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Abstract

This paper examines evolutionary equilibrium selection in bargaining models. We show
random best-response and continuous best-response learning dynamics give rise to (differen
sufficient conditions for identifying outcomes as stochastically stable. This allows us to chara
the implications of these dynamics in simple bargaining games.
 2003 Elsevier Inc. All rights reserved.
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1. Introduction

For many years, the two-player bargaining problem was held to be indeterminat
essence of the difficulty is captured by the Nash demand game, where any pair of ef
individually rational and mutually compatible demands is a strict Nash equilibrium (N
1953). In response, Nash proposed a refinement of the game that eliminated all eq
except those close to the Nash bargaining solution.

Rubinstein’s (1982) and Stȧhl (1972) proposed extensive-form bargaining model
which players alternate in making offers to one another. These games have
subgame-perfect equilibria that lie close to the Nash bargaining solution under su
conditions. This solution initially appeared to close the issue, but concerns abo
viability of equilibrium refinements has reopened the equilibrium selection question.
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0899-8256/$ – see front matter 2003 Elsevier Inc. All rights reserved.
doi:10.1016/S0899-8256(03)00146-5



K. Binmore et al. / Games and Economic Behavior 45 (2003) 296–328 297

aining
5, 1993)
, 1992;
ragility
ests.
trial-
rium.
nthal,

e ap-
three
that
1990;
plica-
tment
two-

e.

ted
paper
lation

ulation
heir
amics
ill
lay the
lay. Any
f the
o that

herwise

ns, or
m can
nitude
ocess
as a
ions.
are
alled
Bob Rosenthal was an active contributor to the game-theoretic literature on barg
(Fernandez and Rosenthal, 1990; Lang and Rosenthal, 2001; Rosenthal, 1978, 198
as well as equilibrium selection (Brown and Rosenthal, 1990; Glazer and Rosenthal
Rosenthal, 1981). His Centipede Game became a standard example illustrating the f
of subgame-perfect equilibrium and the backward induction principle on which it r
One outcome of the equilibrium-refinements literature was to direct attention to the
and-error adaptive processes by which people might find their way towards equilib
Again, we find Bob Rosenthal contributing to the discussion (Friedman and Rose
1986; Gale and Rosenthal, 1999, 2001; Rosenthal, 1989, 1993a).

In writing for an issue in Bob’s honor, we therefore thought it appropriate to examin
plications of evolutionary equilibrium selection to the bargaining problem. We have
goals. The first is to explore conditions under which it is easy to identify the equilibria
will be selected in adaptive models with persistent perturbations (Foster and Young,
Kandori et al.’s, 1993, and Young 1993, 1993a, 1998). The second is to study the im
tions for equilibrium selection of alternative specifications of the best-response adjus
dynamics. The third is to show how our framework relates to other models of the
player bargaining problem and to provide some links between results in the literatur

2. Evolutionary equilibrium selection

Suppose that a finite normal-form gameG is to be played repeatedly by players selec
from one or more large but finite populations of equal size. Our applications in this
are two-player bargaining games in which player 1 is always drawn from one popu
of sizeN and player 2 from another population of sizeN , but the framework outlined in
this section applies to Markov processes quite generally.

In each time period, the current state of the process is the proportion of each pop
playing each of the pure strategies inG. Over time the state evolves as agents adjust t
strategies in response to the behavior of the other players. If the evolutionary dyn
are deterministic and the gameG has multiple equilibria, the equilibrium selected w
usually depend on initial play. For example, suppose that each agent selected to p
Nash demand game in a given period chooses a best response to previous-period p
division giving both players a positive share of the surplus is a limiting outcome o
resulting dynamics if players are already demanding something sufficiently close t
division in the initial state.

