Probability models are mathematical representations used to
study and understand uncertain phenomena.

Random Experiment

A random experiment 1s a process that leads to at least two
possible outcomes with uncertainty as to which will occur.
The possible outcomes are the basic outcomes of the
experiment.

The sample space 1s the set of all basic outcomes



Examples:
Toss a coin twice. Sample space: {HH, HT, TH, TT}.
Roll a dice. Sample space: {1,2,3,4,5,6}

An event is a subset of the sample space. It 1s a list of basic
outcomes.

Examples:
“At least one head”: {HH, HT, TH}

“No more than one head”: {TT, HT, TH}
When rolling dice, get an even number: {2,4,6}
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Let A and B be events in the sample space S.

e AN B means that both A and B occur
e AU B means that either A or B occurs

Example: Rolling a die.
e Event A: outcome 1s even ({2,4,6}).
e Event B: outcome 1s greater than 3 ({4,5,6}).

ANB = {46
AUB = {2,4,5,6)



If A and B are two events 1n the sample space such that An B
1s the empty set (i.e. they share no common outcome), then
they are said to be mutually exclusive.

Given k events E ,E,,...E, 1n the sample space S, 1f
E, UE, U...E, =S then these k events are collectively
exhaustive.

The set of elements belonging to S but not to A is the
complement of A. It 1s denoted by A .



The probability of an event is the relative frequency of that
outcome as the experiment 1s repeated an arbitrarily large
number of times

P(A)=n,/n

This interpretation relies on the possibility of repeating an
experiment a large number of times.

In the case of a nonrepeatable event, probability is a
subjective assessment of the likelihood of that event
occurring



Axioms of probability (“probability postulates™)
Suppose that

A 1s an event
O. 1s a basic outcome in the random experiment

Then

e 0<P(A)LI

® P(A)=2,P(O)
e P(S)=1



These axioms deliver the following consequences:

I. If there are n equally likely outcomes in the sample space,
then each of them has probability 1/n.
(Q: Why? A: Because otherwise they would not sum up to

1).

II If there are n equally likely basic outcomes 1n the sample
space and event A consists of n, of these outcomes, then
P(A) :IIA/ n

(Q. Why? A. Previous consequence and postulate two.)



Coin toss example. Assume that a fair coin 1s tossed twice.
Here 1s the probability of each event

Event A P(A)
{HH} Z
{HT} Z
{TH} Va
{TT} Z

S 1
{HH,HT,TH} a

(HH,HT! Y,



What are the probabilities of the following two events?

® o get

® o get

Sample s

at least one six when tossing a dice six times
at least two sixes when tossing a dice 12 times

pace for tossing a dice six times

{1,1,1,1,1,1}
{1,1,1,1,1,2}
and so on

Contains

6° elements

Of these 5° have no six

All are equally likely

So the probability of no six 1s 0.335

The probability of at least one six 1s 0.665



Sample space for tossing a dice 12 times

Contains 6'° elements

Of these 5" have no six

12*5" have one six

All are equally likely

So the probability of 0 or 1 six is (52 +12*5')/ 6'*=0.381

The probability of at least 2 sixes 1s 0.619



Rules of Probability

1. Addition Rule: P(AUuB)=P(A)+ P(B)-P(ANB)
— Bonferron1 Bound: P(AnB) > P(A)+ P(B) -1
2. Complement Rule P(A)+ P(A) =1
3. 1If Ac B then P(A) < P(B)
Equivalently, if A= B then P(A) < P(B)
4.1t {B,,B,,..} 1s set of mutually exclusive and collectively
exhaustive events then P(A) =X.P(ANB,)
=P(A)=P(ANC)+P(ANC)
5.1f {A,A,..} is a set of events, then P(U. A) <Z.P(A)



Addition Rule: P(AUB) = P(A)+ P(B)—P(AN B)

Intuition

S




Addition Rule Example. A restaurant found that 75% of its
customers use mustard, 80% use ketchup and 65% use both.

What 1s the probability that a customer will use at least one
of these?

Let A be the event “Customers use mustard”

Let B be the event “Customers use ketchup”.

Then

P(A)=10.75,P(B)=0.80 and P(AnB)=0.65
~P(AuB)=P(A)+P(B)-P(AnB)=0.75+0.8—0.65=0.9



Complement Rule:P(A) + P(A) =1

Proof: A and A are mutually exclusive and collectively
exhaustive

P(AUA)=P(A)+P(A)—P(ANA)
S~ P(AUA)=P(A)+P(A)
P(AUA)=1

So P(A)+P(A) =1



Terminology

Probability of two (or more) events occurring is a joint
probability
P(AM B) 1s a joint probability

Probability of one event occurring 1s a marginal probability
P(A) 1s a marginal probability.



Let A,...A be a set of events that are mutually exclusive and
collectively exhaustive.

Let B,,...B, be another such set of events

A way to represent the relation between these events:

Bl BZ oo Bk
A A NB A N B, A N B,
A, A, N B, A, N B, A, N B,
A, A, N B, A, N B, A, N B,

We can assign probabilities to these cells.



Example: A study with 150 heart attack patients was
performed on four alternative treatments: A, B, C and D.
Treatment Group

A B C D Total
Died 18 13 22 24 77
Survived 22 25 16 10 73

Total 40 38 38 34 150



Probability of randomly chosen patient being in each cell

Treatment Group

A B C D
Died 0.120 0.087 0.147 0.160
Survived ~ 0.147 0.167 0.107 0.067
Total 0.267 0.253 0.253 0.227

Elements 1n red are joint probabilities
Elements 1n blue are marginal probabilities

Total
0.513
0.487
1.000

Q. How do we go from joint probabilities to marginals?

A. Add them up.

P('A‘i):sz('A‘i mBj)



Permutations
Five letters A, B, C, D, E

Pick 2 different elements and arrange in order
AB BA CA DA EA
AC BC CB DB EB
AD BD CD DC EC
AE BE CE DE ED

Twenty ways of doing this



In general, 1f I have n objects and I want to pick k out of
them and arrange them 1n order, then the number of ways of
doing so 1s

n!
P = —=n(n-1)....(n—k+1
= =Dk
P =5%4=20
If I don’t care about the order, the number of ways i1s
n!
C, =
(n—Kk)'k!

This allows us to do probability calculations



Example: What 1s the probability the no two individuals 1n a
group of k people have birthdays on the same date?

Assume births are equally distributed throughout the year

Q. What 1s sample space?

A. Since there are 365 possibilities of birthday for each of the
k people there are 365" possibilities. Each is equally likely.

Q. In how many of these do no birthdays coincide?
A. P®

Therefore the desired probability is P’* /365"



Here are the numbers
k P

5 0.973
10 0.883
15  0.747
20 0.580
22 0.524
23 0493
25 0431
30  0.294
40  0.109
50  0.030

60  0.006



Conditional Probability

Suppose A and B are two events. Typically we will be
interested in the probability of event A once we know that B
has occurred. For this we define conditional probabilities.
Conditional Probability
Let A and B be two events. Then the conditional
probability of A given B 1s
P(A|B) = P(ANB)

P(B)




Example. The probability that 1t rains and I have an umbrella
1s 0.4. The probability that 1t rains 1s 0.8. Therefore

P(Umbrella | Rains) = P(Rains nUmbrella) = 04 _ 0.5

P(Rains) 0.8



Example: A study with 150 heart attack patients was
performed on four alternative treatments: A, B, C and D.
Treatment Group

A B C D Total
Died 18 13 22 24 77
Survived 22 25 16 10 73
Total 40 38 38 34 150

If we were to randomly sample patients in this study,
What 1s the probability that a patient dies when

he or she receives treatment D?

