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Consider a population of agents who play a game through repeated interactions,
and adapt their behavior based on information about other agents’ previous behav-
ior. The standard way of modeling such a process is to assume that everyone in the
population is governed by the same adaptive rule, e.g., best response, imitation, or
the replicator dynamic. This paper studies heterogeneous populations of agents in
which some agents are best responders, others are conformists (they do what the
majority does), and still others are nonconformists (they do the opposite of what
‘the majority does). Unlike deterministic best reply processes, which in 2 x 2 games
converge to Nash equilibrium, these heterogeneous processes may have limit cycles;
moreover limit cycles may exist even when the proportion of non best responders
is arbitrarily small. We show how to analyze the asymptotic behavior of such pro-
cesses through a suitable generalization of Bendixson stability theory combined with
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1. INTRODUCTION

This paper is concerned with adaptive dynamics in games played by
populations of boundedly rational agents. Previous work in this area
has focused particularly on three types of dynamics: best reply, repli-
cator, and imitation, either with or without perturbations. (For surveys
of this literature see Weibull, 1995; Vega-Redondo, 1996; Samuelson,
1997, Fudenberg and Levine, 1998; Young, 1998.) The standard assump-
tion, however, is that every agent in the population uses the same kind
of adaptive rule. In this paper we depart from this assumption by ana-
lyzing a model in which the population is heterogeneous. In particular,
we consider three types of agents. Best responders choose the action
that maximizes one-period payoffs given their beliefs about what other
side will choose. Conformists choose the most common action among
members of their own population irrespective of expected payoffs. Non-
conformists choose the least common action among members of their own
population.

Even in relatively simple 2 x 2 games the resulting dynamics can be
quite complex. In particular, unlike best reply dynamics, the process can
cycle instead of converging to a point close to Nash equilibrium. We il-
lustrate this by simulating the process for various choices of the param-
eters (Section 3). In Section 5, we introduce the mathematical machin-
ery needed to study this and related types of adaptive learning processes.
In particular, we show how to analyze the asymptotic behavior of such
processes using an extension of Bendixson’s criterion for cancelling cycles,
combined with techniques from stochastic approximation theory. We ap-
ply this result to characterize the behavior of the heterogeneous dynam-
ics for all 2 x 2 games (Section 4). Detailed proofs are contained in the
Appendix. :

2. THE LEARNING MODEL

We begin with a simple example. Imagine that there are two compet-
ing layouts for typewriter keyboards—DVORAK and QWERTY—and
that there are two populations of agents who may adopt these tech-
nologies: employers and secretaries. Each secretary must decide which
keyboard to become proficient on, and each employer buys just one
kind of typewriter. The payoff to a secretary depends on the frequency
of keyboard layouts among employers, and the payoff to an employer
depends on the frequency of keyboard proficiencies among secretaries.
This has the structure of a coordination game, such as the one shown
below.
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Secretaries
D Q
D 5,5 0,0
Employers
Q 0,0 4,4

Assume that, in each time period, one secretary and one new employer
make an adoption decision. A myopically rational secretary estimates the
distribution of keyboard types by asking a random sample of s employers
what keyboard they currently use; she then chooses the keyboard that maxi-
mizes her expected payoff against her estimate of the empirical distribution
(which of course may be inaccurate if her sample is small). A conformist
secretary, by contrast, makes her decision by asking s other secretaries at
random and choosing the most popular keyboard; a nonconformist chooses
the less popular keyboard. The object of the analysis is to study the asymp-
totic behavior of this process, and to ask whether or not it converges to
something close to Nash equilibrium.

More generally, consider a two-person game G with payoff matrix

(0411> B11 a1y, .312>

a1, Bt A, By

In what follows, we shall distinguish between two cases.

Coordination games have three equilibria—two pure and one mixed.
Without loss of generality we may assume that the pure equilibria are
(0, 0) and (1, 1), and the mixed equilibrium is (8, a), where

o= Oyy — Oy €(0,1) B= Bz — B € (0,1).

Qyp — Qg — Qg+ A Bi1 — Bar — Bz + B

Noncoordination games have one equilibrium, which is fully mixed and is
represented by (8, a) as above.

There are two disjoint populations of agents: row players (R) and column
players (C). In every time period ¢ = 1,2, ... one pair of players is drawn
independently on the history of play at random from R x C to play the
game. The state at t is a vector of positive integers (aj, a5, by, by), where
i, ab are the numbers of row players who have chosen strategies 1 and
2, respectively, up to and including time #, and b}, b; are the numbers of
column players who have chosen 1 and 2, respectively, up to and includ-
ing time ¢. The initial state can be more or less arbitrary, subject to the
feasibility of samples used for decision making.

Let s be a positive integer. When it is his turn to play, an agent ac-
quires information by drawing a random sample (without replacement) of
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the actions taken in previous time periods. The sample size s is given exoge-
nously and measures the amount of information that players have (Young,
1993a, b; Kaniovski and Young, 1995). Using techniques similar to those
described below, one can analyze situations in which agents have different
sample sizes, but for notational simplicity we shall assume here that the
same sample size applies to everyone.

A best responder is an agent who chooses a myopic best reply to the em-
pirical frequency distribution of actions taken by the other population, as
estimated from his sample. A conformist is an agent who chooses the most
frequent action among members of his own population, as estimated from
his sample. A nonconformist is an agent who chooses the least frequent ac-
tion among members of his own population, as estimated from his sample.
We shall always assume that the sample size s is odd and greater than one,
so that conformists and nonconformists have uniquely determined choices.
(In the case of best responders, we shall assume that ties are resolved in
favor of action 1, a convention that is adopted purely for technical conve-
nience.) '

This generates a dynamic process in which agents are diverse in two re-
spects: the information they have, and the way they respond to their infor-
mation. The asymptotic behavior of this process depends on: (i) the type of
game under consideration (coordination or noncoordination), (ii) the sam-
ple size, and (iii) the proportions of the various types of agents in the pop-
ulation. Let 1 — e denote the proportion of best responders in each of the
Row and Column populations, and let €(1 — 6) and €8 be the proportion of
conformists and nonconformists, respectively. A particular interesting case
arises when both e and & are small, but for the moment we allow all values
8, € € [0,1].