Suppose instead that agents choose best responses with high probability, but ot
choose strategies at random. These random choices, calledmutations, can arise for many
reasons, including trembles, experimentation, idiosyncratic shocks to utility functio
mistaken perceptions of the environment. The resulting stochastic dynamical syste
differ fundamentally from the associated deterministic system even when the mag
of the perturbations is arbitrarily small. The mutations occasionally bounce the pr
from one equilibrium to another, giving rise to an ergodic Markov chain that h
unique long-run probability of being in any given state, independently of initial condit
This is thestationary distribution of the process. When the mutation probabilities
sufficiently small, probability is typically attached to only a small class of states, c
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the stochastically stable states (Foster and Young, 1990). Under conditions that we s
discuss below, there is often a unique stochastically stable population state that corre
to a particular Nash equilibrium of the game. We say that this equilibrium is selected
long (or ultralong) run.

2.1. Analysis of Markov chains

The conventional analysis of Markov chains involves solving a system of l
equations for the stationary distribution. For the problems we are interested in
algebraic method is cumbersome. Finding the stationary distribution of a 2× 2 game
with a population of 100 players in each role would require solving 1012 = 10,201 linear
equations for the probabilities attached to the 10,201 states.

A more tractable approach is available using directed graphs. This geometric m
was pioneered by Freidlin and Wentzell (1984) for continuous-time, continuous
processes and was subsequently adapted by Young (1993) and Kandori et al.’s
for finite chains with discrete perturbations. It has become the standard metho
characterizing the long-run behavior of evolutionary models with persistent stoc
perturbations.1

Consider a time-homogeneous Markov chain defined on a finite state spaceX. Identify
each statex ∈X by a node of a graph. A tree rooted atx consists of|X|− 1 directed edge
such that from every nodey �= x there exists one and only one directed path fromy to x.
The idea is illustrated in Fig. 1. Letpxy be the one-step transition probability from sta
x to statey. Given a rooted treeT , let P(T ) denote the product of the probabilitiespxy
over all directed edges(x, y) in the tree. Letν(x)= ∑

P(T ), where the sum is taken ov
all trees rooted atx. TheMarkov chain tree theorem states that for any irreducible finit
chain,ν(x) is proportional to the long-run probability of statex (Freidlin and Wentzell
1984, Lemma 3.1, p. 177). In other words, the normalized valuesν(x)/

∑
y ν(y) yield the

unique stationary distribution of the process.

Fig. 1. Illustration of a tree, where numbers are one-step resistancesr(x, y) (Section 2.3) and hollow nodes deno
equilibria.

1 Examples include, among many others, Binmore and Samuelson (2002), Ellison (1993, 2000), Nöld
Samuelson (1993), Samuelson (1994, 1997), and Young (1993a, 1998, 1998a).
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2.2. Learning dynamics and stochastic stability

We now specialize to the situation where states are distributions of strategie
population and the Markov process is a perturbed version of best-response dynam
xt denote thestate of the system at timet , i.e., a vector identifying, for each population (
sizeN ) and each pure strategy, the proportion of the agents in the population playin
strategy.2

Let Γ(0,N) be a Markov process defined on the state spaceX. We interpretΓ(0,N) as
the evolutionary process by which agents adapt their strategies to the behavior of th
agents in the game. In an economic context,Γ(0,N) might represent a process of learni
or cultural evolution. In a biological context,Γ(0,N) represents the forces of reproductio

At the beginning of each periodt , a new state is drawn according to the processΓ(0,N),
given the current statext . With probabilityε, each agent is then independently drawn to
a “mutant.” Mutants independently select a new strategy at random from the relevan
strategy set, with positive probability attached to each strategy. The result is the staxt+1
with which the system enters periodt + 1. Models of this type were pioneered by Kand
et al.’s (1993) and Young (1998).

The combination of the processΓ(0,N) and mutations induces a Markov process deno
by Γ(ε,N). The mutations ensure that the transition matrix forΓ(ε,N) is strictly positive. As
a result,Γ(ε,N) has a unique stationary distribution that is the limiting distribution for
period-t state ast gets large and is the limiting distribution for the proportion of time sp
in each state along almost all sample paths.3 Letµ∗

(ε,N) denote this stationary distributio
We will be interested in the limit of the stationary distributions as the probability
mutation approaches zero, or

lim
ε→0

µ∗
(ε,N). (1)

We say that a state isstochastically stable if it receives positive probability in this limi
(Young, 1993).