D”) =34/150

Dies and D) = 24/150

P(“
P(“

P(

)ieSQD|66D99)

= [24/150]/[34/150] = 0.706



If A and B are mutually exclusive then P(A|B)=0
If Ac B then P(A|B)<1
If Bc Athen P(A|B)=1

When you condition on B, it 1s as though B becomes the new
sample space.



Two events A and B are statistically independent if
P(AnB)=P(A)P(B)

If A and B are independent then
P(A|B) = P(ANB) _ P(A)P(B)
P(B) P(B)

= P(A)

Similarly P(B | A) = P(B)

Intuition: the occurrence of B carries no information about A
and vice-versa.



Example: Toss a fair coin twice. Are the events
A: “get a head on the first toss™ and

B: “get a head on the second toss”

statistically independent?

D(A)=0.5
D(B) = 0.5
D(ANB) =0.25

P(AnB)=P(A)*P(B) so A and B are indeed statistically
independent.



Bayes rule

P(A|B)= P(PA(E)B)
P(B A)

P(A)
-~ P(AnB)=P(A|B)P(B) = P(B| A)P(A)
- p(a|B) - PBIAPA

P(B)

P(B|A)=

Bayes Rule



Often 1n applying Bayes rule, we aren’t given P(B). But

P(B)=P(BNA)+P(BNA)=P(B|AP(A)+P(B|A)P(A)
So we can compute the denominator in Bayes rule

Orif A, A,,...A 1s a mutually exclusive and collectively

exhaustive set of events
P(B)=P(BNA)+P(BNnA)..+P(BNA)

. P(B)=P(BIA)P(A)+P(B|A)P(A)..+P(B|A)P(A)



Bayes Rule: Example 1

A car dealership knows that 10% of people who come into
the showroom purchase a car. The dealership offers a
promotion where free lunch 1s offered to anyone who listens
to a sales pitch. 40% of people who purchased cars had a
free lunch. 10% of the people who did not purchase cars had
a free lunch.

How likely are people who accept the lunch to buy a car?

P(Buy | Lunch) = P(Lunch | Buy)P(Buy)

P(Lunch | Buy)P(Buy) + P(Lunch | Not)P(Not)

0.40*0.10

(0.40%0.10) + (0.10*0.90)




Bayes Rule: Example 2

Suppose one has a test for a disease
P(Disease)=0.005 --- prevalence of the disease 1n the
population

P(Negative|Disease)=0.01 (prob. of false negative)
P(Positive|No Disease)=0.05 (prob. of false positive)

Questions.
1. Is this a good test?
2. If you test positive, how worried should you be?



We are interested 1n
P(Positive|Disease)P(Disease)

P(Positive)
0.99*0.005

P(Positive)

P(Disease|Positive)=

P(Disease|Positive)=

P(Positive)=P(Positive|Disease)P(Disease)
+ P(Positive|No Disease)P(INo Disease)

. P(Positive)=0.05%0.995+0.99%0.005=0.054"7

X
.. P(Disease|Positive)= 0.9970.005 _ 0.0905

0.0547




Bayes Rule: Example 3

Suppose you are in a game show. You are given the choice of
three doors — one of which conceals a valuable prize and the
others conceal a goat.

After you make a choice, the host opens one of the other
doors (—one without a prize).

He then gives you the option of staying with the 1nitial
choice of door or switching to the other door.

The door finally chosen is then opened.



Should you switch, not switch, or does it make no difference
what the contestant does?

Call:
A: The door you nitially choose;
B: The door the host, opens;

C: The remaining door.

We want to compare:

P(“Prize 1s behind A”|“Host opens B”)
and
P(*Prize 1s behind C”|“Host opens B”).



Bayes’ Rule: P(Prize 1s behind A|Host opens B) 1s
P(Host opens B|Prize behind A) X P(Prize behind A)
P(Host opens B)

Now, notice that:
P($ is behind A) = P($ is behind B) = P($ is behind C) =1/3
P(Opens B|Prize behind A) =74
P(Opens B|Prize behind 1s B) =0
P(Opens B|Prize behind 1s C) = 1

(1/2)*(1/3)

P(Host Opens B)
1%(1/3)

P(Host Opens B)

P(Prize behind A|Host opens B) 1s

P(Prize behind C|Host opens B”) 1s




P(Host Opens B)=

P(Host Opens B|Prize Behind A)*P(Prize Behind A)
P(Host Opens B|Prize Behind B)*P(Prize Behind B)
P(Host Opens B|Prize Behind C)*P(Prize Behind C)

=(1/2)*(1/3) +0*(1/3) + 1*(1/3)=1/2

*
P(“Prize behind A”[*“Host opens B”) 1s (172)*(1/3) — 1

1/2 3
%
P(“Prize behind C”|**Host opens B”) 1s 1 1(/12/ 3) — i

The contestant should switch!



A random variable 1s a variable that takes on one of a
number of different numerical values with uncertainty as to
which one occurs

More formally, a random variable 1s a function that maps the
sample space to R

¢.g. Number that I get when I rolladieis 1,2, 3,4, 5 or 6.
This 1s a random variable.

Notation: X is the random variable and x denotes the values
that 1t can take on



A random variable 1s continuous if 1t can take on any value
in an 1nterval

Otherwise i1t 1s discrete
Examples of continuous random variables

I'he maximum temperature on any day
T'he time between the arrival of two buses

Examples of discrete random variables
I'he number of heads when I toss a coin 10 times
I'he number of claims on an insurance policy 1n a given year.




Probability Distribution (Mass) Function for a discrete
random variable gives the probability that the random
variable takes on each possible value, P(X=x) for each x

We write 1t as P(x)

For example, if a die 1s thrown, the probability distribution
function 1s

P(1)=1/6
P(2)=1/6
P(3)=1/6
P(4)=1/6
P(5)=1/6
P(6)=1/6



Properties of a probability mass function
1. P(x)>0 for all x

2.3 P(x)=1



The cumulative probability function F(X,) gives the

probability that a discrete random variable X does not exceed
XO

F(X)) =P(X <Xj) = szxo P(x)
Also
P@a< X <b)=%.__ P(X)



Properties of cumulative probability function
1. 0< F(X) <1 for every X

2. If X, <X, then F(X,) < F(X,)



Example. The number of computers sold per day 1s a
random variable with the following probability distribution
function

X P(x)
0 0.05
1 0.1
2 0.2
3 0.2
4 0.2
5 0.15

6 0.1
F(4)=P(X <£4)=0.05+0.1+0.2+0.2+0.2=0.75

~(6)=P(X <6)=0.05+0.1+0.2+0.2+0.2+0.15+0.1=1
P(4<X<6)=2,_, P(X)=02+0.15+0.1=0.45




Example of a discrete distribution: the binomial distribution

Suppose that an experiment 1s repeated n times and on each
time, the probability of success 1s p. Let X be the number of
successes.

X 1s said to have a binomial distribution with parameters n
and p

n X n—x n! X N—x
P(X =) =Clp*(1=p)™ = P p (1= P)

Note: A Binomial with parameters 1 and p 1s called a
Bernoulli random variable. Itis 1 w.p. p and 0 otherwise.