The learning process can be studied most conveniently by projecting it
into the space of proportions # = [0, 1] x [0,1]. Let X* and Y’ be the
proportions of the Row and Column populations playing action 1 up through
time ¢

X'=adl/a' and Y'"=bi/b' where a' =aj+ a5, b =bj+ bj.

For each (x,y) € &, let £&'((x, y)) and ¢*((x, y)) be mutually independent
random variables with values 0 or 1. We let &'((X’, Y")) = 1 if Row plays
strategy 1 at time ¢, and /((X’, Y*)) = 1 if Column plays strategy 1 at ¢.
Then

Mt =al + (X, YY) and BT =B yf(X YY)
Then we may write
X = X' (1/aH[ (X, Y - X1, t>1, X' =al/a,

| @
Y =Y 4 (1/bD[(X, YD) Y], t=1,  Y!=bl/pl @
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The distributions of £°(-) and /(-) are mixtures, with weights € and 1 — ¢,
of the probability that the number of successes exceeds a certain fraction
of the number of draws, s, in Bernoulli trials, and another mixture, with
weights 6 and 1 — 6, of two binomial probabilities. The probability of suc-
cess changes with each draw, because of our assumption that players sam-
ple without replacement. For example, at time ¢, the probability of success,
that is, of Column drawing an instance of Row playing strategy 1, is X’ on
the first draw. Since the sampling is without replacement, a success on the
second draw occurs with probability

t t ot
ag—1 a; a 1 ; 1 1
=4 - ~x*(1 -
a—-1 aa—-1 a -1 +af—l at—1’

if the first draw was a success, while it is

a3 1
—— = X1
at—1 ( + at — 1)’
if the first draw was a failure. At the beginning of period ¢, there have been
t — 1 plays, so a' = a' + ¢ — 1. Hence, the corrections to the probability of
success are of the order 1/¢ as t — oo.

Let

=3 (§)fa-o

i>ys

This is the probability that s draws with replacement contain more than
vs of the other side playing action 1, when the true proportion is z. Let
8%,(+, z) denote the correction term that arises because the sampling is, in
fact, without replacement. Then we can write the distribution of the random
variables £°(-) and ¢(-) as follows:

three-equilibria:
P{g'(x,y) =1} = (1 — e)f3(y) + el(1 = 28) f),(x) + 8]
(1= B, y) + e(1 - 28)83 ,(d', %),
P y) = 1 = (1= )f3(0) + el (1~ 28) () + 8]
+ (1= €)8p(a’, x) + e(1 —28)8] ,(b', y);
one-equilibrium:
P{¢(x, y) =1} = (1 = e)f3(y) + e[(1 - 28)f)5(x) + 6]
T (1— )8t y) + (1 — 28)83 (e, ),
P{y'(x,y) =1} = (1 = e)fi_g(1 — x) + €[(1 - 28)f15(y) + 6]
+(1—e€)8] _pla’, 1 —x)+e(l— 28)81 ;5(b", y).
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Note that the correction terms satisfy

sup |85(n, z)| < ¢,  /n.
z€[0, 1]

3. SIMULATED PATHS OF THE LEARNING PROCESS

As a benchmark case, let us first consider the qualitative properties of
the process described above when everyone is a best responder (e = 0). In
this case, the process is a stochastic variant of fictitious play in which the
players have incomplete information about the history, and the stochastic
shocks arise from sampling variability. The asymptotics of this process have
been treated by Kaniovski and Young (1995). The main result is the follow-
ing: from any initial state, the process converges to a point which is close to
a Nash equilibrium of the game. In the case of 2 x 2 coordination games it
converges with probability one to a pure Nash equilibrium. In 2 x 2 nonco-
ordination games it converges to a point that is close to the unique mixed
Nash equilibrium; moreover, the larger the sample size, the closer this point
lies to the Nash equilibrium. The complexity of the process is illustrated,
however, by the following additional property that it has in coordination
games: if all actions have positive probability in the initial state, then no
matter how close this state lies to one of the coordination equilibria (in the
space % of proportions), there is a positive probability that the process will
eventually converge to the other coordination equilibrium (Kaniovski and
Young, 1995).

When conformists and nonconformists are added to the mix, the asymp-
totic behavior of the process remains essentially the same as if there were
no such agents, provided we are dealing with a coordination game. In non-
coordination games, however, the asymptotic behavior can change in im-
portant ways—in particular, the process can cycle around the interior Nash
equilibrium. :

We.illustrate this phenomenon by simulating the process for various val-
ues of the parameters «, B, €, and 6. Instead of simulating (1) directly,
however, we shall simulate the following continuous system of ordinary dif-
ferential equations

d"’S___"S =8
Tr =30, @

where g°(Z°%) = (g{(Z%), 85(Z*)), z° = (z],2;). We use z° instead of
(x*, y°) to distinguish between the deterministic and stochastic dynamics.
The two cases are as follows:
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three-equilibria:
81(2) = (1 — €)f(z2) + €[(1 = 28)f]5(z1) + 8] — z,
8:(2) = (1 — e)f(z1) + €[(1 = 28) [ 5(22) + 6] = 2
one-equilibrium:
81(2) = (1 — e)f3(z2) + [(1 = 28)f} 5 (21) + 6] — 7,
£(2) =1 = ff g(1—2z1) +e[(1—28)f],(22) + 8] — 2.

The reason the deterministic, time homogeneous system (2) mimics the
stochastic, time inhomogeneous system (1) is as follows. At time ¢, let the
process (1) be at the point (z;, z;). Then the expected motion, given the
current state (zy, z,), is to the state

(21 + (1/a"Dg1(Z) + 01(r™H)], (2, + (1/6")[g5(Z ) + Oo(r™H)]),

where O;(¢7!) vanishes as 7! for ¢ — oo. Since a'*! = ' + ¢ and b**! =
b! + ¢, the long run behaviors of (1) and (2) are similar. A more formal ar-
gument can be found in the literature on stochastic approximation; see, for
example, Benveniste et al. (1990). We remark that the idea of approximat-
ing a discrete stochastic evolutionary process by a continuous deterministic
process 1s quite a standard technique, but there many different ways of im-
plementing it. In some evolutionary models, for example, the approach is
to pass from a finite to an infinite population of players (see, for exam-
ple, Binmore et al., 1995; and Boylan, 1995). In our model, by contrast,
we keep the population finite but allow the weight of history to become
unboundedly large.

