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We investigate methods to allocate seats in proportional representation sys-
tems in terms of several underlying common-sense properties. In parficular,
the idea of stability is introduced, and the method of Jefferson (or d’'Hondt) is
characterized.

HERE exist wholesale numbers of possible election procedures. A
basic characterization has been made of these into “plurality sys-
tems” and “proportional representation systems.”

In a plurality system an elector usually casts one vote for the candidate
or the (party) list of candidates of his or her choice in some election
district, and the candidate or list receiving a majority or plurality is
elected. Such systems are based on a notion of geographical representa-
tion. Mid-nineteenth century Europe saw an increasing dissatisfaction
with plurality systems as unfair to minorities, for small political parties
were effectively barred from having any representation whenever their
adherents were distributed throughout many single-member election
districts. .

This led to the idea of proportional representation, which, in its pure
form, has electors cast one vote for a party or party list in a multi-member
-district and then, by some rules, metes numbers of seats “proportionally”
among the parties according to their respective vote totals. Of course,
variants of both types of system exist, as do complex mixtures of both.

This paper is focused on the pure form of the proportional represen-
tation problem: Voters cast a single vote for a party in a multi-member
district and the question is to determine the just number of representa-
tives due each party. Exact proportionality cannot, in general, be achieved
since representation must be integral. Some “rounding” must take place.
Consider, for example, the problem of Table I with party vote totals as
given and 36 seats to be allocated. Six different possible solutions are
advanced ... which should be chosen?

In fact, the identical problem arises under plurality systems, but in a
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different guise. Usually, a nation is divided into ‘states or provinces, and
each single-member election district is wholly contained in one such
subdivision. How many election districts or representatives should one
geographical region be allocated? This problem is known as the appor-
tionment problem. Of course, geographical apportionment can arise in
proportional representation systems too. The apportionment problem in
the United States arises from interpreting the somewhat vague Consti-
tutional mandate “. .. Representatives .. . shall be apportioned among the
several states ... according to their respective members.” Senator Daniel
Webster of Massachusetts caught the spirit of the intended solution to
the apportionment problem in his definition: “To apportion is to distrib-
ute by right measure, to set off in just parts, to assign in due and proper
proportion” [17, p. 107]. But, appearances to the contrary, an operational
definition is not easily forthcoming and United States history is rich with
controversies over proposed solutions and methods. To see why, it suffices
to consult Table L.

TABLE I

Possible allocations

d Exact propor-

Party Votes receive : h

tionality — gp H,HM EP W Q J

A 97,744 9.988 0 10 10 10 10 11
B 25,178 9.064 9 9 9 9 10 9
c 19,947 7.181 7 7 7 8 71 7
D 14,614 5.261 5 5 6 5 5 5
E 9,225 3.321 3 4 3 3 3 3
F 3,202 1.185 2 1 101 1 1
100,000 36.000 3 3 36 36 36 36

Furthermore, what seems right, just, and proper in dealing with appor-
tionment in plurality systems may or may not seem so in dealing with
allocation in proportional election systems. Different sets of properties of
possible methods for solving the underlying problem are suggested by the
practical situation in which the mathematical allocation problem is
embedded.

1. FORMULATION

Let p=(p1, - -+, ps) be the positive, integer vote totals of s parties (or
the number of citizens deserving representation in s regions), where each
p>0 and A=0 is the number of seats to be allocated (or apportioned).
The problem is to find an allocation for h: an s-tuple of non-negative
integers (ai, ---, @s) whose sum is h. A solution of the problem is a
function f which to any population vector p and all & associates a unique
apportionment for &, a=fi(p, h)=0 where Sai=h. If f is a solution, then
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f” will represent the function f restricted to the domain (p, A’) where
0=sh’'sh. f" is a solution up to h, and f is an extension of .