Example: You toss a fair coin 10 times. What 1s the
probability of exactly 3 heads? What is the probability of at
least 3 heads?

Let X be the number of heads. On each experiment, there 1s a
head with probability 0.5 and a tail with probability 0.5

|
P(3) = %(0.5)3(1 ~0.5) =0.1172

Probability of at least 3 heads i1s 1-P(0)-P(1)-P(2)=0.945



Another example of a discrete distribution: Poisson

Suppose that we are interested in the number of successes
that happen 1n an interval of time

Examples.

1. # of customers to arrive at a checkout aisle 1n an hour.

2. # of failures on a computer network during a day.

3. # of jumps (large price movements) in the price of a stock
during a year.



Suppose that
1. The probability of a success at any one instant 1s constant.

2. The probability of two successes happening at exactly the
same time 1s small.

3. The timing of successes are independent.

Then the number of successes in any interval of time follows
a Poisson distribution.



The Poisson Distribution takes on the values 0,1.2,......

The probability distribution function for the Poisson 1s

where A 1s a parameter that determines how frequently
events occur and € = 2.71828



Example: The number of failures on a computer network per
day 1s Poisson with parameter A =1.

What 1s the probability that more than 2 computers fail on a
given day?

-110

P(X = 0) = eo’l —0.368
-1 .1

P(X =1) = el'l —0.368
g

P(X =2) = e2'1 —0.184

Probability more than 2 1s 1-0.368-0.368-0.184=0.08



A continuous random variable can take on any value 1n an
interval

A discrete random variable cannot

For a continuous random variable, the probability that 1t
takes on any specific value 1s zero.

We have to use integral calculus to work with continuous
random variables.



Let X be a continuous random variable, and let x be any
number 1n the range of possible values for this random
variable. The cumulative distribution function of this

random variable 1s defined as
F(Xo) — P(X < Xo)

Note that since P(X = X,) =0, it does not matter whether the
definition states P(X < X,) or P(X <X,)

Given the cumulative distribution function F(X), the
probability density function 1s
f(x) = dF (x)

dx




Properties of a continuous probability density function f (X):

1. f(xX)>0 for all x
2. The area under the probability density function f(X) over
all values of the random variable X equals 1: |* f(x)=1

3. P(a< X <b)=/° f(x)dx = F(b)-F(a)

Properties of a continuous cumulative dist. function F(X)
1. P(X <x)=F(x,)=1" f(x)dx

2. 0<F(x) <1 for every X

3. If X, <X, then F(X,) < F(X,)



We can construct the following parallels

Discrete Continuous

P(X=X) f(x)

2. P(X=x)=1 2 f(x)=1

P(X <X,) =2, P(X) = (%) =%, f(x)dx
P@a<X<b)=%2_ _ P(X) P(a< X<b)=F()-F(a)



Example of a continuous distribution: the uniform
distribution

The uniform distribution can take on any value between a
and b. Each value 1s equally likely.

F(x)—X—Z



X 1s uniform on the unit interval (1.e. between 0 and 1).
What 1s the probability that X is between 74 and 47
F(2)=(2-0)/(1-0)= "2

F(72)=(74-0)/(1-0)= 74

The probability that X 1s between %2 and %4 1s F(34)-F(Y2)=V4



Example of a continuous distribution: the logistic distribution

cdf F(X)= l_x
l1+e
pdf f(x) = —

(1+e7)’



Expectations: For a discrete random variable

The expected value for a random variable X, E(X), 1s
E(X)=pn =2 P(X)X
The expected value 1s also known as the mean

Example: The probability distribution function for the
number of errors on each page of a book 1s

P(0)=0.81

P(1)=0.17

P(2)=0.02

The expected number of errors 1s
(0.81*0)+(0.17*1)+(0.02*2)=0.21



Saint Petersburg Paradox (Bernoulli in the 18" century)

Suppose that there 1s a lottery with possible payoffs:

Payoff Probability
1 V2

2 Va

4 1/8

8 1/16

16 1/32

etc.... etc

What 1s the expected payoff from this lottery?

E(X):ZP(x)x:l+%+£+§....—l+l+l+lm:
2 4 8 16 2 2 2 2



How much would you pay for one of these lottery tickets?

They have an infinite expected value



Expectations also exist for functions of a random variable

The expected value for g(X), E(g(X)), 1s given by
E(g(x )) = /ug(x) = ZXP(X)Q(X)



Example. There 1s a project which will take a number of
days to complete. Here 1s the probability distribution of the
number of days

P(1)=0.5

P(2)=0.25

P(3)=0.15

P(4)=0.1

The cost to the contractor 1s the number of days squared
(costs go up because the 3™ and 4™ days are weekends).
What 1s the expected cost to the contractor?

(0.5%1)+(0.25%4)+(0.15%9)+(0.1*16)=4.45



Example: binomial distribution

An experiment is repeated n times and the probability of
success each time 1s p. X 1s the number of successes

n X n—X n! X N—X
P(X=x)=C,p"(I1-p) " = p*(1-p)
X!(N—x)!
E(X)=3" P(X =xX)x=3"  — % 55— py™* = np
0 7 x!(n=x)!

(after a few lines of algebra)



Example: Poisson distribution

-1 A X
p(X =x) =2
X!
-1 17X
e =37, 52 x
X!
— 1 AX —1 AX X—1
E(X):z;ozle Z Xzzle ° ﬂ — _/12())(0:1 ﬂ/
' (Xx—1)! (x—-1)!
=887
X!
Z 22 7 7 .
e :1+Z+2'+3'...:2i:0_—'(Defn. of exponential)
3! !

LE(X)=4ee" =1



Expectations: For a continuous random variable
E(X)=[xf (x)dx

where the integral 1s taken over the “support” of the random
variable....1.e. the set of possible outcomes.



Example. X is uniform between a and b.
2
E(X)=]"xf (x)dx :Igidx =Lf§ XX = — B I’
b—a b—a b—a

1 b* a* b’-a*> (b-a)b+a) b+a

R S T ) e T 2ba) 2



Example. f (X) = — eXp(—|X_’u|). Find E(X)

N 20 o/~N2

. | X— |
f _

E(X)=]" xf(x)dx = Jw\/_gexp( G/X/_)dx

= [~ \/_GGXP(G/\/_)dX+Iﬂ \/_Gexp(g/\/_)dx

Use 1ntegration by parts
T2 £ 00g'00dx =[F()g 0T ~ 13 f ()9 (x)dx

. (u X <
”I_OO\/EGG p(a/\/_)dx

_jﬂ I

Toa Y

X GGX( NG
o2 pa/f -




X 1
[2eXp(G/\/—) —© I— EGXP(G/\/—)dX
~Zexp(C Ay [T exp(>

2 G/\/_ \/_ (7/\/_

H 10_#

RN RN

Similarly, | —2 o

ex dX—
ﬂ\/za p(a/\/_) 2 2\/5

__% JHL O = U
2 2J2 2 22

LE(X)=£



For a continuous random variable

E(g(X))=]g(x) f (x)dx



For a discrete or continuous random variable, the nth
uncentered moment is 1 = E(X")

The nth centered moment is 1, = E[(X —E(X))"]
(It 1s centered around the mean, E( X))

For n=2:u, = E[(X —E(X))*] is the variance of X, var(X)

L, 1s the standard deviation



Properties of expectation and variance
E(a+bX)=a+bE(X)

E(a+2b X,)=a+ZbE(X.))
Var(a+bX)=Db*Var(X)

Var(X)=E(X?)—(E(X))’



Variance of a uniform random variable
Let X be uniform from a to b.