First we shall study the limit behavior of this process using simulations;
then we shall characterize it analytically. In particular, we shall study the
limit properties of (2) for one-equilibrium games, which is the more inter-
esting case. For all of the simulations given here we set 6 = 0. If & = 0.41
and B = 0.45, then for all small enough € (including € = 0) and all large
enough s, the process corverges, as shown in Fig. 1. However, if € = 0.4,
there is a limit cycle, as shown in Fig. 2. It turns out that when « or 8
equals 0.5, the process cycles for all small € > 0 provided that s is suffi-
ciently large. A typical picture in this case is given in Fig. 3, where « = 0.5,
B =0.45, € = 0.4, and s = 31. On the other hand, if € = 0, the process al-
ways converges, as we remarked earlier; Fig. 4 illustrates this with « = 0.5,
B =045 €¢=0, and s = 31.

More complicated cycles arise when s increases without bound. Letting
§ — oo, we obtain a system of form

d. ... -
E;Z———g(Z)—Z, (3)
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045, e=0.1, s

FIG. 1. 2 =041,

=iy

=045, e=04, s=51

FIG. 2. & =041, B

(=i

=045, e=04, 5s=31.

FIG.3. a =0.5,
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1 :
" G/
0 I
! '

FIG. 4. a = 0.5, B=045, e=0, s=3L

where g (-) is a piecewise constant function. The set 7 splits into nine do-
mains RY, i, j = 1,2, 3, inside which the function g (-) is constant, namely,

gl = (g1 , & ). The domains are given in Table I and the ‘vectors gY¥ in

Table IL.
We shall see later that the solutions of this system include all possible

limits for trajectories of (2) as s — oo. In particular, if cycles of (2) converge
as sets in R? to a limit for s — oo, then this limit turns out to be a cycle
of system (3). In Fig. 5 we see one such limit cycle (o = 0.41, B = 0.45,
e = 0.2, and s = 00). Figure 6 exhibits a case with two limit cycles (@ = 0.43,
B =0.48, € = 0.4, and s = 00).

Recall from our earlier discussion that the process with only best respon-
ders does not have periodic orbits (see Kaniovski and Young, 1995). The
only way that a small proportion of conformists could lead to local insta-
bility of the steady state is if the term due to conformism in (2) has an

TABLET -
The Partition of % Corresponding to the Limit System

=0, 8) x (1/2,1] R® = (B,1/2) x (1/2,1] R® = (1/2,1] x (1/2,1]
=10,8) x (a,1/2) R® = (B,1/2) x (&, 1/2) R*® = (1/2,1] x (a, 1/2)
=[0,8)x[0,) R =(B,1/2)x[0,0) R*=(1/2,1]x[0, )

TABLE II
The Values of g(-) on RY

g8 =(1-€(1-8),1—¢€d) 8P =(1—-€e(1-8),e(1-08)) g¥=(1-eb,e(1-35))
52 2 (l—e(1-5),1—e(1—-5)) 32 = (1—e(1-8),ed) 5% = (1—e5, €)
W= (€8,1—€e(l—8)) 2% = (€8, €d) g = (e(1-9), €d)
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W= -

B

FIG. 5. =041, B=045, e =0.2, s =o0c.

arbitrarily large first derivative at the steady state. This is, in fact, the case
when @ = 1/2 or B = 1/2: since the most popular choice in a large sam-
ple is likely to be the one that is most popular in the whole population,
the conformists’ response function converges to a step function as the sam-
ple size increases. Thus the derivatives at the equal shares state become
unboundedly large, while the derivatives converge to zero away from this
state. Hence in a game with a single equilibrium, conformity reinforces
deviation from equal shares, which is bad for the stability of the mixed
equilibrium.

»
P S

FIG. 6. o =043, =048, e=04, s =o00.
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4. THE MAIN RESULTS

We are now in a position to state our main results on the asymptotic
behavior of this class of adaptive processes. Convergence with probability
one for coordination games with three equilibria is covered by the following,.

THEOREM 1. Let G be a nondegenerate 2 x 2 game with three equilib-
ria, the mixed one being (B, a). Let s > 1 be an odd number, € € (0,1/2),
8 € [0, 1] and €8 < min(a, B, 1/2) < max(a, B,1/2) < 1~ €. For all suf-
ficiently large s, the adaptive process (1) converges with probability one as
t — oo. The limit (X*, Y*) is a random vector that assumes exactly two val-
ues, which are arbitrarily close to (€8, €8) and (1 — €6,1 — €8) as s becomes
large. When & = 0, the limit values are (0, 0) and (1, 1) independently of s.

An initial state is said to be rich if both strategies in both populations
are played with positive probability, so the motion is not deterministic. This
condition holds if and only if @} > min(B, 1/2)s, a} > min(1 — B, 1/2)s,
and b} > min(a, 1/2)s by > min(1 — &, 1/2)s. It turns out that, if the
initial state is rich, then with probability one all subsequent states are also

rich, that is, the process is strictly stochastic in each period. It can be shown
~ that, if the initial populations are rich, the limit state (X*, Y*) in Theorem
1 assumes both of its values with strictly positive probabilities, which depend
on the initial state. ‘

The message of Theorem 1 is that, when the probability of imitators is
small, the outcome of the collective “learning" process is close to the dy-
namically stable Nash equilibria of the game, and the asymptotic behavior is
similar to the case where agents always choose best replies. The situation is
quite different, however, when the game has a unique, interior equilibrium.