A specific allocation method may give several solutions, since “ties”
may occur when using it, as for example when two parties have identical
vote totals but must share an odd number of seats. For this reason it is
useful to define an allocation method M as a non-empty set of solutions.
Thus, in particular, a solution up to some given h may have several
different extensions in a method M. In the sequel only symmetric methods
of allocation are considered, that is, methods in which the ordering of the
parties in the list (py, .-+, ps) is immaterial. This is a clearly essential
property. o

The choice of an allocation, or of an allocation method, cannot and
should not revolve about the rival numerical results of one solution over
another. Rather, the issue is to decide upon a rule that is fair, that is,
whose qualitative properties satisfy criteria or principles acceptable to
both citizen and politician. It is as Representative E.W. Gibson said on
the floor of the U.S. Congress in 1929, “The apportionment of Repre-
sentatives to the population is a mathematical problem. Then why not
use a method that will stand the test ...?” [5].

2. STABILITY

. Three principal methods seem to have been considered for proportional
representation systems: Sainte-Lagiie’s [14], d'Hondt’s [7, 8], and Ham-
ilton’s [9], usually known as “la répartition au plus forte reste.” In the
apportionment literature Sainte-Lagiie’s and d'Hondt’s have found their
places (see [11]), under other names, in a class of five so-called “modern”
[4, 13] methods that, from about 1920 through 1974, were the only ones
collectively considered for apportioning the United States House of
Representatives.

The five “modern” methods were first grouped by Huntington in 1921
[10] via an approach to allocation (or apportionment) based on pairwise
comparisons of “inequality in representation.” Given vote totals p=
(py, -+, ps) and an allocation a=(ay, - - -, a;) for h, consider’ the num-
bers p:/a; and a./p;. These represent the number of votes per represent-
ative of party ; and the number of representatives per vote of party i. If
pi/ a>pj/aj, or ai/pi<a;/pj;, or a>ai p;/pi), or ..., (pi/a)(a;/p)>1, then
party j is better off than party i. Given a particular measure or test of
inequality between a pair of parties such as |[pi/ai—p;/aj| or |a;/pi—a;/pj,
it is natural to ask whether the amount of inequality can be reduced by
a transfer of one seat from the better-off party to the less-well-off party.
Given a measure or test T an allocation is said to be in equilibrium if
there is no pair of parties for which a transfer reduces the value of 7 for

' p/0 is interpreted as +oo,
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that pair. Of course, certain conceivable measures T' may not tand do

not) admit equilibrium solutions for all vote-total distributions, but

Huntington showed [10, 11] that five measures T do.

Huntington’s approach can be developed in several ways. One is via
the tests of inequality in representation mentioned above. Another (see
[10, 13]) is by letting d(a), a divisor criterion, be any real-valued mono-
tone-increasing function on the non-negative integers such that d(0)=0.
Given a divisor criterion d(a), a divisor method M of allocation is the set
of solutions obtained recursively as follows:

(i) f(p, 0)=0, 1=i=s. '

(i) If ai=fi(p, h) 1s an M-allocation for & and k is some one party for
which pi/d(ax)=pi/d(a;) for 1=iss, then fi(p, h+1)=art], fip, h+1)
=q; for i7#k.

The meaning of such an allocation method is that the numbers p./d(a;)
represent some measure of the priority of a party to receive one more
seat, the next seat being given to ‘the most deserving party. The divisor
function d(a) thus represents some sort of weighting of the current
number of seats the party has.

TABLE 11
HunTiNgTON'S FIVE METHODS
In equilibrium for test T Divi Tteri
| Method (where p./a: Z pi/a; o
Smallest divisors (SD) Ty: a; — ad pi/p) a
Harmonic mean (HM) - Tapi/a:—pi/ay 2a(a+1)/ 2a+1)
Equal proportions (EP) Ty (piai/pja) — 1 (afg+1 1"
Webster (W) Ty a;/p; — ai/Di (a+1 2i
or major fractions
or Sainte-Lagiie formula
Jefferson (J) Ts: af{ pi/p)) — ai a+ 1
or greatest divisors
or d’Hondt

or plus forte moyenne

The five modern methods proposed by Huntington are divisor methods,
and their various names, associated tests of inequality and divisor criteria
are given in Table II. Huntington himself argued strongly and effectively
for the method he called equal proportions. It is in equilibrium for the
measure of inequality that is the relative difference’ between the pair of
numbers p;/a; and p;/a;, and also between a./p: and a;/p;. This method is
now the law for apportioning the U.S. House of Representatives [16].