L and E(x) = 2FP
b—-a 2

X’ 1 X b’ —a’

E(Xz):ﬁb—adx:b—a[ ]223(b—a)
b’-a’ (a+b)’

3(b-a) 4
4(b’-a’) 3(b—a)@a+h)’
12(b—a) 12(b—a)
b’—a’-3ab°+3a’h (b-a) (b-a)’

f(x)=

Var(X)=E(X?*)—E(X)’ =

sVar(X) =

sVar(X) = = —
(b—-a) 12(b—a) 12



Expectations and variances of the rvs we’ve seen

Expectation Variance
Binomial np np(l - p)
Poisson A A
Uniform ato b a-+b (b—a)’

2 12



Jensen’s Inequality
For a nonlinear function g(.)

E(9(X)) # g(E(X))

e If g is concave then E(g(X)) < g(E(X))
e [f g 1s convex then E(g(X)) > g(E(X))



Jensen’s Inequality can be used to prove an inequality
between arithmetic and geometric means

n

If X = l(X1 + X,...+ X)) 1s the arithmetic mean of X,,...X
N

and X =[X,X,..X_]'" is their geometric mean
then X, < X.

Proof: Define X as a discrete random variable with support
X,,...X suchthat P(X = X,)=1/n.

log(X, >—12“ log(X;) = E(log(X))

E(log( X)) S log(E(X)) (Jensen’s Inequality)



log(X) = log(~={, X,) = log(E(X)

log()?G_) <log(X)
X <X



An 1ndividual maximizes the expectation of the utility
function u(c) where the function 1s concave and C 1s

consumption. Which will this individual prefer, c =1 or C 1s
a random variable that 1s uniform from 0 to 2?

By Jensen’s mnequality, E(U(E(c))) =u(E(c)) = E(u(c)) and
so the individual will always prefer ¢ =1.



Moment generating function

The moment generating function of a random variable X 1s
M(t) = E(e"). So

M (t) = Ze*P(X = X) (for discrete X)

M(t)=Je*f(x)dx (for continuous X)

The uncentered moments of X are generated from the
moment generating function by

y_ d°
E(XT) =3 MU,




e A%

Example: Poisson random variable P(X = X) =

X!

M (t) = Ze*P(X = X)

-4 1 X
M) =z A gy (8

X! X!

> 7 ' .

e =1+z+ o + T Z;’io_—' (Defn. of exponential)

: I

M (t) =e ™ =exp(A(e' - 1))

Now M (t) = Ae' exp(A(e' —1)) = M '(0) = 1 = E(X) = A
M "(t) = (1°e”" + 1e") exp(A(e' —1))
=>M'0)=A"+A=>EX)=4"+1
Var(X)=E(X?)—(E(X)) = A>+A- A’ =4



Moment generating functions are useful because they can
characterize moments, and especially, because in many
cases, they characterize a distribution.

Theorem. If M, (t) and M (1) are the mgfs of X and Y

respectively, then M, (t) = M, (t) for all t in some
neighborhood of zero, then F, (U) = F, (u) for all u.

Result: If Y = aX +b and m(t) is the mgf of X, then e*m(at)
1s the mgf of Y.



Characteristic function

The characteristic function of a random variable X 1s

(1) =E(E™) =" e™f, (x)dx

The moment generating function uniquely determines a
distribution, if the mgf exists.

But a characteristic function always exists and uniquely
characterizes a distribution (every cdf has a unique
characteristic function).

Inversion formula.

£ (X) =if°‘; e g, (1)l



Transformations of random variables

Suppose that X 1s a continuous random variable with cdf F,,
pdf f, and Y=g(X). Y is also a random variable. What is its
cdf and pdf?



Suppose g 1s monotone

1. If g is monotone increasing F, (y)=F, (g7 (y))
2. If g is monotone decreasing F(Y)=1-F (g7'(y))

()= f, (g <y>>|0'g W,

4. If the support of X 1s from X . to X
1s from g(X . ) to g(X

min max )

the support of Y

max ?



Example 1: X 1s uniform between -1 and +1 and Y =exp(X)
F,(X)=(X+1)/2and f, (X)=1/2

g(.) 1s a monotone increasing transformation

g(.) =exp(.)= g(.)" =In()

SR (y)=(n(y)+1)/2

The support of Y 1s [1/¢e,€e].

The pdfis f,(y)=F/(y)=

1
2
'(y), 11 1

4., dg”
Or f = f !
r Ty (y)=1,(9(y) )| dy 2y 2y



Example 2: X 1s uniform between 0 and 1 and Y = —-Alog(X)
F,(X)=Xand f, (X)=1

g(.) 1s a monotone decreasing transformation
g(.)=-Alog()= g(.)" =exp(-y /A1)
LR(y)=1-exp(=y/A)

The support of Y 1s from —oo to 0.

The pdfis f, (y) = F/(y) = e

A
Or
1

fL(y) = (@) ™) dg;jy(y) = 1|-exp(-y /) e




Example 3: X is uniform between -1 and +1 and Y = X~
F,(X)=(X+1)/2
g(.) 1s NOT monotone transformation..formula doesn’t work
F (Y)=P(X*<y)

= P(—Jy < X <./y)

= K, (JY)—F (/y)
B ﬁ +1 —ﬁ +1

2

2
=y
1

The support of Y 1s from 0 to 1.The pdfis f,(y)=——

2y




Example 4: X has the pdf f(x) =€ for x> 0. Find the cdf
and pdfof Y =1/ X.

F(x)=1-¢™*

g(X) 1s a monotone decreasing transformation
g '(Y)=1/Y

~R(y)=1-{1-e"=e"

T'he support of Y 1s 0 to oo.

The pdfis f,(y)=F/(y)= %e—l/y

G dgTiy) 11
Or fy, (1) = f (@) | =g == == ze



Example 5: X has the pdf f(x) =€ for x> 0. Find the cdf
and pdf of Y =log(X).

F(x)=1-¢""

g(X) 1s a monotone increasing transformation
X=g"(Y)=exp(Y)

LR (y)=1-gY

T'he support of Y 1s —oo to 0.

The pdfis f,(y)=F/(y)=e"e’ =exp(y —¢’)

or f,(y) =, (g(y)™") dgdy(y)

=e* e’ |=exp(y-€’)



Example 6: X has the pdf f(x)=¢€"" for x> 0. Find the cdf
and pdf of Y =1—-¢7".

F(x)=1-¢*

g(X) 1s a monotone increasing transformation
X=g"(Y)=-log(1-Y)

FY (y) —1— elog(l—Y)

The support of Y 1s from O to 1.

alog(1-y)
The pdfis f,(y)=FK/(y) = y =1
0y 997 ) ey L €Y
Or f = f 1 = gloeY) = =1
LCEACIORIE v T



Theorem. If X has a continuous cdf F, (X) and Y =F, (X)
then Y 1s uniform on the unit interval, 1.e. K (y) =Y.

Proof. g(.) 1s monotone

F (y)=F, (97 (y))
g =Fy :>g_1:|:><_1

LR =F(F(y) =y

Intuition of why this 1s useful. Suppose I think I know the
cdf of X, but I want to check.

Define Y = F, (X) and look to see if Y seems uniform.