2.3. Identifying stochastically stable states

For a fixed value ofε, the Markov chain tree theorem tells us that states will receive l
probabilities in the stationary distribution if they are the roots of trees whose tran
probabilities are relatively large. Whenε is arbitrarily small, transitions involving mor
mutations will become arbitrarily less likely than transitions involving fewer mutation
the limit asε approaches zero, the total number of mutations in a tree will swamp all
considerations. A state will then be stochastically stable if and only if there is no othe
with a tree involving fewer mutations.

Formally, given any two statesx, y ∈ X, define theone-step resistance to be the
minimum number of mutations needed forΓ(ε,N) to move fromx to y with positive

2 We use “players” to refer to the underlying game and “agents” to refer to the members of the ass
populations.

3 For example, Hoel et al. (1972, Chapter 2, Theorem 5, Corollary 6, and Theorem 7).
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probability in one step. Define theresistance of a rooted tree to be the sum of the one-s
resistances associated with its directed edges. Aminimal tree is a rooted tree with minimum
resistance. It follows from the Markov chain tree theorem thata state x is stochastically
stable if and only if it is the root of a minimal tree.

Concentrating on the limit as the mutation probabilityε gets arbitrarily small thus
simplifies the application of the Markov chain tree theorem, allowing us to simply c
mutations rather than deal with products of transition probabilities. The process of fi
a minimal tree can often be further simplified by thinning out the number and types o
that need to be considered.

First, a major simplification is possible if the following no-cycling condition holds:

No-cycling condition. The mutation-free processΓ(0,N) satisfies theno-cycling condition
if all of its absorbing sets are singletons.

When players update asynchronously to best responses, the no-cycling conditio
for a wide class of games known as acyclic games (Young, 1993), which inc
coordination games and bargaining games as special cases.

If the no-cycling condition holds and the process without mutations is a best-res
dynamic, then it converges with probability one to a Nash equilibrium state from
starting point. To see why, recall that every finite time-homogeneous process reac
absorbing set with probability one. The no-cycling property implies that this set co
of a single absorbing state, which must be a Nash equilibrium under the best-re
dynamics. The no-cycling condition thus simplifies the search for a minimal tre
allowing us to consider only trees whose roots are absorbing states (and henc
equilibria).

Much more than this is true. Define aleast-resistant path from statex to statey as a
sequence of one-step transitions that begins atx and ends aty and whose total resistanc
is as small as possible. Then it is straightforward to verify:

Lemma 1 (Pruning property).Given the no-cycling condition, all of the positive resistances
in every minimal rooted tree arise along least-resistant paths between absorbing states.

Hence all states that do not lie on such least-resistant paths can be pruned awa
searching for a minimal tree. The pruning operation is illustrated in Fig. 2. This smalle
is obtained from the tree in Fig. 1 by eliminating all nodes that do not lie on the min
paths that connect the four equilibria.

Let X∗ be the set of absorbing states. This is a subset of all Nash equilibrium
under best-response dynamics, and may be a strict subset, since in some best-r
dynamics mixed equilibria will not be absorbing. For each pairx∗, y∗ ∈X∗ let r∗(x∗, y∗)
denote the minimum number of mutations needed to move fromx∗ to y∗ in a series of
one-step transitions. Aminiature (Bonsai) tree is a rooted tree whose nodes are the st
in X∗ with each directed edgex∗ → y∗ given weightr∗(x∗, y∗).

We can identify the roots of minimum trees in the original state spaceX by considering
just the Bonsai trees (Samuelson, 1994; Young, 1993, Theorem 4):
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Fig. 2. Pruned version of the tree of Fig. 1.

Fig. 3. Bonsai version of the pruned tree of Fig. 2, where numbers are the valuesr∗(x∗, y∗).

Lemma 2 (Bonsai property).If the no-cycling condition holds, then the roots of the
minimum Bonsai trees are the same as the roots of the minimum trees defined over the
entire state space X.