The method of equal proportions (EP) necessarily first gives to each
~ party one seat. As an example of a divisor method in use, Table HI gives
EP allocations to parties for the example of Table I for a house size h
ranging from 6 to 16 seats.

2 The relative difference between x and y is [x—y|/min (xy).
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D’Hondt’s method [7, 8], or “la répartition a la plus forte moyenne,”
also called in the apportionment literature “the method of greatest
divisors,” was in fact first proposed by Thomas Jefferson [12] in 1792 and
has therefore been called Jefferson’s method J [3]. Sainte-Lagiie’s
method [14], also called “the method of major fractions,” was in fact first
suggested in embryonic form by Daniel Webster [17] in 1832 and has
therefore been called the Webster method W [3]. A particular variant of
W is the modified method of odd numbers (see, e.g., [6]) used in some
Scandinavian countries. It is defined by d(0)="%0 (instead of d(0)=), and
otherwise the divisors are identical with those of W, d(a)=a+%.

TABLE III
SaMPLE EP ALLOCATIONS

Party vote total
A27744 B25178 (19947 D 14,614 E 9226 F 3,292
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It is an interesting historical note that Sainte-Lagie [14] came upon
the Webster method quite independently via the idea of minimizing a
total measure of the inequality of an allocation. He proposed that an
allocation should minimize Y:p; (h/p—ai/p:)* since in a perfect allocation
h/p=a;/p; for all i. The Webster method provides solutions that do this.
In the same paper Sainte-Lagiie suggests in words (although not in
symbols) that one could be interested in minimizing Ya: (p/h—pi/a:)’,
but that “one is led to a more complex rule.” In fact, this gives precisely
the method of equal proportions.

It is useful to know that there is a local criterion by which to verify
whether allocation belongs to a divisor method.

LeMMA. a=(ay, - -+, as) is an allocation for h of a dwzsor method with
divisor criterion d(a,) if and only if :
minp;/d(a~1)Zmax;p;/d(a). (1)

This is immediate by definition.
Parties in proportional representation systems are dynamic. They may
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group together for electoral purposes, but they also may splinter. It is
likely that the behavior of parties will be influenced by the mathematical
consequences of their coalescing or splintering. Specifically, it is pertinent
to ask how the number of seats allocated by a method M to the joint vote
total of two parties coalesced into one compares with the seats allocated
by M to the two parties separately. Consider a symmetric method M and-
a problem with vote totals p in which some party has p* votes and
another p votes; and consider the result of coalescing the star- and the
bar-party into one party with p*+p votes, keeping all other party vote
totals the same. Let feM be a solution in which a* and @ are the number
of seats allocated to the star- and the bar-party, respectively, in an
allocation for &. Then M is said to be stable if there exists an allocation
for A in which the number b of seats allocated to the coalesced party
satisfies a*+a—1=b=a*+a+1. ’

THECREM 1. A divisor method M with divisor criterion d(a) satisfying
d(a+az)=d(a)+d(a)=d(a+az+1) (2)
is stable.

Proof. Suppose that an allocation for A of a problem specified by the
vote totals p=(@,, -+, ps) is a=(ay, - -+, as) and that parties 1 and 2 form
a coalition having vote total pi+p:. Then we show that if (ai+asz
as, - -+, @) is not an allocation for A, then there exists one that gives the
coalition either a;+ax—1 or a;+a»+1 seats.

If a,+a- is not a solution, then by the lemma
min {( p1+p2)/d(a1+az—1), minga 2pi/d(ai—1)}
Emax {( p1+ps)/d(ar+az), maxx2p;/d(a)] .
Thus since a satisfies (i), either
(pr+p2)/d (a1 +a;—1)<maxju 2p;/d(a))=pr/d(ar)=Ak#1, 2)  (3)
or ‘ |
_(pl+p2)/d(al+a2)>mini,q,zp,-/d(ai——1)=pz/d(az—1)=8(l;é1, 2). 4)
Before proceéding, notice that if s;, v:=Z0(i=1, 2), then
max {s1/v1, S2/V2} Z(s1+82)/(L1+v2)Zmin {51/v1, 82/}

This inequality is used repeatedly.
Consider the first case (3). From (2) we have