Specific Discrete Distributions

- Binomial

- Poisson

- Negative Binomial
- Geometric



The Poisson Distribution

We’ve already seen the Poisson Distribution

Useful facts about Poisson distribution

e The sum of K Poisson Random Variables with parameter
A 1s a Poisson Random Variable with parameter KA.

e If the number of events occurring in a period of time 1s
Poisson with parameter A then the number of events in t
periods 1s Poisson with parameter At



Example. A computer manager reports that the expected
number of component failures on a system 1s 3 every 100
days. The number of component failures 1s Poisson.

(a) What 1s the probability of no failures in a given day?

(b) What is the probability of one or more component
failures on a given day?

(c) What 1s the probability of at least two failures 1n a three
day period?



Let X be the number of computer failures per day.

The number of computer failures in 100 days 1s Poisson with
expectation 3.

Therefore the number of computer failures in 100 days 1s
Poisson with parameter 3.

Therefore the number of computer failures in 1 day 1s
Poisson with parameter 0.03.



(a) The probability of no failure on one day 1s

—0.03 0
P(0) =2 0(3'03 —0.97

(b) The probability of one or more failures 1s
1-P(0)=1-0.97=0.03



Therefore the number of computer failures in 100 days 1s
Poisson with parameter 3.

Therefore the number of computer failures in 3 days 1s
Poisson with parameter 0.09.

e—0.09 O 090
The probability of no failure is P(0) = O'. =0.914
e—0.09 O 091
The probability of 1 failure is P(1) = 1" =0.082

The probability of 2 or more failures is
1-P(0)-P(1)=1-0.914-0.082 =0.004



The Poisson can be used to approximate the binomial
Let X be binomial with parameters n and p.

If n 1s large, X also has approximately a Poisson distribution
with parameter A =np



Sketch of Proof:

mgf of a binomial is M, (t) =[pe' + (1- p)]"
mgf of a Poisson is M, (t) = exp(1(e' —1))
Let p=A/n

lim M, (t)=lim__[Ze +1-2T

n n
t —
1+ ’Ien L~ exp(A(el = 1))

— 1iIIln—)oo[

(using €* =lim___(1+2)")
N



Negative binomial distribution

The binomial distribution gives the number of successes
when a trial 1s repeated n times (p: prob. of success each
time)

The negative binomial distribution turns the question around

and gives the number of trials needed for r successes to
occur.

P(X=x)=CX/p"(1-p)", x=r,r+1,r+2,.



Example: What is the probability that I need to toss a fair
coin exactly 5 times to get 2 heads?

Answer: x=3, =2
P(X =x)=Cp'd-p*
1

|
P(X =5)=Cp'(1- p)* :%*0.5*0.54 4505 =



Geometric distribution

The geometric distribution 1s the number of trials needed for
the first success.

It 1s a special case of the negative binomial distribution with
=1

P(X =x)=p(1-p)", x=1,2,3,...



Specific Continuous Distributions

- Uniform (already)
- Normal (now)

- Log-Normal

- Beta

- Truncated Normal (later 1n the class)
- Exponential

- Gamma

- Chi-Squared

- T-distribution

- Cauchy

- F-distribution



The normal distribution
The most important distribution is the normal.

It was discovered by Gauss and is also called the Gaussian
distribution.

The probability density function for a normal random
variable 1s

1 (v N2 2
f(x)= g 27 for —o < X < 0

2
27O




If X has a normal distribution then

E(X)=u
and

Var(X)=o"

The parameters of the normal distribution are x4 (the
“mean”) and o (the “variance”

o’ must be positive, which is why we write it as sigma-
squared



We write a normal random variable with mean # and
. 2 2 .
variance o~ as an N(u,0°) random variable

The special case in which =0 and o’ =1 is a standard
normal random variable.

We write its pdf as ¢(X) = Le_xz/ * and its cdf as D(X)

J27
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Properties of the normal distribution

e The normal distribution 1s symmetric about zero
P(X<X)=P(X>2-X)=1-P(X £-X)

® There 1s no closed form expression for the cdf of a normal

random variable.
- But there are tables for looking up the cdf of a standard

normal random variable.
- These give P(X < X) where X 1s a standard normal random

variable for x>0

o If X ~N(u,07) then aX +b~ N(au+b,a’c”
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Tables of the Normal Distribution
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Gives P(X <X) for x>0
But P(X <X)=1-P(X £-X)
So P(X<-1)=1-P(X £1)=1-0.8413=0.1587

Classic cases

P(X >21.64)=P(X £-1.64)=0.05
P(X >21.28)=P(X £-1.28)=0.1
P(X 21.96)=P(X £-1.96) =0.025




If X is N(z,0°) then Z = 2 —#

is N(0,1)
O

Xop Koty pg Koty

O O O

P(X<k)=P(X — <k — 11)=P(

If @ denotes the standard normal cdf and X ~ N(z,c°) then
X —
=)
o

the cumulative distribution function of X 1s F(X) = ®(

Example. Suppose that X 1s N(4,5). Find P(X <-1)
P(X £-1)==®(-2.236)=0.013



If ¢(.) denotes the standard normal probability density and
X ~ N(u,0”) then the probability density function of X is

f<x>=;¢<x;“>

Follows from F(X) = ®( K ) by differentiating both sides
o




The normal moment generating function 1s
(x=p)’
1 e 20 e¥dx =exp(ut +
27107 2
The standard normal mgf is exp(t” / 2)

242
o1

M) =E@E™)=] )

Higher moments of a normal distribution

If X ~N(u,0°), then
- Skewness: E((X —1)’)=0

- Kurtosis: E(X —w)")=30"= E((X _4ﬂ)4) =3
o




The log-normal distribution
Another important distribution 1s the log-normal.

If X ~N(u,0°), then exp(X) is log normal.

The support i1s from zero to infinity and it 1s skewed to the
right.

It 1s useful for modeling variables such as individual incomes
or interest rates.



1

Ny
O

Y =exp(X)= g '(.) =log()

f(y)= I e—(log(y)—mz/zazl

2o y

e ("M 27 ig the pdf of X

The normal mgf was
o’t’
2

2

So E(Y) =exp(u+ %) 1s the mean of a lognormal

Ee™) =exp(ut +

)

E(Y)>exp(E(X)) (consistent with Jensen’s inequality)



The beta distribution
The beta distribution has support on the unit interval.

It has two parameters, @ and £ that determine the shape of
the density.

E(X)=a/(a+B)

a = =1 1s the uniform, but the beta distribution can be

much more flexible and 1s useful for modeling random
variables must lie in given intervals.



Beta probability density functions

2.6 : . ’ . ——
2.4 F o=B=05 —— |
22 | a-Bol—
> | o
1.8 f
1.6 |

/ |
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The beta pdf 1s

_r(a_l_ﬁ) a-lr -1
f(X)_F(Ot)F(,B)X 1-x)"", 0<x<L,a>0,6>0

where I'(ar) = [7t* e 'dt.

Note: I'(x) = (o —1)! for positive integer o



Chebychev’s Inequality.

For any nonnegative random variable X and constant ¢>0

P(X >¢)< E(CX)
Proof: E(X) =] xf (x)dx = |$ xf (x)dx + |Z xf (x)dx
S E(X) = |7 xf (x)dx

> [ cf (x)dx =c[? f(x)dx =cP(X >c¢)
LE(X)2cP(X 2¢)= P(X >c)<E(X)/c




Simpler form of Chebychev (often quoted). For any random
variable Y with mean u and variance o> and constant ¢>0

P((Y — u)* = co?) s%

Proof: Let X —( —Hy
o
P(X >¢C)< E(X)

ou.  ECTEMY LEO -0
P((?) >C) < é‘ =g - ==

S PY = u)’ =2co?) s%




Example of Chebychev

Let Y be a N(0,1) random variable.