THEOREM 2. Let G be a nondegenerate 2 x 2 game with a unique equilib-
rium (B, ), which is fully mixed. Let s > 1 be an odd number, € € (0,1/2),
8 €[0,1] and €8 < min(a, B,1/2) < max(«a, B,1/2) <1 —€d. When 6 >
1/2 and s is sufficiently large, the adaptive process (1) converges with prob-
ability one to a deterministic limit as t — oo. Moreover, the limit (Xp, y;,) is
arbitrarily close to (B, @) when s is sufficiently large. When 6 < 1/2, for all
sufficiently large s we have the following possibilities:

(a) if B#1/2and a+#1/2, (X', Y'") converges with positive probabil-
ity 1o (X3, 33) from every initial state (X', Y'), provided that the initial state
is rich; moreover, if € is sufficiently small, (X', Y') converges to (X3, y5) with
probability one;

() fB=120ra=1/20r B=a=1/2, then (X', Y") converges to
(%3, y5) with probability zero from every initial state.
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The proof is given in the Appendix. The striking feature here is that, if
at least one of the coordinates of the mixed equilibrium equals 1/2, then,
no matter how small € is, the process does not converge to a neighborhood
of the equilibrium with positive probability provided that the sample size
is sufficiently large. The intuitive reason for this can be explained as fol-
lows. Recall that §/(1 — 8) is the “ratio" of nonconformists to conformists.
If the population consists solely of these two types, the dynamics splits into
two independent one-dimensional processes. If there are only conformists
(6 = 0), each of the processes converges almost surely to 0 or 1 (see Dosi et
al., 1994). If there are only nonconformists (8 = 1), the processes converge
almost surely to 1/2. A value of 8 between 0 and 1 measures the rela-
tive strength of these tendencies. In the case of a noncoordination game,
if conformists outnumber nonconformists (6§ < 1/2) and best repliers are
present in the population, then the pull towards (0, 0) and (1, 1) due to con-
formism is in opposition to the pull towards (%3, y5) due to best repliers.
These two conflicting forces upset almost sure convergence. The conflict is
even stronger if one or both of the coordinates of the mixed equilibrium
equals 1/2. In this case, with probability one, there is no convergence to
a point. A formal explanation of this phenomenon follows from the stabil-
ity results in Lemma 3 of Section 5 below. When there is no convergence,
the behavior of the trajectories can be studied using numerical simulations.
In this case, Bendixson’s theory implies that only singular points, cycles,
and phase polygons can be attracting sets for the trajectories of system (2).
Consequently, if the trajectories of (1) do not converge to the (unique) sin-
gular point, they can become concentrated on the closed orbits of (2) as
t — oo. In the case where B, a # 1/2, the process may converge with prob-
ability less than one, and instead fall into a cycle of (2). Only by restricting
€ (and §) can we eliminate these cycles and guarantee convergence with
probability one.

5. MATHEMATICAL ANALYSIS AND AN EXTENSION
OF BENDIXSON’S THEORY

Standard methods from stochastic approximation theory deal mainly with
systems having a single global attractor (Derevitskii and Fradkov, 1974;
Ljung, 1977; and Benveniste et al., 1990). Here we are dealing with sys-
tems having multiple attractors, which is the situation in a game with three
equilibria. To analyze the asymptotic behavior of (1), let us compare it with
(2). One can see that for every Z, € % there is a single solution Z°(¢),
0 < t-< oo, of system (2) such that z2°(0) = Z,. Moreover, this solution be-
longs to &, that is, z*(¢) € % for all + > 0. Thus, ¥ is a positive invariant
set for system (2). The proof of convergence fo a point near Nash involves
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four auxiliary results (see Kaniovski and Young, 1995). One shows first that
all singular points of (2) lie close to Nash equilibria of the game. Second,
one establishes that the singular points are either linearly stable or linearly
unstable. Third, one proves that all half-trajectories of (2) converge to its
singular points; and, fourth, that the half-trajectories leading to linearly un-
stable points do not form phase polygons.

In the present case, difficulties arise with the third and fourth of these
results. The theorem of Bendixson (see Hahn, 1967, p. 66) says that all half
trajectories of (2) belonging to a bounded domain in R? fall into one of
the following three cases: (a) they approach a singular point (including the
case when a half-trajectory coincides with a singular point); (b) they form
cycles; (c) they spiral toward cycles or phase polygons. If we could exclude
possibilities (b) and (c), it would follow that all half-trajectories converge
to singular points of (2) and that they do not form phase polygons. To rule
out (b) and (c), Kaniovski and Young (1995) use Bendixson’s criterion (see
Hahn, 1967, p. 66); namely, if

. sy d " d 5
v (z) = 5 81()+ 58(E)

preserves its sign in %, then all half-trajectories of (2) belonging to # do
not form cycles or phase polygons.
In the present situation we have (for both cases)
d

) = 24 e =20 o fipla) + g fia) | @

The derivatives dff,(z)/dz are non-negative, and become arbitrarily large
as s — oo (see the proof of Lemma 3 in Kaniovski and Young, 1995); hence
Bendixson’s criterion cannot be used to exclude cycles and phase polygons
when & < 1/2. Consequently, we have to derive an extension of Bendixson’s
criterion for this particular system, which will allow us to exclude cycles and
phase polygons provided that s is sufficiently large. We show how to do this in
the proof of Lemma 5 below. On the other hand, when 6 > 1/2, the term
containing derivatives in (4) is non-positive, and we can still use Bendixson’s
criterion. We formulate this latter observation as a separate statement.

LEMMA 1. If 8 > 1/2, that is, the probability of imitating the majority is
not larger than the probability of imitating the minority, then, for every € > 0,
the system (2) does not have cycles (including limit cycles) or phase polygons.
Hence, by the theory of Bendixson, its half-trajectories converge to singular
points.

Let us consider now singular points of (2), that is, solutions of the fol-
lowing system of nonlinear equations:

gi(zZ)=0 &(z)=0. ()
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We are going to show that, for three-equilibria games, system (5) has ex-
actly three solutions: (xp, yp), (x5, ys), and (x{, y;). Denote by J*(Z) the
Jacobian of (2) at z,

9gi(Z)

&Zj

Js(z )l]: i,jzl, 2
Let I designate the identity matrix in R%. The following result is proved in
the Appendix.

LEMMA 2. Let G be a nondegenerate 2 x 2 game with three equilibria, the
mixed one being (B, a). Let s > 1 be an odd number, € € (0,1/2), 8 € [0, 1]
and €8 < min(a, B, 1/2) < max(a, B,1/2) <1 — €b. Then

() for all sufficiently large s, (5) has exactly three solutions, (x§, y3),
(x> Vo), and (x1, );

(H) lims—mo(xB: YOS) = (667 66)7 Hms—wo(x%7 )’fy) = (B? a), and
limg, (7, ¥7) = (1 — €8,1 — €8), with (x5, y;) = (0,0) and (x5, y}) =
(1, 1) for all s in the particular situation when & = 0

(i) limg, o, J°(x}, y;) = =1 for i =0, 1, so the matrices J*(x%, y}) are
stable for all sufficiently large s.