In other words, once the resistances between equilibria have been calculate
geometry of the least resistant paths is irrelevant. Figure 3 shows the Bonsa
corresponding to the pruned tree in Fig. 2.

The search for a minimal tree thus reduces to the search for a minimal Bonsai tree
the no-cycling condition). We now introduce two conditions that simplify the problem
identifying the minimum Bonsai tree.

Proposition 1 (Local resistance test).Let the no-cycling condition hold.

(1.1) Let x be an absorbing state such that the largest incoming resistance r∗(y, x) is less
than the smallest outgoing resistance r∗(x, z). Then x is the root of every minimal
tree.

(1.2) Let x be an absorbing state such that the smallest incoming resistance r∗(y, x) is
larger than the smallest outgoing resistance r∗(x, z). Then x is not the root of any
minimal tree.

Proof. Let x satisfy condition (1.1) and suppose that some minimal tree has rooty �= x.
Then we can create a new tree with rootx by introducing the edgey → x and deleting
the edge which begins the path that leads fromx to y. Because the new edge has sma
resistance than the deleted edge, the new tree has smaller total resistance, a co
tion.
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Let x satisfy condition (1.2) and suppose that some minimal tree has rootx. Let y be
a node such that the resistancex → y is minimized among all outgoing edges fromx.
Adding edgex → y results in a unique cycle that containsx. Let z → x be the unique
edge of the cycle directed towardx. By assumption the resistance onz → x is larger than
on x → y. Hence, by deletingz → x we obtain a tree rooted atz that has smaller tota
resistance than the original tree, a contradiction.✷

A particular instance of the local-resistance test arises when the number of mu
required to jump from the equilibriumx to any other equilibrium involves more tha
half the total number of agents, while the number of mutations needed to go in the
direction involves less than half the total number of agents. Abusing existing usage s
we say that such an equilibrium ishalf dominant.4 An immediate consequence of the loc
resistance test is then (Ellison, 2000, Corollary 1):

Corollary 1. Every half-dominant equilibrium is stochastically stable.

When the local resistance test fails to identify the minimum tree, there is a s
nonlocal test that often works.

Proposition 2 (Naive minimization test).Let the no-cycling condition hold. Join each
absorbing state x to an absorbing state y that has minimum outgoing resistance r∗(x, y)
from x . The result is a directed graph with at least one cycle. If the cycle is unique and
contains an edge with maximal resistance over all edges, then a minimal tree, called the
naive minimization tree, is obtained by deleting this edge.

Proof. Let T be the naive-minimization tree, with rootx, and letT ′ be a tree with roo
y �= x. Sincex is not the root ofT ′, T ′ has an edge leading away fromx that is not inT ,
sayx → z. SimilarlyT has an edge leading away fromy that is not inT ′, sayy →w. The
first of these edges has greater resistance than the second, because the edge eman
x that was removed to constructT has the maximal resistance among all edges from w
T was constructed. Further, every other edge inT ′ must have larger resistance than
corresponding outgoing edge inT , becauseT was constructed from the minimal outgoi
edges. HenceT ′ has greater total resistance than doesT . ✷

Both the naive minimization test and local resistance test apply to the coordin
examples studied in Binmore and Samuelson (2002). The naive minimization test
satisfied in Young’s analysis of the Nash demand game (Young, 1993a).

Our next condition identifies situations in which it is particularly straightforward
apply the local resistance and naive minimization tests.

4 In 2× 2 symmetric games with a single population and either of the best-response dynamics we c
an equilibrium is half-dominant if and only if it is risk dominant (Harsanyi and Selten, 1988).
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Bandwagon property. The processΓ(ε,N) satisfies thebandwagon property if the
minimum number of mutations needed to switch from equilibriumx to equilibrium y

involves only mutations to strategies that are iny and not inx.