P(Y? 2c)sl
C

~ P(Y >c)+P(Y 3—\/5)3%
-~ 2P(Y zﬁ)s%

~P(Y >4c) < 1
2¢

]
e.o. P(Y >1.96) < =0.13
g P( ) 2%1.96°

True, but not a “sharp” bound.




Multiple Random Variables: Discrete

An n-dimensional random variable 1s a function from the
sample space to R".

The joint cumulative distribution function for an n-

dimensional random variable 1s
P(X, <X,X,<X,,..X, X))

The joint probability mass function for an n-dimensional

random variable 1s
P(X,=X,X,=X,,..X, =X.)



Let Xand Y denote two discrete random variables.

Here 1s a way to represent them:

Yi Y, : Yi
X XMy XMy, Xi M Yy
X X, MY X, MY, Xy M Y
X Y, Y, Xn O Yk

P(X =X.,Y =Y,) 1s a joint probability
P(X =x)=2%,P(X =X%,Y =Y,) 1s a marginal probability



We can define conditional probabilities for pairs of random
variables

P(X =%.Y =y))

POX=X Y =y ==




Example. Toss a fair coin three times. The sample space 1s
HHH HHT HTHHTT, THH, THT, TTH,TTT

cach of which 1s equally likely.

X: Number of heads in the first two tosses

Y: Number of heads 1n the second two tosses

Y=0 Y=1 Y=2
X=0 TTT TTH
X=1 HTT HTH,THT THH
X=2 HHT HHH




Joint Probabilities

Y=0 Y=1 Y=2
X=0 1/8 1/8 0 1/4
X=1 1/8 1/4 1/8 1/2
X=2 0 1/8 1/8 1/4
1/4 1/2 1/4

e Whatis P(Y <1, X <1)?

5/8
e Whatis P(Y =2| X =1)?
P(Y =2| X =1) = PY=2,X=1) 1/8 1

P(X=1) 1/2 4



Example. Here 1s the joint distribution of two random
variables. What 1s P(Y=0|X=0)?

Y=0 Y=1
X=0 0.3 0.5
X=1 0.1 0.1
P(Y =0 X =)= =%X=0)_03_ 39

P(X=0) 0.8



Multiple Random Variables: Continuous
Let Xand Y denote two continuous random variables.

The joint cumulative distribution function of X and Y 1s

defined as
F(X,y)=P(X <X,Y ZY)

The joint probability density function i1s
O0°F (X,
f(x,y) = L)
OXoy
So F(x,y)=J* [Y f(s,t)dtds
P((X,Y)e A) =]l .a f(s,t)dtds




Marginal densities from integrating rather than summing

f(x)=]", f(x,y)dy

Example: f(Xx,y)=6xy°, 0<Xx<land0<y<l
and 0 otherwise. What 1s the marginal density of X?

FO0) =17, f(x,y)dy =i f(x,y)dy = 6xy>dy
' f(x)—6x[y—3]1 _OX oy
B 3703



Example. Suppose that the joint pdf of X and Y 1s given by
ce e if0<x<owand 0<y <o
0 otherwise

1. What 1s c?
J(())O I;))o Ce—xe—2dedy — IBO[_Ce—X]Bo e—2)/dy — IBO Ce—2Ydy — _%

Soc=2

ovaw G
[e 2y]0 -

2. What 1s the marginal density of X?

eV

f, (X)=[72e e dy =2e*[- >

ly =e



3. What 1s F(X,Y)?

X [V A~—S~—2t X A ~—S e—2t y X o —8 l—e_zy
JX]Y 2e7%e'dtds = [* 2e [—T]Od5=fo29 [ : 1ds

1 _e_zy - 1 e_zy —X _ —X
= (2 =2 ) = (e (e )

4. What 1s P(X>1,Y<1)?
Jl 7 2eePdxdy = |! 2e [ *]"dy =] 2 Ve ldy =e ' (1-€7%)

5. What 1s P(X<Y)?
Jo ]y 27 Vdxdy = [ 2e ' [-e ¥ dy = ]! 2e*Y(1—eY)dy
= [ 2edy — [ 2eVdy =[] - [—% e V7 =1 —g — %



The conditional probability density 1s defined as

f(yl ==t

Example. Suppose that f(x,y)=¢e’, 0<X<y<ow
and 0 otherwise.

What is f(y|Xx)?
FOO) =17, f(x,y)dy =5 f(x,y)dy =[5 e™dy
LX) =—e’T=—(0-e")=¢e""

-y
sy X) = g_x =e U if y > X and 0 otherwise




J._. T(X,y)dx

FYIXeA) =50 o)
x| Xy = LOOI0EA)
P(X2A)

[1(.) 1s the indicator function, 1 iff the argument 1s true]



Example 1. X 1s uniform 1n the unit interval. What’s the
density of X conditional on X>1/2?

f(X)=1= f(X| X >1/2)=2 1 X>1/2
0 otherwise



Example 2. X 1s binomial with parameters 5 and p. What’s
the density of X conditional on X>3?

P(X =4) =%“o.54(1—0.5)1 =0.156
P(X =5) = %0.54(1 —0.5)' =0.031
S P(X >3)=0.187

P(X =41 X >3)=%=%

P(X =5| X >3)=é



Bayes Rule applies to random variables (of course)

f(y]x)f(x)
f(y)

f(x]y)=

variables).

(and similarly for discrete random

Example. Suppose that f(x,y)=e"7, 0<X<y<oo
and 0 otherwise.

Whatis f(x|y)?



We saw earlier that

f(x)=e""

-y
f(y|x)= e_ =e ™ if y > x and 0 otherwise
e

X_

f(y)=1=, f(x,y)dx=]) f(x,y)dx =]} e dx=ye™”

e e Iy >X) eVl(y> X
e

So f(x|y)=1/yif x>y and 0 otherwise.



The pattern.....

For events, discrete random variables or continuous random
variables

e Conditional = Joint/Marginal

e To get the marginal density you add up (or integrate) the
joint density

e Bayes Rule



Conditional expectation

Discrete case: E(g(Y) | X)=2Zg(y) f(y|X)

Continuous case: E(g(Y)|x)=[" g(y)f(y|x)dy



Example. Suppose that f(x,y)=¢e"7, 0<X<y<o
and 0 otherwise. What1s E(Y | x)?

E(Y %) =17, yf (y[x)dy = [ ye " dy
Use 1ntegration by parts

2 f(y)g'(ndy =[fF (VgL -2 f'(y)g(y)dy
Jf ye—(y—X)dy [—ye —(y- x) Joo _e~ - X)dy
= x+]7e " Mdy
=X+[-e VT
=X+1

LEX [ X)=14+X



Two discrete random variables X and Y are said to be
independent 1f

P(X =XY =y)=P(X =X)P(Y =Y)

Two continuous random variables X and Y are said to be
independent 1f

T(Xy)=1X)T(y)

If X and Y are independent then f(y|X)= f(y) and
F(x]y)=T(x)



Example. Consider the discrete bivariate random vector with
joint probability mass function

Y=1 Y=2 Y=3
X=10 0.1 0.2 0.3 0.5
X=20 0.1 0.1 0.2 0.5
0.2 0.3 0.5
Are X and Y independent?