(prp2)/d(a+az—2)Z( pr4p2)/ (d(ai—1)+d(az—1))
Zmin { p1/d(a:—1), pz/d(az"‘1)}_2_maxipi/d(ai)§>\
and find
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min {( pr+pz)/d(ai+a;~2), pr/d(ar), ming 2 xpi/d(a—1)} =\
zZmax {( pr+p2)/d(ai+az—1), pr/d(ar+1), maxmoxp:/d(a)},

showing that (a;+a>—1, as, - -+, ax+1, -+ -, a,) is an allocation for A.
On the other hand, consider (4). Since by (2)

(P1t+p2)/d(ar+ax+1)=(pr+p2)/(d(a1)+d(az))
=max { pi/d(a1), p2/d(az)}=min, p;/d(a,~1)=<6,
we find
min {( p1+p2)/d(ai+a2), pi/d(a;~2), ming 2.p;/d(a;~1)} =8
zmax {( pr+p2)/dlartas+1), pi/d(a—1), max 2, pi/d(a)},
showing that (a1+as+1, as, - -+, a~1, - - -, a,) is an allocation for A.
COROLLARY. Huntington’s five divisor methods are stable.

The method that has been and is maost often proposed for proportional
representation happens to be the seemingly most natural one. Although
known by several names, including “la répartition au plus fort reste” and
“Vinton’s method of 1850,” it was apparently first proposed by Alexander
Hamilton [9] in 1792 and has therefore been called the Hamilton method
H [3]. We define the exact quota of party j to be gj=q,(p, h)=p;h/¥p:. It
is the exactly proportional number of seats deserved by party j and the
number that one would wish to allocate to j were it integral. Otherwise,
each party should, it seems, receive at least as many seats as Lgjl (the
largest integer less than or equal to g;). This motivates the allocations of
the Hamilton method: First, give to each party i |¢;] seats; then, order
the parties by their fractional remainders d;=¢,~|g;J=0 in a priority list
dj=---2d;, Second, give one additional seat to each of the first A— ¥’
Lg;] parties on the list. If there are ties, then there exist distinct arrange-
ments of the priority list and, hence, possibly several solutions. In fact,
this method, under the name of the Vinton method of 1850, was adopted
as the solution to the apportionment problem for the U.S. House of
Representatives for the censuses of 1850 through 1900.

; THEOREM 2. The Hamilton method is stable.

Proof. Consider any two parties, say i=1, 2, and suppose that in a
particular problem party i has an exact quota gq;=n;+r;n;=0 integer and
0=r:i<1, and let a; be their allocations at 4. Then for the problem in which
parties 1 and 2 form a coalition, its exact quota for A is gy +go=n,+no+ri+rs.
Let b be the number of seats given the coalition by the Hamilton method.

We consider several cases. First, if b=n,+n,, then ri+re<l, implying
that the same total number of parties is rounded up in both problems. If
ri, r2>0, then it must be that a;=n;(i=1, 2). For otherwise one of the two
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parties would have a remainder r; high enough in the list to warrant an

extra seat while ri+re>ry, 72 is not high enough, which cannot be. If r;=0,
then a;=n1 and ax=n; or a;=ns+1; in either case the criterion for stability

is satisfied.

If b=n,+ns+1, then since a;=n; or n+1 there is nothing more to show.
If b=n,+n,+2, then r+r:>1. Suppose stability is not satisfied, i.e., that
a=n;(i=1, 2). Then for some party k1, 2, ri+ro—1=r, while r=r: and
ro=ry. Thus 2r,—1Zr: and =1, a contradiction.

3. MONOTONICITY AND CONSISTENCY

The Hamilton method came under sharp criticism and was subse-
quently abandoned by the U.S. Congress for, in 1881, it chanced to admit
the not so congenial “Alabama paradox” [16]. Consider the vote totals of
Table I and apply H to apportion 37 and 38 seats (Table IV): party E

TABLE IV
Party A B C D E F Totals
Vote Total 27,744 25,178 19,947 14,614 9,925 3,292 100,000 -
Exact quota 35 9.710 8.812 6.981 5115 3229  1.152 35
H allocation 35 o 10 9 7 5 3 1 35
Exact quota 36 9.988 9.064 7.181 5.261 3.321 1.185 36 .
H allocation 36 10 9 7 5 4 1 36
Exact quota 37 10.265 9.316 7.380 5.407 3413 1.218 37
H allocation 37 10 9 7 6 4 1 37
Exact quota 38 10.543 9.568 7.680 5553  3.506  1.251 38
H allocation 38 10 10 8 6 3 1 38
Exact quota 39 10.820 9.819 7779 5699 3.598  1.284 39