(iv) J*((xg, yy)) is not a stable matrix for all large s; one of its real
eigenvalues converges to oo, and the other converges to —oo as s — 0.

For one-equilibrium games there is a single solution (%3, 73) of (5), and
the corresponding statement is as follows.

LeEmMMA 3. Let G be a nondegenerate 2 x 2 game with a unique equi-
librium (B, ), which is mixed. Let s > 1 be an odd number, € € (0,1/2),
6 €[0,1]) and €6 < min(ea, B,1/2) < max(a, B,1/2) <1 — €8. Then

(i) for all sufficiently large s, (5) has a single solution (xp, ¥s) and
limsaw(iéa }N’i) = (:85 a); A

(i) if « # 1/2, B # 1/2, the Jacobian T ((Xp, ¥5)) is stable for all
sufficiently large s, and the real parts of its eigenvalues converge to —1 as
§ —> 00;

(i) if a=1/2,0r B =1/2, or a = B = 1/2, then for all sufficiently
large s, J*(Xp, y5) is not stable for 8 < 1/2 and is stable for & > 1/2. For § <
1/2 the eigenvalues are either complex, in which case their real part converges
10 00 as s — 00, or real, in which case they have opposite signs and converge to
+00 as s — c0. For 6 = 1/2 the eigenvalues are complex, and their real parts
converge o —1 as s — oo. For 6 > 1/2, the eigenvalues are either complex, in
which case their real parts converge to —oo as s — oo, or real, in which case
they converge to —oo as s — 00.
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This lemma is proved by essentially the same method as Lemma 2; we
omit the argument. According to the plan of the proof outlined above, we
now proceed to analyze the convergence properties of half-trajectories of
(2) and demonstrate the absence of phase polygons. Since the case § > 1/2
is covered by Lemma 1, our interest here is in the case when 6 < 1/2.

In three-equilibria games there are three singular points of (2), exactly
one of which is linearly unstable. Hence, the only type of phase polygons
that can be formed by half-trajectories connecting linearly unstable points
is 1-gons. The crucial point (as we shall show next) is that the coordinates
of any trajectory of (2) are monotone functions on some interval of time
adjoining infinity. Consequently, the trajectory must converge and the limit
must be a singular point of (2). Another monotonicity argument implies
that at least one coordinate of Z°(¢) is different when t — oo and ¢ — —o0.
Hence, half-trajectories that converge to the linearly unstable singular point
cannot form 1-gons. This result is summarized in the following lemma.

LEMMA 4. Let G be a nondegenerate 2 x 2 game with three equilibria. Let
s > 1 be an odd number, € € (0,1/2) and 8 € [0, 1]. Every solution z°(t) of
(2) belonging to ¥ for 0 < t < oo converges to a limit as t — oo, and the
limit must be a singular point. If Z°(t) belongs to F for —oo < t < 00, then
either lim,_, _, 2°(¢) exists and lim,_, _, Z°() # lim,_,, 2°(2), or else Z°(")
is constant.

The detailed proof of this result is given in the Appendix. Here we re-
mark that monotonicity is established by the following argument. At a time
instant ¢, each trajectory of (2) belongs to one of the following sets:

Hyy ={2e€F:81(2)20, g5(2) =0}

Hoo={ZeF:g(Z) 20, £(2) =0}

H_,={ZeH g((Z)=0, g(z)=0}

= {2 gi(2) =0, gi(2) =0},
Observe that a trajectory of (2) leaving either F,_ or F_, must enter
%, or %__, both of which are positive invariant sets for (2). By (viability)
Theorems 1.2.1 and 1.2.3 in Aubin (1991, p. 27), the latter holds since
25(Z) belongs to the contingent cone T, ,(Z )(T__(Z)) to (Z__) if

7 e R, (H__). Here the sets T, , (Z) and T__(Z) are defined similarly,
for example,

T, ()= {T) e R%: liminf d(Z + A3, %,,)/A = o}, (6)

with d(¥, A) designating the Euclidean distance in R? from a point X to a
set A, that is, d(X, A) = inf5c 4[|y — X||.
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Now consider games with a unique (mixed) equilibrium. If § < 1/2, al-
most sure convergence holds only when B # 1/2 and « # 1/2. Indeed, if
either B =1/2, or @ = 1/2, or B = a = 1/2, then, by Lemma 3, the unique
singular point of (2) is linearly unstable for all sufficiently large s. Since
(1) is a two-dimensional stochastic approximation process, (X*, Y*) con-
verges to (X, y;) with probability zero (see Arthur et al., 1988, Lemma 2
or Pemantle, 1990, Theorem 1). Hence, there is no hope (when & < 1 /2)
of proving convergence to (¥, ) if B or « equals 1/2.

Let us therefore consider the situation where 8 # 1/2 and a # 1/2.
According to Lemma 3, the unique singular point of system (2) is stable in
this case. Hence there cannot be phase polygons, and if there are closed
orbits they must involve a limit cycle. We need the following generalization
of Bendixson’s criterion, which excludes cycles around asymptotically stable
singular points.

LEMMA 5. Consider a system of ordinary differential equations
d - e
i =f@), ™
where the right hand side is continuously differentiable on H. Let
Hy={Ze: dvf(¥)>0} and %_={%e%: divf()<oO)

Suppose that X* € % is a singular point of (7), S is a set such that S C
H, (SCSH_), and

<f /S div (3 )d7

/ div £ (3 )d3 >
S

/% div (3 )d7 > /% div f(¥ )d?c).

Then there exists no cycle of (7) belonging to % that encircles X* and con-
tains S.

Proof.  The argument is straightforward. Assume to the contrary that
(7) has a cycle & belonging to J, encircling ¥ *, and containing S. In Hahn
(1967, p. 66) it is shown that if L is the closed domain bounded by &, then

/L div (3 )d¥ = 0. (8)

Let § € %, be the set hypothesized in the lemma. Then
| div f(2)az = [ div(z)ax+ [ divf)az
L LN, L%

> [ div (% )ai — | diviG)di| > o,
S A

which contradicts (8). If § € #_ the argument is analogous.
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Note that this result makes use of the same idea as Bendixson’s crite-
rion: if there is a cycle, then the integral of the divergence of the vector
feld over the domain bounded by the cycle must be zero. To exclude cy-
cles, it therefore suffices to show that this integral is not zero. However,
unlike Bendixson’s criterion, Lemma 5 exploits the geometry of the situa-
tion requiring that the sign of the integral of the divergence over the closed
set bounded by the cycle coincides with the sign of this integral over some
set S.