P(X=10,Y=3)=0.3£0.5*0.5

No, they are not independent.



Example: Consider the continuous random variables X and Y
with joint pdf

f(Xx,y)=1for0<x<land 0<y<]1

Are X and Y independent?

fx) =} f(x,y)dy =i 1dy =[y]; =1
f(y) =1 fOxy)dx = [ 1dx =[x]; =1
L F Gy =00 f(y)

Yes, they are independent



If Xand Y are independent, then E(XY ) =E(X)E(Y)

Proof: (continuous random variables)
E(XY) =[] xyf (x, y)dxdy = | [ xyf (x) f (y)dxdy
=] xf ()] yf (y)dydx

= [ xf (x)dx] yf (y)dy
~ E(X)E(Y)



It X,,X,,....X, are independent random variables with pdfs
f,f,,...T ,then the joint pdf of X, X,,.... X  1is

f (X) = Hinzl fi (X)

If X,,X,,....X are independent random variables with the
same pdf f, then the joint pdf of X, X,,....X_ is

f(x)=f(x)’

These are said to be independently and 1dentically distributed
(11d).



Covariance
The covariance between two random variables X and Y 1s

Cov(X,Y)=E((X —E(X))(Y —E(Y))) = E(XY)=E(X)E(Y)
Note: Cov(X,X)=E((X —E(X))*) =Var(X)

Useftul rules on variances and covariances

o Var(X +Y)=Var(X)+Var(Y)+2Cov(X,Y)
e Var(aX +bY +c)=aVar(X)+b*Var(Y)+2abCov(X,Y)
e Cov(X +Y,Z)=Cov(X,Z)+Cov(Y,Z)



Correlation
The correlation between two random variables X and Y 1s

Cov(X,Y)

worr(X,Y) = Nar(XVar(Y)

which 1s between -1 and +1 (we’ll prove this later..)



Covariance and independence

If X and Y are independent, then their covariance (and
correlation) 1s zero. They are “uncorrelated”.

Cov(X,Y)=E(XY)=E(X)E(Y)=E(X)E(Y)=E(X)E(Y)=0

But the converse 1s not true. Counterexample.
X=-1, 0, 1: each with probability 1/3
Y =X?



The joint density of X and Y 1s

X=-1 X=() X=1
Y=0 0 1/3 0 1/3
Y=1 1/3 0 1/3 2/3
1/3 1/3 1/3

Clearly X and Y are NOT independent But

E(XY) = L% (— 1*1)+ *(0*0)+ Le*1) =0

3
E(X):g*(—l)+§*0+%*1:0. E(Y)=§*O+§
= Cov(X,Y)=E(XY)-E(X)E(Y)=0

X and Y are uncorrelated

L] =

2
3



More results on independent random variables

1. If Xand Y are independent, g 1s a function only of X and
h 1s a function only of Y then g(X) and g(Y) are
independent

2. If X and Y have a joint probability density f(X,Yy) then

they are independent 1f and only 1f there exist functions
g(X) and h(y) such that f(Xx,y)=g(x)h(y). If these

satisfy the conditions for pdfs, then they are the
marginal pdfs of X and Y.



It X, X,,.... X, are mutually independent, then
E(9(X)(X,)...9(X,)) = E(Q(X))E(I(X,))...E(Q(X,))

I X, X,,.... X are mutually independent random
variables with moment generating functions
My (D, My (1),..M, (1), respectively and Z = ' X, the

moment generating function of Z 1s
M, (1) =M X, (OM X, (D)...M X, (t)



Prooft of result 3:

E(g(X )9(X,)...9(X,))

=1J..] g(x)g(x ). g(X) f(X,X,,..x )dx dx,..dx_
=[1.7g(x)g(x,)...9(x ) f(x)f(X)...f(x )dxdx,..dx.
= Jg(x) f(x)dx Jg(x,) f(x,)dx,.... g(x ) f(x )dx
=E(9(X))E(9(X,))...E(9(X,))

Proof of result 4:

M , (t) _ E(eZt) _ E(e(X1+X2..+Xn)t) _ E(exltexzt.“exnt)
M, (t) = E(e")E(e™)...E(e™)
M, () =M X, (OHM X, ()..M X (1)



Moment generating function of independent random vars

Result 4: If X,,...X are independent rvs with mgf
m, (t),....m_(t), then the mgf of X X. is IT._ m.(t)

If X,,...X_ are independent rvs all with the same mgt m(t),
then the mgf of . X, is m(t)"




It X,,X,,....X, are independent Bernoulli random variables
then £ X, is Binomial with parameters n and p.

The mgf of a Bernoulli is E(e™) = pe' + (1 - p)

The mgf of X', X, is [pe' + (1 - p)]" and this is the Binomial
mgf.



More practice with multiple random variables

Example 1. (X,Y) are uniformly distributed on the unit
interval such that

f(X,y)=1,0<x<land 0<y <1

Q. What is f(x)?
F) =1 f(x, y)dy=[;1dy=[y], =1

Q. Whatis f(x,y[x>1/2)?

f(X,y|x=>1/2)= F(x.y) for X >1/2
P(x>1/2)

0 otherwise




Ly x=>1/2)=2for X >21/2

Q. Whatis f(y|x=>1/2)?
f(y|x>1/2)=], f(x,y|x>1/2)dx=]},2dx=[2x] , =1

Q. Whatis P(X >Y)?
P(X 2Y)=[} ]} (x,y)dxdy =} [} 1dxdy

2

= P(X2Y) = [i[x],dy =[,(1-y)dy :[y_y?]})

1 1
LP(X2Y)=1-—=—
( )=1-2=7



Q. Whati1s f(x,y|x=>y)?

f(X,Y|XZY)=PI>(<X’>y3) for X >Y
0 otherwise
Lty x=2y)=2 for X =Y

Q. Whatis f(y|x=>Yy)?
f(ylxzy)=[, f(x,y|x2y)dx=],2dx=[2y], =2(1-y)



Example 2: (X,Y) are uniformly distributed with support
{(X,y):0<x<20,0<y<1-x/26}

f(X,y)=c

Q. What is ¢?
530 1572 edydx = [37[ey Ty dx = 137 e(1- %)dx

2 2
=[cx]’ - 2C9 [X2 157 =26c - 2C9 45 =26c—6c =06c

Since this must integrateto 1, fc=1=c=1/6




Q. What is £(X)?
f) =17, f(x,y)dy = I;dy—i[y]o 20 <1——>

Q. What is E(X)?
E(X):waxf(x)dx=J§9x%(1—i)dx:ljge
I X 1 X5, 1460° 1 86° § 2

_ A e _ —20--0==0
9[2]0 292[3]0 9 2 20* 3 6 3




Example 3: Two bidders participate in an auction for a white
elephant. Each bidder has the same underlying valuation for
the elephant, given by the same random variable V ~U[0,1].

Neither bidder knows V. Each bidder receives an
independent signal aboutV: X. |V ~UJ[0,V]

Assume each bidder submits a bid equal to her conditional
expectation: for bidder 1, this 1s E(V | X,). How much does

she bid?