H allocation 39 11 10 8 6 3 1 39

loses a seat as the total number of seats to be allocated increases! For the
data of the 1880 census, Alabama suffered by dropping from 8 to 7 seats
as h increased from 299 to 300. This phenomenon is not rare numerically.
For example, the populations of the states used to apportion the U.S.
Congress in 1901 gave rise to many similar occasions. Between h=381
and A=391, Maine changed between 9 and 3 seats six times and led a
Representative- of that state to exclaim ... it does seem as though
mathematics and science has combined to make a shuttlecock and
battledore® of the State of Maine in connection with the scientific basis
upon which this bill is presented” (8 January 1901).

An evident property of any allocation method is that the number of
seats accorded to any party not decrease if the house size increases. A

3 The projectile and racquet, respectively, in badminton.
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method M is said to be monotone if for any M-solution f, and all p, A fi(p,
h+1)=fi(p, h), i=1, ---, s. H fails to satisfy this test and hence was
emphatically rejected.

Divisor methods are obviously monotone. Indeed, it was for this reason
that they were formulated. Notice, moreover, that divisor methods have
a certain inner regularity; namely, the decision as to which party of any
pair most deserves the extra seat as the house size is increased by 1
depends only upon the populations and seats already allocated to those
parties singly, and not on the vote vector p or the vector of seats so far
allocated a. .

More generally, consider a method M and suppose that it has a solution
f allocating to a party with p* votes a* seats and to a party with p votes
. a'seats in a house A, while f allocates to the star-party a*+1 seats, and to
the bar-party a seats in a house ~A+1. Then the star-party is said to have
- weak priority at that point, and this is written (p*. a*)=(p, @). A natural
criterion for any method is that the claims of any two parties for an extra
seat should depend only on their respective vote totals and allocations,
Specifically, if for some other allocation problem with votes p’ there are
parties having votes p* and p that are allocated, by a solution of M, a*
and & seats, respectively, and M gives the bar-state priority over the star-
state, (p, a)=(p*, a*), then the parties are said to be tied, and this is
written (p*, a*)~(p, @). A method is said to be consistent if it treats tied
parties equally, that is, if ( p*, a*)~(p, @) implies f* has both an extension
giving the star-party a*+1 seats at A+1, and an extension giving the bar-
party a+1 seats at A+1. Any two parties will naturally compare their
resultant numbers of seats: a change in priorities could not but be viewed
as conflicting with common sense. Note that any monotone consistent
method is automatically symmetric.

Divisor methods are clearly consistent; the Hamilton method is not.
Consider the H allocations of Table IV. Parties A and E receive 10 and
3 seats, respectively, for A=35 and uniquely received 10 and 4 for h=36.
However, they receive 10 and 3, respectively, for 2=38, and uniquely 11
and 3 for A=39. This provides one more argument against the Hamilton
method. ' .

Let r (p, a) be any real-valued function of two real variables called a
rank-index (possibly including o for certain values of p and a). Given
a rank-index, a (generalized) Huntington method [3] of allocation M is
the set of all solutions f obtained recursively as follows:

(1) fi(p, 0)=0, 1=i=s. a
(ii) If a=fi(p, h) is an M allocation for & and % is ‘some one party for
which r( p, ar)=r( p;, a;) for 1=i<s, then fi(p, A+1)=ar+1, fip, h+1)
=aq, for i#k. ’
Huntington methods are a direct generalization of divisor methods. They
are clearly monotone and consistent. Less obvious is
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THEOREM 3 [2]. Any consistent, monotone method of allocation is a
Huntington method.

There do, nevertheless, exist rather dubious Huntington methods. For
example, take r (p, @)=a/p. Then the first party to receive one seat must
necessarily receive all. We will say that a method is balanced if two
parties having identical vote totals are always allocated numbers of seats
that differ by at most 1. Divisor methods are balanced; so is the Hamilton
method. But Huntington methods in general are not. A method that is
not balanced could not be countenanced.