Kandori and Rob’s (1998) marginal bandwagon property provides a sufficient con
on the payoffs of the underlying gameG for the bandwagon property to hold. Lettin
(s′1, s′2) be an equilibrium ofG andu1 be player 1’s payoff function, the condition is tha

u1
(
s′1, s′2

) − u1
(
s1, s

′
2

)
� u1

(
s′1, s2

) − u1(s1, s2),

for any s1 and s2, with an analogous condition for player 2. The interpretation is
deviations from an equilibrium strategy are most costly when the opponent plays her
the equilibrium. Similar conditions appear in Binmore and Samuelson (2002) and L
and Pesendorfer (2002).5

3. Best-response dynamics

This section introduces two variants of the best-response dynamics in 2× 2 games.
Figure 4 shows the space of population states for a 2× 2 game. Let(σ1, σ2) denote
the pair of mixed strategies in which player 1 attaches probabilityσ1 to strategys1 and
player 2 attaches probabilityσ2 to s2. Unless otherwise noted, we assume through
that (s1, s2) and (s′1, s′2) are strict Nash equilibria. The pure Nash equilibria(s1, s2) and
(s′1, s′2) correspond to the states(1,1) and(0,0). There is also a mixed Nash equilibriu
corresponding to the state(σ̂1, σ̂2).

Figure 4 is split into four quadrants by horizontal and vertical lines drawn throug
mixed equilibrium(σ̂1, σ̂2). When the strategy profile is in the bottom-left quadrant,
best-response vector lies at(0,0), corresponding to(s′1, s′2). When the strategy profile is i
the top-right quadrant, the best response lies at(1,1), corresponding to(s1, s2). The best

5 We offer an example similar to one appearing in Young (1993) to show how this condition can fail. Co
the following game:

s2 s′2 s′′2

s1
1

1
0

0
0

−9

s′1
0

0
1

1
0

0

s′′1
−9

0
0

0
0

0

Consider a state in which all agents in population 1 plays1 and agents in population 2 plays2. Then mutations
must switch half of either populationi to strategys′

i
in order to make strategys′

j
a best response in the oth

population, but must shift only a tenth of populationi to s′′
i

in order to makes′
j

a best response. Hence, under
random best-response dynamics discussed in more detail below, the least number of mutations require
the population from a state corresponding to equilibrium(s1, s2) to a state corresponding to(s′1, s′2) is a tenth of
one population, accomplished by having these mutants play strategys′′ .
i



304 K. Binmore et al. / Games and Economic Behavior 45 (2003) 296–328

e

it
se

ategies
sample
tinuous

e pure
xed

ume

ypically
lly, (2)
ion, as
Fig. 4. A 2×2 game and corresponding set of population states, whereσi is the probability attached to strategysi .

response to a state in the bottom-right quadrant is(0,1), or (s′1, s2), while the best respons
to a state in the top-left quadrant is(1,0), or (s1, s′2).

3.1. Continuous best-response dynamics

Let the best-response vectorB(σ) assign a positive probability to a strategy only if
is a best response to the mixed strategy corresponding toσ . The continuous best-respon
dynamics is defined on the space of mixed strategies by6

dσt
dt

= B(σt )− σt . (2)

The continuous best-response dynamics move from any point in the set of mixed str
along a straight line towards the current best-response vector. Figure 5 shows some
trajectories of the best-response dynamics. The set of strategies from which the con
best-response dynamics lead to a particular equilibrium is called thebasin of attraction of
that equilibrium. In Fig. 5, the dashed line separates the basins of attraction of th
equilibria,(0,0) and(1,1). The dashed line is itself the basin of attraction of the mi
equilibrium.