Bayes Rule: f(v|x)= F(x [V)T(V)

F(x)
f(x|v)=1/v for0<x <v
f(v)=1 forO<v<l
f(xl,v)zl for x, <v<l1
V

~fx) =1, f(x,vdv =], vi'dv=1In(l) - In(x) = —In(x)

v 1
.'.f(v|x1)=—1 =—

n(Xx, ) Vin(x;)
LEVx) =] - L vav=—l pgy=—12% X1

Vin(x,) In(x,) " In(x) In(x)



Specific Continuous Distributions

- Uniform (already)
- Normal

- Log-Normal

- Beta

- Truncated Normal (now)

- Exponential

- Gamma

- Chi-Squared (later in the class)
- T-distribution

- Cauchy

- F-distribution



The Truncated Normal Distribution

This can be useful in empirical micro. Suppose that
X ~ N(u,0°) but we condition on a < X <b. Then the

conditional density of X 1is truncated normal with the density

1  X-—
ey
f()=—52—F——— ifa<X <b
I (el P T
O O
0 otherwise

which follows from the definition of conditional probability.



There are closed from expressions for the mean and variance
of a truncated normal. For example,

X lacx b ¢<aa"> s
a<X<b)=u+ o
oP=H) cb(a Hy
O O
XX om ¢<a;”>
>a)= u+ o
-o ¢4
O

(special case of the first with b = o)



Example. An individuals desired consumption of tobacco is
X = N(0,1). But no individual can consume a negative
quantity of tobacco. So the observed tobacco consumption 1s
Y=X1f X>0
0 otherwise
What 1s E(Y)?

E(Y)=E(Y | X <0)P(X <0)+E(Y | X >0)*P(X > 0)
SE(Y)=E(X | X >0)*1/2

_ 90) #0)
E(X | X >O)_1—q>(0) = =24(0)

VEY)=6¢(0) = ﬁ (remember: @(X) = \/;7 exp(—X?))




The Exponential Distribution

Useful for modeling waiting times (times between events)

cdf: F(x)=1—e™* 0< X <o
pdf: f(x):%em, 0<X<oo

E(X)=A
Var(X)= A’



Example: The time between incoming phone calls 1n a call
center 1s exponential with parameter 3 (in minutes).

A call comes 1n at 14:00. What 1s the probability that the
next call will not come until AFTER 14:02?

The probability that it comes in LESS than 2 minutes 1s
F(2)=1-e7" =0.487

The answer 1s 0.513



If X has an exponential distribution then 1f s >t
P(X >s| X >t)=P(X >s-t)
This property is called “memoryless”

P(X >s,X >t)

P(X >1)
CP(X>s) [2A7'exp(—x/A)dx [-e* e i
TPX>t) ["Aexp(-x/ Adx [T et
p(x > S —'[) _ j?—t 27! exp(—X / i)dX _ [_e—x/z ]:O—t — o (VA _ q(t=9)/2
DP(X>s| X >1)=P(X >s-1)

Proof: P(X >s| X >1) =




The gamma distribution

Memorylessness 1s often unappealing. The gamma
distribution also has support from 0 to oo but 1s more general,
and not memoryless. It has two parameters:  and /.

The pdfis f(X)= : —x* e
I'(a)fp

If o =1, then this reduces to an exponential.



Distribution of the max and the min

Suppose that X,, X,,...X  are 11d random variables with a
probability density f (X) and cdf F(X). What’s the

distribution of the max and the min of these random
variables?

The cdf of the maximum 1s
Foe () = P(max({X,}) € ) =17, P(X, < X) = F(x)

The corresponding pdf 1s
f(X)=nF(X)"" f(x)



The cdf of the minimum i1s
F . (X)=Pmin({X.})<x)=1-IL_P(X, >x)=1-(1-F(x))"

min 1=

The corresponding pdf 1s
i ) == F ()" T (x)



Example. If I draw n uniform random numbers on the unit
interval, how many do I have to draw to have a 99 percent
chance that at least one 1s above 0.8.

F(x) X

~Fo(X)=X" (cdf of the max of n uniforms)
S P(max{X}, >x)=1-x"

P(max{X.}, >0.8)=1-0.8"

I need to solve for the smallest n such that 1 —0.8" > 0.99

The answer 1s 21



Distribution of order statistics.

Continue with this problem Let the variables be ordered as

Xy <Xy <Xy What 1s the cdf and pdf of X _,?

P(X o <X)=nF(X)" —(n—1)F(x)" (Convince yourself)

The pdtfof X 1
n(n—1)F(x)" f (x) (n=DNF(X)"" f(X)
=n(n-1)F(x)"? f (xX)(1 - F(x))



In general, the pdf for X ;, (the jth smallest statistic) is
n!

(J=Dl(n=))!

FOOF) (1= F ()™



Example. If I draw n uniform random numbers on the unit
interval, how many do I have to draw to have a 99 percent
chance that at least two are above 0.8.

P(X < X)=nF(X)"" —(n=1)F(x)"

S PX oy £X) =" = (n=1)X"

S PX oy > X) =1-{nx"" = (n=1)x"}
“P(X,,,) >0.8)=1—{n0.8"" —(n—1)0.8"}

The smallest n that satisfies this 1s 31.



Variance-Covariance Matrix

Suppose that we have n random variables: X, X,,....X

n

The variance-covariance matrix of these 1s as follows

[ Var(X,)  Cov(X,X,) ... Cov(X,X ))
Cov(X,, X)) Var(X,)

L Cov(X,, X)) - Var(X,)

It 1s square and symmetric and positive definite.



Example: X and Y are both normal with mean zero and
variances 1 and 4, respectively. Their correlation 1s 0.3.
What 1s the variance-covariance matrix of these two random
variables?

1 0.6
Answer: (O 6 4 j (Cov(X,Y)=2*1%0.3=0.6)



The correlation matrix 1s

[ 1 Corr(X,,X,) ... Corr(X,X)
Corr(X,, X)) ]

L Corr(X,, X)) 1 )



More properties of expectations and variances

Suppose that the nx1 vector X =(X,, X,,...X )" has mean u
and variance-covariance matrix ~. Then

E(a+b'’X)=a+b'u

Var(a+b'X)=Db2b




The bivariate normal density

Suppose that X, is N(z,,0;) and X, is N(x,,0;) and the
two random variables have a correlation of p. Then the
vector X =(X,,X,)" has a bivariate normal distribution with

pdf

f(x)=Q2r)" |2 exp(%(x 'S (X )

2
where 1= (u,,1,) and X = °l '00126 * | is the variance-
PO 0, O,

covariance matrix of X, and X,.



Graph of bivariate normal pdf

02 -
015 -
01 - |

005 -~




Properties of the bivariate normal density

e [f X, and X, are uncorrelated then they are independent.

eaX, +bX, +c~ N(ay +bu, +c,a’°c) +b’c; +2abpo,o,)



The conditional normal density

The distribution of X, conditional on X, =X, 1s

O
N(u2+p 2(X, — 14),0. (1= p*))

O,
Proof: Let Z = —— X, — 2. X
62 Gl
Cov(Z, X,) = ——Cov(X.. X,) — LVar(X,)
02 Gl

2
_ PY,9, pPo,

= po,—po,; =0
0, 0,

Z and X, are uncorrelated and so independent (by property

).



From property 2, Z is N(’u2 —'O'ul,l—pz)
62 Gl

As Z and X, are independent the distribution of Z conditional
on X, =X, 1s the same as the unconditional distribution.

Rearranging the definition of Z, X, = P, X, +0,Z
J1
So the distribution of X, conditional on X, = X 18

O, X O
N(p, + 2220 