4. COALITIONS AND SCHISMS

In the context of proportional representation it is important to ask not
only whether methods are stable, but also whether they tend to encourage
parties to merge or to splinter. For pelitical stability it would usually be
considered desirable to have methods of allocation that encourage parties
to coalesce by assuring that this would never cost seats, but could in fact
result in an increase in the total number of seats allocated jointly to the
parties.

To make these ideas precise, consider a symmetrlc method M and a
problem with vote totals p in which one party has p* votes and another
- p votes; and consider the result of coalescing the star- and the bar-party
into one party with p*+p votes, keepmg all other party vote totals the
same. Let fEM be a solution in which a* and & are the number of seats
allocated to the star- and the bar-party, respectively, in an allocation for
h. Then M is said to encourage coalitions if there exists an allocation
giving the coalesced party b seats with b=a*+a, and to encourage
schisms if there exists an allocation with b=a*+a.

A method M is said to be unique satisfying certain properties if any
other set M’ of allocation solutions with the same properties is also a set
of M-solutions, this is M'CM.

THEOREM 4. The Jefferson method J is the unique consistent, monotone,
stable, and balanced method that encourages coalitions.

Viewed in this light the Jefferson method presents strong credentials
for being adopted in a proportional representation system. Sainte-Lagiie
~ appears to have realized the tendency of J to encourage coalitions, but
he gave no proofs and his statement has the curiosity of referring to a
comparison: “In comparing the two rules, one can show that the d’Hondt
rule (J) favors the grouping of parties which, by coalescing, may receive
more seats; whereas the method of least squares (W) favors neither
groupings nor schisms,” [15, p. 378].

Proof. Since dJ is a divisor method, it is easily seen that it is consistent,
monotone, stable, and balanced. To show that J encourages coalitions,
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let a be a Jefferson allocation of A for given vote totals p, and consider
the vote totals ( pi+ps, ps, * - -, Ps) in which parties 1 and 2 have formed
a coalition. If (a1+as, as, - - -, @) is not a solution, then by the lemma
min {( p1+p2)/(@1+a2), Minie1 2 pi/ai} )
imaX{(P1+p2)/(a1+a2+l), max,«1 2 p;/(a+1)}.

Since a is a Jefferson allocation, (pi1+p2)/(ai+az)=min{pi/ai, p2/as)
- Zmax;x 2 pi/(a;i+1); hence the only reason (5) can hold is that

(p1+p2)/(ar+az+1)>minga 2 pi/ ai=pz_/az=8(l¢1,2). (6)

On the other hand,
(p1+p2)/ (a1 +az+2)=max { p1/(a1+1), p2/(az+1)} o
=minp;/a;<06;

hence, combining (6) and (7) yields
min {( p1+p2)/(ai+az+1), pr/(@—1), minj 2, pi/a;} Z8
Zmax {( p1+p2)/(ar+a2+2), P/ 1, MaX 20 Di/ (@ +1)],

which shows (by the lemma) that (a;+as+1, as, ---, a—1, ---, @) is a
- Jefferson allocation for A.
Conversely, let M be any method having the stated properties. Then M
is a Huntington method and hence (by Theorem 3) has a rank index r(p,
a). Since M is balanced, r(p, a)>r(p, a+1)> ... >r(p, a+k) for any
integer £>0. It will be shown that r(p, a) is equivalent to p/(a+1).
As a first step we show that r(p, a)=r(np, na+n—1) for all integers

n=l. Consider the vote vector p=(p1, -+, Pr+1)=(p, ---, p) and house
size h=(n+1)a+n for any ipteger a=0. Since M is balanced, we can
assume an allocation for A (a, a+1, ..., a+1). Now consider the vote

vector ( p, np) and a corresponding two-party allocation for A, say (x, ¥).
By coalition encouragement there exists a solution with y=na+n and
hence x=a. There is a lowest 2" = h such that the second party (with
vote total np) has y seats and the first some x—k seats, £=0. Thus r(np,
y—1)Zr(p, x—k)=r(p, x) and so

r(p, a)=r(p, x)=r(np, y—1)=r(np, na+n—1). (8)

