(x)fe (x — z1) dz = 0. Divide it by 9% and rewrite the equation as

/00 ho(z)w(x) fe( _w?;))e(;ﬂi dx = 0 for all k. (18)
Consider
- [ xwxfg(x_z)e_élz x
9= [ o), (19)

which is similar to a convolution and g(z;) = 0 for all k. Because hy € L?*(R,w), how €

1 R)H Then, use ¢’ < d3 suggests the function g is integrable because

/oo| \dz</ /|h0 N (z (‘”(Z))6_5122dxdz
= [ @)t ( TV _61Z2dz> &
< /R |ho(z)|w(z)cpe™ (Bs=9)2" < /_ 6—52@—022)%12) dx
<o /R Iho () () dz ( /_ h 6_52z2dz> < 0.

Let ¢g(t) = [0 e"*g(z)dz stand for the Fourier transform of g. We can derive a bound for

This shows that o € L*(R).
YSuppose ho € L*(R,w). Hence, [, ho(z)’w(z)’dr < cu [, ho(z)’w(z)de < oo which suggests how €

L?*(R). In addition, apply Cauchy Schwarz inequality, fR‘ho(m)w(w)‘dac = fR‘ho(x)‘w(a:)l/Qw(w)l/Qdm <
(Jiy ho(2)?w(@)dz)"? ([, w(z)dz)"? < co. This implies how € L' (R).
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¢q(t) as follows:

60(1)] = 1 [

= l/_z et /R ho(fv)w(a?)fe (@ ;2;6122 dzxdz

< [t [ et 2)661Z2dz "
< o ( [ rala)wta)e =7 ) oo
< o <j£|h@(x)hv(x)dx) ¢t (20)

where we have used (i) an interchange of the order of integration (justified by applying Fubini’s
theorem to the integrable g, (ii) the inequality , and (iii) ¢’ < d3. Since hgw is integrable,
¢q(t) is also integrable. Both g and ¢4(t) are integrable, applying the inversion theorem to g
yields that g(z) = 5= [*° e~ #*¢,(t)dt. Extend the function g from R to C and define

T 27 J—o0

fwoz/me”m%@wu

—00

with

w=z+1ib for z,b € R with |b] <r < d4.

The function f(w) is bounded by using Eq. through

|f(w)] = )/Oo e*“qug(t)dt) < /OO el g (1)) dt < 3 /°° e~ (Ga=1bDItl o

—0o0

Since the right-hand side is finite, then f(w) exists and is finite in R = {z 4+ b : |b| < r}.

To prove f is analytic (complex differentiable) in R, we consider the difference quotient at a
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point wy = zg + b in R. For |n| < <r — |byl,

efit(wo+17)¢g(t) _ efitwo(l)g(t)

Q(tm)| = |
n
e—itwo (e—itn _ 1)
= n ¢g(t)
e—itwo e’ ‘tl
< ¢4
1
bot r1|t\
e’'e
< / ‘
< | = [0
—(83—|bo|—71)l?]
< 046—7
1

ralc|

where we have used the inequality [“—=t| < &, for [2[ < 7y and the inequality . The

condition |bp|+r1 < r < d4 makes the right-hand side integrable. Since the quotient is bounded

above by an integrable function, the Lebesgue dominated convergence theorem implies

o0

(o) = limy [ Z Q.= [

Because wy is arbitrary in R, w — f(w) is analytic (complex differentiable) in R = {z + ib :

o0

lim Q(t,n)dt = —it / e~ g, (t)dt.
n—0

o0 —0o0

|b| < r}. Consequently, the fact that f(z) = g(z) equals zero for a sequence {z1, 29, 23, ...}
converging to zg in Eq. implies that f is equal to zero in R by the uniqueness theorem

cited in the proof of Lemma 1. This suggests that f(w) is equal to zero for all w = z on the

. . o0
real line, ie., [7 e

this yields ¢4(t) = 0 for all t That is 0 = [ e"“ho() (ffo =) f (1 — 2) e—5lz2dz> dx

[e.e]

which implies hg(+) <f_°o e f (- = 2) 6_6122d2’) = 0 a.e.. By Eq. , we obtain hg = 0

“Uzg,(t)dt = 0 for all 2 € R. Because the function ¢4(-) is integrable,

o0

a.e.. The family {g(-|z) = f-(- — z1) : k = 1,2, ...} is complete in L*(R,w).