To find a set S for system (2) we notice that by (4) the divergence in %
is —2 plus a vanishing term as s — oo. This is true except on two narrow
strips around the intervals {1/2} x [0, 1] and [0, 1] x {1/2}. However, we
can show that the integral of the divergence over the strips does not exceed
2¢(1 — 28), plus a term that converges to zero as s — oo. Using the piece-
wise linearity of the right hand side of (3), we can identify a polygon set S
which lies inside any cycle of (3) should a cycle exist. Consequently, this set
is inside any cycle of (2) for all sufficiently large s. The integral of the diver-
gence over S is —2u(S) plus a vanishing term, where w(S) designates the
Lebesgue measure of S in R?. Hence, the inequality required in Lemma
5 reads w(S) > e(1 — 28) plus a negligible term as s — oo. To simplify
the estimation of u(S), let us restrict our attention to the situation where
B < 1/2 and @ < 1/2. (The same analysis applies to other combinations of
values of B and a.)

LEMMA 6. Let G be a nondegenerate 2 x 2 game with a unique equilib-
rium (B, ), which is fully mixed. Let € € (0,1/2), 6 € [0, 1/2), max(B, a) <
1/2 and €6 < min(e, B). If

a—€567(1/2~a)

1 B—e(1-8)
1—2¢ ]’

e(1-26) < min[(l/z - /3)2 1 —2€d

then for all sufficiently large s the solutions of (2) belonging to & do not form
cycles.

This lemma is proved in the Appendix. We remark that the upper bound
on € and 8 for excluding cycles presented here is not the sharpest possible
one. A discussion in the Appendix shows how one can improve on it.

We conclude with several further remarks about the cycling behavior
of the process when the game has a unique interior Nash equilibrium.
Consider first the case where o # 1/2 and B # 1/2. One can show that
there are locations of the mixed equilibrium, and numbers € € (0, 1/2) and
§ € [0, 1/2), such that system (2) exhibits cycles for all sufficiently large s;
moreover the diameter of these cycles is at least min(]1/2 — «af, |1/2 — BJ).
Consequently these cycles are of nonvanishing size. Below some critical
e they disappear. On the other hand, if either & = 1/2, or B = 1/2, or
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a = 3 =1/2, then for all sufficiently small € > 0 and all sufficiently large s
there are cycles whose sizes go to zero as e — 0.

We remark that, for 8 < 1/2, the vector field governing the determinis-
tic dynamics (2) is not area decreasing; nevertheless, we are able to estab-
lish convergence. Consequently, the arguments used here are sharper than
standard approaches in the literature (see, for example, Benaim and Hirsh,
1996). We also remark that the ideas given here can be applied to more
general two-dimensional stochastic approximation processes evolving on a
compact set. Namely, the reasoning used in Lemma 4 applies to any sit-
uation when the analogs of K, and K__ are positive invariant, and the
argument applied in Lemma 5 covers the case where the square of any
hypothetical cycle can be estimated a priori.

APPENDIX

Let us establish the statements concerning singular points of (2). In
games with three-equilibria, Eqs. (5) look as follows:

flz) =Tl 5(z1) =0 fa(z1) — T 5(z) =0, (A1)
where

T (x) = x —€[(1 12?_)?/2(15) + 5]

We need the following auxiliary result, which is a refinement of Lemma 2
in Kaniovski and Young (1995). In general, let [x] denote the integer part
of x and let N(-) be the standard Gaussian distribution function.

PROPOSITION 1. For every y € (0, 1)

(1) lmg, o f3(x) = f,(x) and this convergence is uniform on every
closed set K C [0, 1] which does not contain vy, where

0 if x €[0,7v)
L) =112 ifx=y
1 if x € (v, 1];

(2) for every closed set K C [0, 1] not containing v,

d £}
fim m ) =

(3) for all sufficiently large s, 4 fs() lS positive and increasing on
(O, = 1) and is positive and dec;easzng on ( 1, 1); hence f3(-) is convex on

(0, £7S1) and concave on ( = 1, 1) being an increasing function on [0, 1];
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(4) forevery T>0

lim, sup 15+ 5) = 1+ N(=t/y) y(1 = 7)) = 0;

§=00 pel
(5) forevery T >0

exp(—%/2) | _
J2Zmy @ =71

Notice that, when s is odd, [%s] = 5—72——1— and hence [;Sf—zll =1/2. Let

: 1 d
lim sup | —ﬁa;fy(x);xzwz/ﬁ -

5> 00 lE[*-Y:T

X € if x € [0,1/2)
1—e€

T 5(x) = 1/2 ifx=1/2
if—l‘i(—%is—) if x e (1/2,1].

Proposition 1 implies the following result.
PROPOSITION 2. Let s > 1 be an odd number, € € (0,1/2), and & € [0, 1].

(1) lim,_, o T2 5(x) = T, 5(x) and the convergence is uniform on every
closed set K C [0, 1] that does not contain 1/2;

(2) limg, gd;Tj, s(x) = T}E for x # 1/2 and the convergence is uni-
form on every closed set K C [0, 1] that does not contain 1/2;

(3) if 6 < 1/2, T: 4(-) is concave on (0, 1/2) and convex on (1/2, 1);
if & =1/2, T; 5(-) is linear; if & > 1/2, T: 5(-) is convex on (0,1/2) and
concave on (1/2,1). In the two latter cases T. 5(-) is increasing on [0, 1};

4) T:s(x) < T, s(x)for0 <x <1/2, and T} 5(x) > T, 5(x)for1/2 <
x <1 :

(5) 11imx->1/2- Te,S(x) = "512 + I%E(% - 8) and me—->1/2+ TE,S(x) = % +
= (8= 3);

(6) limgoosupp 1| TSs(1/2 + 445) — Sy — 150 -
28)N(—2t)| = 0 for every fixed L € (0, c0).

The following lemma shows that, when s is sufficiently large, (5) has
exactly three solutions, (x3, %5), (X, yS), and (x3, y7), two of which are
linearly stable and one of which is not.