Consider, instead, the vote vector (pi, - -, p2.)=(p, +--, p) and house
size h=2na+n. M balanced implies that it must have an allocation of
form (a+1, .-+, a+l, a, -+, a) with a;=a+1 for 1=i=n and a;=a for
n+1=i=2n. Now consider the vote totals (pi, « -+, pPn, Prr1)=(p, -+, P,
np) and let (x;, - - -, x.,y) be an allocation of M for A=2na+n. Since M is
stable, y=na+n—1, and thus there is an ¢ with 1=i=n having x=a+1.
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There is a lowest A'=h such that party i has x; seats and the (n+1)st
party (with vote total np) some y—k seats, £20. Thus r(p, x.—~1)=r(np,
y—k)=r(np, y) and so

r(p, a)zr(p, xi—1)zr(np, y)=r(np, na+n—1) 9)

which, with (8), shows that r(p, a)=r(np, na+r—1).
To complete the proof, suppose p/(a+1)=p’/(a’+1). Then
r(p, a)=r(p'p, p'a+p’'—1)=r(pp’, pd +p—1)=r(p’, a’),
implying that r(p, a)=R(p/(a+1)) for some function R. R is order-
preserving, for suppose p/(a+1)<p’/(a’+1). Then pa’+p<p’a+p’, and
R(p/(a+1))=R(pp'/(p'a+p’))=r(pp, p'a+p'-1)
<r(p’p, pa’+p—1)=R(p'p/(pa’+p))=R(p'/(d +1)),

which completes the proof.

The method of smallest divisors is, in a certain sense, “symmetric”
with J. This suggests

THEOREM 5. The method of smallest divisors SD is the unique consist-
ent, monotone, stable, and balanced method that encourages schisms.

Proof. We first show that r(p, a)=r(np, na) for all integers n=1.
Consider the vote vector (pi, -+, pnr))=(p, ---, p) and house size
h=na+a+1 for any integer a=0. M balanced implies that an allocation at
h has form (a+1, a, ---, a). Now consider ( P, np) and any allocation of
" M, (x, y). By schism encouragement there exists a solution with y=na
and hence x=a+1. An argument identical to that given in Theorem 4
shows that for some £=0

r(p, a)zr(p, x—1)Zr(np, y—k)zr(np, y)=r(np, na).  (10)

Consider, instead, the vote vector (py, - -+, p2s)=(p, -- -, p) and house
size h=2na+n. M balanced implies (a, ---, a, a+1, --., a+1) is an
allocation of h. Now consider the vote vector (p, -+ -, Pr, Pus1)=(p, - -+,
D, np). Since M is stable, there exists an allocation (xi, - - -, x,, y) with

y=2na+1 and so there must be some i, 1=<i=<n, with x;=<a. Hence we obtain
as before r(p, a)=r(p, x:)=r(np, y-1)=r(np, na), which, with (10), shows
that r(p, a)=r(np, na). The proof that SD results from the stated
properties is completed by showing that r(p, a)=R(p/a) for some order-
preserving function R, as in the proof of Theorem 4.

That SD is consistent, monotone, stable, and balanced is clear. To
show that it encourages schisms requires an argument that precisely
parallels the corresponding part of the proof of Theorem 4.
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5. SATISFYING QUOTA

The ideal, exactly proportional number of seats “due” party j is the
exact quota g;(p, h)=p;h/Y.ip.. Given p and A, if ¢;=qi(p, h) is integer for
all i, then a;=q; is a seemingly perfect solution. In general, of course, we
cannot expect any of the exact quotas to be integer. On the other hand,
it is natural to require that no party receive more seats than the result of
“rounding” q: up ([q:], the smallest integer greater than or equal to q.)
and no fewer than the result of “rounding” ¢; down (lq:], the largest
integer less than or equal to g;). A method is said to satisfy quota if all of
its allocations satisfy | g:J=a:=[¢.]. Allocations not satisfying quota seem
to violate common sense and have proven to be politically subject to
attack [17].

Aside from the fairness question, a method satisfying quota clearly is
balanced, and—while not necessarily stable in the strict sense defined
-above—is almost stable in the sense that if any two parties with a* and
a seats coalesce, then the coalesced party receives b seats, where
a*+a—2sb=a*+a+2.