2
As for the case f-(¢) = p(e)e 202 for some 02 < 1, we will show Egs. and hold.

2
—2)2 1 22 r— 2 9
Write 6_% —_ e‘(*—l = ( 02) (1-02)z

1—02)22

2
o2 e” " 2 e 24 . Setd = ( 5T - It follows that

7(172)2
felw = 2)e™% = p(a — 2)e” 22

o Z)e_(oiq) 2 (2%)

2 z_
67612 2 e 2

20Gee Theorem 9.12 on page 185 in [Rudin| (1987).
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Let Z=x— % and 6, = % (% — 1). Use the notation to write the above equation:

fg(x—Z) —6122 _ ((1 -0 )I’—FU z)e (012_1)%6_22/2
e .’1)2 ~
=Y g Hy(2)e F T e
=0
=3 gi@)Hj(z)e e
7=0

22 ~
The condition ) |g;(x)||H;(2)| < cpe‘spx2ef implies that |f-(x — Z>€_6122| < cpe—5px2e—22/4‘

. . . . _ (1—0’2),32 _ 1
Hence, the condition (4) is satisfied with 01 = “—_7—, c1 = ¢p, 62 = 3,

cy = %, and 03 = ).

Next, consider the corresponding Fourier transform in the condition :

o i 2
‘/ e f(x— 2)e " dz
—00

_ ‘/eit(02$022)p(<1 - 0’2)33 +022)6726133326722/2(_0,2)612 (22)

— 52 / i(—o2t)z Zq 25,,95 . 6—22/2dz (23)

_ 25px Zq] / i(—o2t)z Hj(g)efZQ/QdZ (24)

<ot e B Y o) | Hj(—o2t)e /2 (25)
024)2 242
< g2em 20007 | popa R (26)
(0 )2 o442
= V20e % 7T = V2ge 0 e I , (27)

where we have used the sum is absolutely convergence and that Hermite polynomials are
eigenfunctions of the Fourier transform. This implies that the condition is satisfied and

Lemma 2 is applicable to the distribution. We have reached the completeness of the family

{9(|z) = fo(- —z) : k=1,2,..}. QED.

5.3. Proof of Theorem [1]

The prototype of the stability result in Theorem [I] comes from Corollary after Theorem 10

in [Young (1980) which implies the following sufficient condition for the stability of bases in
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Hilbert spaces.

Lemma 10. Suppose {g,} is a basis for a Hilbert space H and {cy} is its associated sequence

of coefficient functionals. If {f.} is a sequence in H such that

)
D lgn = Fall - llenll < 1,
n=1

Then {fn} is also a basis for H.

Applying Lemma (3) to the complete sequence in conditions ii) in Theorem [l} we can
extract a convergence subsequence {r,rg,rs,...} such that {g(-|zr,)/w(:) : k = 1,2,...} is a

basis and

ZHQ |z ) /w0() = FClzn) /0Ol _ 1 (28)

FRENZO] S M

Because {g(-|zr,)/w(-) : K = 1,2,...} is a basis, we apply Lemma [§| to obtain a constant

M such that
g (12 /w Ol - llegll < M, (29)

where cgy, is coefficient functionals associated with the basis and the constance Mj is deter-

mined by the basis. This implies

Z lg(lzr) fw () = FClzr) /0O - llegr]
9(1zr) /w0 () = f(lzr) /w()
— l9(-12r) /()]

lgClzn)/0() = £ (1) )]
(Z l9CTz) O )M <

g1z fo Ol - el

Mg

If the constant M is chosen to be bigger than M;j, then all conditions in Lemma are
fullfilled and thus {f(-|2,,)/w(-) : k = 1,2,..} is a basis for H. In particular, Lemma [7|(1)
implies {f(-|z,)/w(:) : k =1,2,...} is also a complete sequence. Because the weight function

is positive, we have shown the family {f(:|z) : 2 € N (20)} is complete in H. QED.
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5.4. Proof of Theorem [2]

We prove Theorem [2]in three steps:

1. The quadratic deviation from an orthonormal sequence { k=1,2, } to the cor-
ol

E

responding sequence { IEI k=1,2,. } is defined as

£ 2=

(30)
el G4

We show that if the quadratic deviation from an orthonormal basis to an w— independent
sequence is finite, then the latter sequence is also a basis. This result is summarized in

Lemma (11| which is Theorem 15 in [Young (1980).

2. Condition ii) implies that the quadratic deviation in Eq. is finite for an orthonor-
g9

mal sequence {HZ’g” tk=1,2, } constructed by {g(:|2,)/w(-) : k = 1,2,..} and an
k

[

orthogonal sequence § & : k= 1,2, } constructed by {f(:|z,)/w(-) 1 k=1,2,...}.

el
3. A linearly independent sequence { f(-|z, )} in a Hilbert space implies linear independence
of the orthogonal sequence {H o k=1,2,. } The linearly independent sequence
Uk

f f
{v’; k=1,2, } contains an w—independent subsequence {U';l =12, } Fi-

v
H ’WH

nally, for an orthonormal sequence constructed by a complete sequence { 92y, /w(*)

f
in a Hilbert space and the w—independent sequence {HUI;ZH 1=1,2, }, Eq. and
Ukl

f

v
Fil

and therefore, {f(-|z) : 2 € N (20)} is complete.