LEMMA 2. Let G be a nondegenerate 2 x 2 game with three equilibria, the
mixed one being (B, &). Let s > 1 be an odd number, € € (0,1/2), & € [0, 1],
and €8 < min(a, 8,1/2) < max(a, B,1/2) <1 — €8. Then

() for all sufficiently large s, (5) has exactly three solutions, (x5 ¥3)-
(x> Ya)s and (x1, y1);
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(ii) lims—mo(xB? }’5) = (€6, €d), hms—)oo(xi%: yzi) = (B,a), and
limg (x5, y1) = (1 — €8,1 — €8), with (x3,y;) = (0,0) and (x3,y]) =
(1, 1) for all s in the particular situation when & = 0;

(ili) limg, o, J°(x], y7) = =1 for i =0, 1, so the matrices J*(x], y;) are
stable for all sufficiently large s;

(iv) J(xp, yy) is not a stable matrix for all large s, one of its real eigen-
values converges to co as s — 00, and the other converges to —oo.

Proof. Let us show that for all large enough s there are no solutions of
(5) (or, equivalently, of (Al)) outside of an arbitrarily small neighborhood
of (&6, €d), (B, @), and (1 — €8, 1 — €8). To do this we shall show that for
an arbitrary small fixed = > 0, there is a number s, such that for all s > s,

T;5(z) <0 for ze[0,e€d], (A2)

T;s(z) =1 for ze[l-ed, 1], (A3)

T;s(z) e (1/2,1—17/2) for ze[ed+7,1—€d~—1], (A4)
f(z) <1/2 for zel0,y—1/2],

(A5)
f(z)>1—7/2 for ze[y+7/2,1] v =a,f.

Indeed, if these relations hold and if 7 is so small that €6 + %’T <
min(e, B) < max(e, B) <1 —€d — %fr, then there are only three possible
locations for solutions (if any) of (Al) for s > s,:

By = [€6, €6 + 7] x [€6, €6 + 7],

BT =1[(fp) " (7/2), (fg) " (L = 7/2)] x [(f2) " (7/2), (fa) (A = 7/2)],
(B"C[B—1/2,B+7/2] x [a—7/2, .+ 7/2]),
Bl=[1—€d—-1,1—€d]x[l1—€6—7,1—¢€d].

As T goes to zero, the sets By, B”, and B] shrink to the limits (€8, €6),
(B, @), and (1 — €8, 1 — €8), as asserted in (ii). What remains to be proved
are the existence and uniqueness of the solutions and the stability of the
Jacobians.

First we establish (A2)—(AS5). Let A} = 1 — 2|5 —1/2| and A, = 1 +
7|8 — 1/2|. By hypothesis €5 < min(«, 8,1/2) < max(a, 8,1/2) <1 —
ed. Hence for all sufficiently small 7 > 0,

€d + 27 < min(e, B, 1/2) < max(e, B,1/2) <1 — b — 27.

Clearly we can assume that 7 < A; and 1 — 7 > A,. Since T, 5(z) < 0
for z € [0,€8] € [0,1/2) and T, 5(z) = 1 for z € [1 —€8,1] C (1/2,1],
inequalities (A2) and (A3) follow from statement 4 of Proposition 2.
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By hypothesis € € (0, 1/2), hence we have = > 7. Consequently
T.5(z)e(r,1—7) for ze[ed+T,1—€d~1] (A6)

By statement 1 of Proposition 2, for all sufficiently large s we have
T;s(ed+7)>7/2 and T 5(1—-€d—1)<1~—1/2. (A7)

Suppose that 6 > 1/2. By statement 3 of Proposition 2, T; (-) is mono-
tone increasing on [e8 + 7,1 — €6 — 7]. This together with (A7) implies
(A4). Suppose, on the other hand, that § < 1/2. By concavity,

T; s(z) = min[T; 5(e6 + 1), T. 5(1/2)) for ed+7<z<1/2. (AS8)
Notice that
lim 7% (e85 +7) = T{“’E and T?5(1/2) =1/2. (A9)
Since 7(1 — €)~! < 1/2, (A9) implies that for all sufficiently large s
T; s(ed+ 1) < T, 5(1/2). (A10)

Also, T; 5(e6 + 1) — T, 5(e6 + 7) = 1=, > 7. Hence, (A8) and (A10) entail
that

T;5(z) = T 5(ed+ 1) > 7/2 for ed+T1<z<1/2 (A11)
Similarly by convexity,
T;s(z2)<T;5(1—ed—1)<1—7/2 for ze€[l/2,1-€ed—7]. (Al2)
By (A6) and statement 4 of Proposition 2 we obtain (for all s)
Tio(z) < T.5(z) <1—17 for zel[ed+r,1/2] (A13)
and
TS s(2) > T.5(2) > 7 for ze[1/2,1—eb—1]. (Al14)

Inequalities (A11)—(A14) imply (A4) for the case when & < 1/2. Finally,
inequalities (AS5) follow from statement 1 of Proposition 1. Thus we have
proved that relations (A2)—(AS5) hold.

Let D; = {z;: T  5(z;) € [0,1]}, i = 1,2. On these domains, Eqgs. (A1)
can be given as follows:

7j=®)(z) = (M (Tis(z))  Lj=1L2 i#j y=ap

We claim that there is a unique solution of (Al) belonging to Bj, and
the Jacobian at this solution approaches —I.
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probability one to a deterministic limit as t — oo. Moreover, the limit (X3, V)
is arbitrarily close to (B, a) when s is sufficiently large. When & < 1/2, for all
sufficiently large s we have the following possibilities:

(a) if B#1/2and a #1/2, (X", Y") converges with positive probabil-
ity to (%5, 35) from every initial state (X, Y1), provided that the initial state
is rich; moreover, if € is sufficiently small, (X*, Y") converges to (Xp, ;) with
probability one;

() ifB=1/20ra=1/20r B=a=1/2, then (X', Y") converges to
(%35 ¥s) with probability zero for every initial state.

Proof Given Lemmas 1 and 3, the statement for the case 6 > 1/2 holds
by an argument similar to the one given in the proof of Theorem 2 by
Kaniovski and Young (1995). This argument also allows us to derive the part
concerning convergence with probability one in statement (a) from Lemmas
3 and 6 in the case when 8 < 1/2 and e is sufficiently small. Statement (b)
follows from results on the unattainability of linearly unstable points in
stochastic approximation (see Arthur et al., 1988, Lemma 2 or Pemantle,
1990, Theorem 1). In Kaniovski and Young (1995, p. 352) one can see
how this was done for a learning process similar to the one here but with
e = 0. The present situation is sufficiently similar that we need not go into
the details here. Thus it remains only to prove the part of statement (a)
concerning local convergence.