The Hamilton method (H) clearly satisfies quota—indeed, it can be
~ said to have been motivated by this desire. However, as we have seen, it

violates two other basic principles. Aside from H, what other methods
satisfy quota? The emphasis historically, particularly since Huntington’s
work, has been on divisor methods. However, none of these can satisfy
~ quota. In fact, a subsequent result (Theorem 7) implies the following.

THEOREM 6. There exists no allocation method that is monotone and
consistent and satisfies quota.

Since these three properties seem to be essential ones, an immediate
question is: what can be weakened in order to admit the existence of
some method? ‘

In the presence of monotonicity and satisfying quota it is reasonable to
consider a slight weakening of consistency. Consider a method M and let
feM with fi(p, h)=a,. Then party j is said to be eligible at h+1 for its
(aj+1)st seat if a+1=[pi(h+1)/Ypil; equivalently, a<qi(p, h+1)=p;,
(h+1)/Y.p;, that is, if party j can be given an extra seat without exceeding
upper quota. We say that a method M is quota-consistent® if it is
consistent as between eligible parties. More precisely, (p*, a*) has weak
eligible priority over (p, @), written (p*, a*)=*(p, @), if in some problem
one party having p* votes and a* seats has weak priority over another
party having p votes and a seats and both are eligible to receive another
seat. If both (p*, a*)=%(p, a) and (p, a)=°(p*, a*), we write (p*, a*)=<°
(g, a). For M to be quota-consistent it is required that whenever (p*, a*)
=°(p, a) and both parties are eligible at A+1 but f gives the (A+1)st seat

4 Called “consistent” in [1, 3].
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to the p*-party, then there is an extension of f" giving the (h+1)st instead
to the p-party.

The quota method Q of allocation is the set of all solutions f obtained
recursively as follows:

(1) fi(p, 0)=0 1=iss.

(ii) Let a=fi(p, h) be an allocation for -hof @ and E(h+1) the set of
parties eligible to receive an extra seat at h+1. If kEE(h+1) 1s some
one party for which pi/ (art+1)Zpi/(ai+1) for all i€E(h+1), then fx(p,
h+1)=ax+1, fi(p, h+1)=a; for ik.

THEOREM 7 [3]. Q is the unique allocation method that is monotone
and quota-consistent and satisfies quota.

This theorem gives powerful reasons for acceptance of the quota
method Q for both problems of apportionment in majority systems and
problems of allocation in proportional representation systems. In practice,
one finds that Q has a tendency to produce solutions that round up the .
exact quotas of large parties more often than those of small parties. Thi$
seems reasonable for the application of Q to proportional representation
systems in that it inferentially asks for a “large” vote before according
any representation at all. Notice, however, that no large party is allowed
more seats than its upper quota. This same property might appear to
cause a difficulty for the application of Q to apportionment problems,
since in this situation it is usually necessary for each geographical entity
to receive some minimum number of seats (e.g., 1 or 2). For this case the
method Q has an immediate generalization that allows the specification
of any desired unbiased minimum representations for districts, and a
uniqueness theorem similar to Theorem 7 obtains [3].

6. CONCLUSIONS

This paper has addressed the problem of the allocation of integral
representation to parties having vote totals in a proportional represen-
tation system. The principal point is that methods of allocation should
not be ¢hosen by bickering over numbers, nor, indeed, through ad hoc
claims of various mechanical procedures, but rather by analysis of the
properties of methods. The issue is to decide upon a method whose
qualitative properties are equitable for the situation at hand. For propor-
tional representation systems this analysis commends one of two meth-
ods: the quota method Q or the Jefferson method J.

The Jefferson method claims recognition because it is monotone,
consistent, stable, balanced, and encourages coalitions. Specifically, en-
couraging coalitions would seem to be precisely the type of stability
desired for a body politic operating a proportional representation system.
However, a major defect of J is that it fails the seemingly most common-
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sense test of satisfying quota. The quota method merits recognition
because it does satisfy quota, is consistent subject to that property, and
is monotone and balanced. But it is only almost stable and, in fact, does
not necessarily encourage coalitions.

The choice between these methods of allocation should be made in
terms of which criteria are viewed as most important for the situation in
question.
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