Lemma |11|imply that the sequence :1=1,2,... » is complete in a Hilbert space,

Step 1: We prove that if the quadratic deviation from an orthonormal basis to an w—
independent sequence is finite, then the latter sequence is also a basis. This result is Theorem

15 in [Young (1980) and summarized in the following lemma.

Lemma 11. Suppose that

i) the sequence {ey (-) :n =1,2,...} is an orthonormal basis in a Hilbert space H;
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ii) the sequence {f, (-) :n =1,2,...} in H is w—independent;

iii) 32y [fn () = en () |12 < 0.
Then, the sequence {f,(:) :n =1,2,...} is a basis in H.

Step 2: First, by Lemma (3), we can extract a convergence subsequence {ry,ro,r3, ...}

such that {g(-|2,)/w(-) : k =1,2,...} is a basis and the orthogonal basis constructed by the

basis {g(-|zr,)/w(-) : k =1,2,...} is given by

v () = g(lzn) /w(),

Ug() = g("zrz)/w(‘) - <Ul('),U1(')> vl

We can normalize the orthogonal basis to obtain an orthonormal basis as {v{(-)/[|v] ()| : k =

2,...}. The orthogonal basis constructed by the basis {f(-|z,,)/w(:) : K = 1,2,...} is the

following sequence

SRS |zrj w(),;())
() ‘Zrk /w Z iy ()> 7 ( )7
j=1 7 J
This implies S° ||-0 _ %0 2 o2 by Condition ii). This implies th
plies kzl H”vg(.)” Hv,ﬁ()IIH < /;1 i < oo by Condition ii). is implies the

/(. (.
‘2’58” :k=1,2,...} is quadratically close to the orthonormal basis {”U§8” k=
k k

sequence {

1,2,..}.
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f
Step 3: By the construction of { HZ’;,H ck=1,2, } and linear independence of { f(+|zx) :
k
f
k =1,2,...} in Condition iii), {HZ’;| k=1,2, } is also linear independent. According to the
k

second Theorem in Erdos and Straus| (1953), any linearly independent sequence in a normed

space contains an w— independent subsequence. We obtain an w— independent subsequence

{U’{l:lzl,z...}.
A
o)

We then show that the w— independent subsequence {kl :1l=1,2, } is complete

=
in the Hilbert space H. Since the sequence {Zml} corresponding to { f ('|Z7”kl)} is a subse-

quence of {z;} and also converges to zg, condition i) implies that the corresponding sequence

{9(-|2r,,)/w(-)} is complete in the Hilbert space defined on X. This implies the orthonor-

f
mal sequence constructed by a complete sequence {g(-|zrkl)/w(~)} and {vkl l=1,2, }

I,
f
also satisfies Eq. |D Lemma implies that {HU?H 1=1,2, } is a basis and thus
Ukl
f £
HU';ZH =12, } is complete. By the construction of HU?H :1=1,2,... , the complete-
Ukl vkl
f
ness of HUZ’H :1=1,2,... p implies that the family {f(-]z) : 2 € N (20)} is also complete.
’Ukl
QED.

5.5. Proof of the linear independence

Proof of Lemma [3|(3): We have for z >0 and 0 € X

f(l2) = L Fy(z x )

dx
with
1 1 1
WO =T (Zkl d(i)lf(oig )> x det Zhn Zh2 ks
(2r) 71 (o) (z1,)T 1
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According to the property of the Vandermonde matrix, the determinant W (x) is not equal to
zero when Fy(z) has all the nonzero derivative at = 0 and z;, are nonzero and distinctive.
We may also generalize the above argument to show {f(:|zx)} is linear independent with

Flal2) = - Fo(u(z)r())

where 1/(z) # 0 and 7(-) is monotonic with 7(0) = 0. While the restriction p/(z) # 0
guarantees that u(z) are different for a distinct sequence {z;} around zg, the condition 7(-)
is monotonic ensures that the linear independence for any x is the same as that for any

I I
T(x). If > cif(-|zk;) = 0, then it is equivalent to ) Ci%Fo(,u(Zki)T(-)) = 0. This implies
i=1 '

i=1
I
> i Fy(u(zk,)7) = 0 for all 7 € 7(X). Thus, we may show the determinant of W (z) of the
i=1

function f(z|z) is nonzero at x = 0. QED.