We shall use an idea originally suggested by Hill et al. (1980, Theorem
4.1) for one-dimensional processes and later extended to higher dimensions
by Arthur et al. (1988, Theorem 2). Assume, contrary to statement (a), that
P yn{(X*, Y") > (&5, 75)} = 0 for some initial state (X, Y e #.
Then for every positive o and every time instant #; > 0

P1=Plel Xt,Yt _>(5(:.S’5')S , (Xn,Yn)EUO,, l’thO :0,
( ? ) B [24

where U, = {Z € #: ||Z — (¥}, ¥5)|| < o}. The random vector (X', Y")
assumes a finite numberlof values, namely,
al +1i bi+j

i1 . = . —_ —
(XI’YI’“{ZE%' AT T 2Ty 1

O<i<t-—1, Ogj_<_t—1}.

Hence,

P= 3 P{X.Y) > (%, 5), XY eU,,

eV nU

4
(xlyly —o

n > (X", Y) = Z}Puo, yn{(X", Y0) = Z}. (AS8)
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Since we assumed that the initial state is rich, each strategy is played by
both sides with positive probability at any time instant. Hence, for every

2 € I/(S(I,Yl): t Z 17

P(leyl){(Xt, Yt) = 2} > 0.

Each of these probabilities is a finite product of Positive numbers. Since
P, = 0, by (A58) we conclude that for every z € V ;)(I,Yl) Ny,

P{(Xt7 Yt) - (i%’ 5};)7 (Xn> Yn) € Ucr: n= tOl(XtO: on) = 2} = 0.
(A59)

We claim that this is impossible. Namely, there exist o > 0, a finite time £,
and a point 20 € V(t)"(1 ¥1) (M U, such that the value of the left-hand side of
(A59) is positive. Thus we must have

P(Xl,Yl){(Xt> Yt) - (5&27 5};>} >0
for every initial state.

For § < 1/2, by Lemma 3, the Jacobian J°(X}, ;) is a stable matrix for
all sufficiently large s provided that 8 # 1/2 and « # 1/2. From now on
we shall be considering only such s. To simplify notation, let us designate
J*(Xp, ¥3) by J¥. By Lyapunov’s theorem (see Marcus and Minc, 1964, p.
160), for every A € (0, —min(ReAj, ReA))) there exists a symmetric, pos-
itive definite 2 x 2 matrix C, such that C,(J* + AI) + [(J*)T + M]C, is
positive definite. Hence, (C,J°Z, 2z ) < —A(C,Zz, Z ) for every Z € R?. Here
A] and A5 designate the eigenvalues of J°. Recall that I stands for the iden-
tity matrix in R?. Also, (-, -) designates the Euclidean scalar product in
R?. Finally, the sign 7 stands for transposition. By Taylor’s expansion we
conclude that there exists a small o > 0 such that

(G (), %~ (i, 7)) = 5{CAlE ~ (7, 3D 2~ (5, 7))
provided that zZ € U,,.
Foreacht>1and Z e % let

e [E) if2eU,;
§(2) = { E((%5, 73)) otherwise;
<o [W(Z) if Ze U,;
vi(z) = { P((E5,55)  otherwise.

Then &(-), t > 1, and §'(-), t > 1, are mutually independent sequences of
independent random variables. Define

X+l =yt + (1/at+l)[gt(()~(t’ ?t)) _ Xt], t>1, Xl = x!

PR pENEL YY) -7 ezl Py
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Taking into account g°((X3, ¥5)) = 0, we obtain

o [(=Ofi@) +el(1-20)fp(z) +8]  fZeU,
EE(z) = {chﬂ, otherwise;

Sy [ = p(1 = z1) + el(1 = 268)f75(22) + 6] if ze U,
Eyiz) = { VS o 1 " otherwise.

[24

Now (%3, ;) is a single solution on & of the following nonlinear equations

giZ)=0 &(z)=0,

where
si(z) = { ?c%(-z—)zl i)ft;eerw(i]své, £(Z) = { gé(j ?22 lcft;eiwli]sae.
ForZe %
(CA(81(2), 82(2)), [2 — (B, F)])
_ { (CAg*(2), [2 = (%5, 5D if 7 e U,
(C(E: 7)) —21,2- (%5, 52))  iHZ2¢ U,

= _min(/\v 1)(C/\[2 - (i%, 5);)]7 Z- (55;3’ 5’;))

This inequality shows that V'(Z) = (Ci\[ff — (%3, 7)), Z — (%5, ¥2)) is a Lya-
punov function for the process (Y, Y), t > 1. Since (X', Y"), 1= 1,isa
stochastic approximation process, Theorem 7.3 of Nevelson and Hasminskii
(1976) allows us to conclude that with probability one

(X', Y — (X5,7,) as t— oo
Hence, for a fixed » € (0, 1) there is #, depending on o and v such that
P=Pooyn{(X, V) = (85,55, (XYM eU,, nzt}>1-v>0.

Since the random vector-(X?, ¥?), ¢ > 1, takes only values from V(le yiy
we get that

P, = S PlXLY) > (5,5 (X", Y eU,,

- 1
3eld

(Xl,yl )mUU'

nz (X, 70) = 2 P yn{(R", 74) = 2},
This sum is positive; hence, there exists zZ0e V(t;?{1 ¥1) N U, such that
P{(X', Y") converges to (X3, }7;),‘ (X", Y eU,,
n> (X%, ¥9) =2 > 0.
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Since inside U, the random processes (X', Y*), t > 1, and (X?, ¥7), ¢ > 1,
are determined by the same expression, we conclude that

P{X",Y') — (33, 32), (X", ¥") € U,, n>1)(X, ¥o)=3
=P{(X",Y") — (%3, 53), (X", Y")eU,, n>t)(X°, Y0)=30.

Consequently, we have proved that there exist o > 0, a finite time fy, and
a point 20 (;"(l,yl) M U, such that
P{X",Y") = (¥, 75), (X", Y")eU,, n>f)(X% Y% =30 > 0.

This concludes the proof of Theorem 2.
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