We now define an analogue of these dynamics for large, finite populations. LetL(x) be
the limiting outcome of statex under the best-response dynamics given by (2). We ass
that the learning dynamics are defined by

xt → L(xt ). (3)

6 See Binmore (1992, Chapter 9) for various updating models that lead to this dynamics. Uniqueness t
fails for some values ofσ , such as those corresponding to the lines dividing the quadrants in Fig. 4. Forma
is thus a differential inclusion rather than differential equation, which we specialize to a differential equat
illustrated in Fig. 5.
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Fig. 5. Basins of attraction and sample trajectories of the continuous best-response dynamics in the gam
in Fig. 4. The dashed line, separating the basins of attraction of(0,0) (corresponding to equilibrium(s′1, s′2))
and(1,1) (corresponding to equilibrium(s1, s2)) is given byσ2(1− σ̂1)+ σ1σ̂2 = σ̂2 (upper-left segment) an
σ̂1σ2 + (1− σ̂2)σ1 = σ̂1 (lower-right segment).

Hence, a statex is transformed to stateL(x) with probability one.7 Notice that this
formulation contrasts with one in which every agent switches to a best response
previous-period strategies (as in Kandori et al.’s (1993)single-population model), which
would allow the two populations to cycle endlessly between the two non-equilibrium s
(0,1) and(1,0).

In the 2×2 game of Fig. 4, letR01 be the proportion of the agents in the two populati
that need to mutate from their second pure strategy to their first in order to mov
state from the equilibrium(0,0) into the basin of attraction of the equilibrium(1,1). This
reduces to finding the minimum of12(σ1 + σ2) for (σ1, σ2) in the basin of attraction o
(1,1), and so (ignoring the integer considerations imposed by the finite populations)

R01 =
{

1
2

(
σ̂1 + σ̂2

)
, if σ̂1 + σ̂2 � 1,

1
2 min

{
σ̂2/(1− σ̂1), σ̂1/(1− σ̂2)

}
, if σ̂1 + σ̂2 � 1.

(4)

Similarly, we can letR10 be the proportion of agents that need to mutate from their
pure strategy to their second in order to move the state from the equilibrium(1,1) into the
basin of attraction of the equilibrium(0,0). We can obtainR10 by replacingσ̂1 andσ̂2 by
1− σ̂1 and 1− σ̂2 in (4):

R10 =
{

1
2

(
2− σ̂1 − σ̂2

)
, if σ̂1 + σ̂2 � 1,

1
2 min

{
(1− σ̂2)/σ̂1, (1− σ̂1)/σ̂2

}
, if σ̂1 + σ̂2 � 1.

(5)

7 We move freely here between the space of mixed strategy profiles and the space of population sta
poses no difficulties as long as we bear in mind that the set of population states is a large but finite colle
points embedded in the space of mixed strategy profiles.
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These calculations allow us to conclude:

Proposition 3. Under the continuous best-response dynamics, one of the equilibria in
a 2× 2 game is half dominant:

R01<
1
2 <R10 when σ̂1 + σ̂2 < 1,

R01>
1
2 >R10 when σ̂1 + σ̂2 > 1.

The local resistance test (Corollary 1) then allows us to conclude that the half-dom
equilibrium is stochastically stable.

3.2. Random best-response dynamics

As the name suggests, the random best-response dynamics will be stochastic, in
to the deterministic specification of the continuous best-response dynamics. Assum
in each period, every agent takes an independent draw from a Bernoulli random v
that causes the agent to revise his strategy with probabilityλ, and has no effect with
probability 1− λ. An agent revising his strategy chooses a best response to the c
state.

In the case of the random best-response dynamics, thebasin of potential attraction of
an equilibrium is the set of states from which the system moves to the equilibrium
positive probability. In Fig. 4, the basin of potential attraction of each pure equilib
consists of the three quadrants that do not contain the other pure equilibrium. N
that basins of (potential) attraction under the random best-response dynamics ne
be disjoint, unlike the continuous best-response dynamics.