5.6. Proof of completeness in applications

Proof of Lemma Since f-(-) = f(-|z0) satisfies inequalities and in Lemma 2,
we may generate a complete sequence {g(x|z;) = f(x — zilz0) = fe(x — 21) : k = 1,2,...}
satisfying condition i) in Theorem 1 and 2. Then, we will show that the family. {f(-|z) : z €
Z} is complete if the one of conditions in condition ii) 1), condition ii) 2), and condition ii) 3)
are satisfied. First, the results in condition ii) 2), and condition ii) 3) are direct applications
of Theorem 1 and 2. As for the results in condition ii) 1), pick some distinct sequence
{zr : k = 1,2,...} such that z; converging to z¢ and ||zx — z0|| < €. Then, we have (i)
{fe (- —z) : k =1,2,...} satisfies condition i) in Theorem 1 by condition i) and Lemma 2,

and (ii)

oo (42 ¢ = 2 ) = s e (525 100
2 1= =) /w0l

=0,

because o (z) = 1 for k = 1,2,.... Theorem 1 implies that {f. (JZZ:)) 1z € Z} is complete
in L? (R,w). QED.

Proof of Lemma We take distinct zp — zg such that |z — 29| < €. Consider the

sequence {g(z|zr) = fe (x — zx) : k = 1,2,...}. This implies that g(z|z0) = f: (z) = f(z|20)
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because h(zp,e) = . In addition, the assumptions of e suggests {g(-|zx) : £ = 1,2,...} is
complete in L?(R,w) for the weight function w by Lemma Then the complete sequence
{9(-|z) : k =1,2,...} satisfies the condition i) in Theorems [I] and E

We may check that the family {f(z|z) = |2 h ™ (zk, 2)| fo (W (2w, 2)) b =1,2,..} isin

L?(R,w). Consider for some constant ¢; and z € N (2)
oh
[t e = [ |2 B g 0 )
R

:/R< ) ‘ ig)da

dzx

B Oh(z,e) |

- [P e
-1

<o [ [2ES Ty P

_a 2
Y RLCIRERES

The last step is because conditions i) and the assumption of e imply ’M

g /= (e)” de < co. That means f(z|z) € L*(R) for z € N (20). Since the weight function is
bounded, f(x|z) € L?(R,w) for z € N (20).

Similar to the proof of Lemma (4] the results in condition ii) 2), and condition ii) 3)
are direct applications of Theorem 1 and 2, Theorems [I| and [2[ imply that completeness of
{f(-|z) : 2 € N (20)} in L? (R,w). As for the results in condition ii) 1), for z such that
|z — 20|l <€ f(|2) = ‘a%hfl(z, I fe (h(z,7)) = f- (- — cz). Because ¢ # 0, cz is also
a converging sequence. Then, the assumptions of ¢ also suggests {f(-|zx) : £ = 1,2,...} is

complete in L?(R,w) by Lemma We have the completeness of {f(-|z) : 2z € N (20)}. QED.

Proof of Lemma @: Without loss of generality, we consider x = (x1,x2), z = (21, 22),
X =X x Ay, and Z = Z; X Zy. Condition i) implies that {f;, ., (-[21x) : = 1,2,3,...} and
{fao|zo (-]22k) : K =1,2,3,...} are complete in their corresponding Hilbert spaces.

We then show the sequence {f;, |2, (-121k) fag|2, (-|22) : & = 1,2,3,...} is complete because
Uz Clzak) = B =1,2,3, ...} and { fy, |2, (|22) 1 k = 1,2,3,...} are complete in corresponding
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Hilbert spaces. Using the property of the weight function, we obtain

//h(acl,xg)f(xl\zl)f(x2|22)d:v1d332
_ //h(xl,xg)f($1|zl)f(x2|z2)w(x1,Iz)dI1d$2

w(x1,x2)
= /</h(931,332)mw($1)d1?1> ‘mw(m)d@

= /(/h(arl,xg)f(x1|zl)da:1> f(z2|22)dxo
- /h’ (22, 21) f (2] z2) .

If the LHS is equal to zero for any (21, 22) € Z1 X Zs, then for any given 21 [ b’ (z2, 21) f(x2|22)dxs
equals to zero for any z9. Since f(x2]22) is complete, we have h' (x2,21) = 0 for almost sure
r9 € Xy and any given 2z € Z;. Furthermore, for any given xzo € X, I/ (22,21) = 0
for any z; € Z; implies h(z1,22) = 0 for almost sure z; € Xj. Therefore, the sequence
{fa1120 Cl21k) fag|zo (|22x) + & = 1,2,3,...} is complete. Thus, we have a family of functions
satisfying the condition i) in Theorems [1| and [2 Because its corresponding condition in the
condition ii) in Theorems [l and |2| are assumed directly in condition ii) 1) and condition ii) 2),
respectively, the sequence {fy 1,02,z (s |21k, 22¢) + k = 1,2,3,...} is complete in the second
and third part of the result. As for the first part, we can regard it as a special case of the

second part with zero deviation in a converging sequence. We have reach our claim. QED.
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