We can again calculate the proportion of mutations required to move the popul
from one equilibrium to the basin of attraction of the other equilibrium in a 2× 2 game.
Ignoring integer considerations, we have:

R01 = 1

2
min

{
σ̂1, σ̂2

}
, R10 = 1

2
min

{
1− σ̂1,1− σ̂2

}
. (6)

To leave equilibrium(0,0) for the basin of attraction of(1,1) in Fig. 6 requires that half o
the agents in a single population mutate under the random best-response dynamic

Fig. 6. Comparison of proportion of mutants needed to leave equilibrium(0,0) under the random (left) an
continuous (right) best-response dynamics.
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either of the paths shown in the left panel. Under the continuous best-response dyn
either half of the agents inboth populations orall of the agents in a single population mu
mutate, along any of the paths shown in the right panel. Notice also that each equil
in Fig. 6 can be escaped under random best-response dynamics with less than ha
agents becoming mutants. Hence:

Proposition 4. Under the random best-response dynamics, neither equilibrium in a 2 × 2
game need be half-dominant.

As a result, our analysis of the random best-response dynamics will be based
naive minimization test.

3.3. Which dynamics?

In the symmetric 2× 2 single-population games in which the concept of stocha
stability was first popularized, the random best-response dynamics and continuou
response dynamics have identical (and disjoint) basins of attraction. Figure 6 show
this equivalence does not generalize to a two-population model.

We view these dynamics as emerging from the same unperturbed stochastic p
but capturing different ways of introducing mutations and approximating the outcom
this process that will be applicable in different settings. Consider the random best-re
dynamics in Fig. 6, with each agent independently drawn to be a mutant with probabε
in each period. Only half of the agents in population 1 need mutate to strategys1 in order to
move from a state corresponding to equilibrium(s′1, s′2) to a state in the basin of attractio
of equilibrium(s1, s2). Once the latter state is reached, however, moving to the equilib
(s1, s2) requires that only agents in population 2 receive opportunities to revise
strategies until at least half of those in population 2 have done so. If the population i
large, this concentration of randomly-drawn strategy-revision opportunities in popu
2 is an extraordinarily unlikely event.

The relative likelihoods of various learning sequences are immaterial if, like Y
(1993) and Kandori et al.’s (1993), we are concerned with the limit

lim
ε→0

µ∗
(ε,N). (7)

As the mutation rate becomes arbitrarily small, any feasible learning pattern, no m
how improbable, is much more likely than a transition requiring mutations. The k
stochastic stability is then to economize on mutations, no matter what contortions
learning process are required to avoid a mutation.

Typically, taking the population size to infinity has no effect on the results once we
examined the limiting case of an arbitrarily small mutation rate, and so the limit in (7
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also be is expressed as8

lim
N→∞ lim

ε→0
µ∗
(ε,N). (8)

As the population size grows, it becomes more and more likely that learn draw
arrive at about the same rate across populations and across the proportions of
playing each strategy within a population. In the limit as the population becomes arbi
large, the outcome of the learning process will lie close to the path of the contin
best-response dynamics with high probability for long periods of time. If we adop
continuous best-response dynamics as our model of the learning process and then
the limit as the mutation rate approaches zero, we are thus approximating the fol
limit:

lim
ε→0

lim
N→∞µ∗

(ε,N). (9)

The first limiting operation ensures that the continuous best-response dynamics pr
good approximation of the learning process.9

In addition, we alter the specification of the mutation process, yielding a mod
“infrequent mutations” commonly found in biological applications. We assume th
each period there is a probability 1− λ that there are no mutations and probabilityλ that
some mutations occur, with such a positive draw then giving rise to each agent’s
independently selected with probabilityε to be a mutant. We then examine the limit
λ andε approach zero, withλ approaching zero more quickly, so thatλ/ε → 0. The result
is that periods featuring mutations become arbitrarily infrequent, even though eac
period may feature multiple mutations. In effect, two mutations in a single period be
arbitrarily more likely than single mutations in each of two adjacent periods. The biolo
interpretation of such a model is that multiple mutations are most likely to arise w
single mutation establishes itself in a subgroup of the population, temporarily protec
inbred interactions arising out of kinship relationships or physical isolation, before
thrust into competition with the population at large. A larger mutant bridgehead is
likely to have sufficient time to develop than is a smaller one, captured in our model b
distribution of mutations induced byε that is applicable once a burst of mutants appear10

Patterns of inbred social interactions may give rise to similar considerations in evolut

8 As N grows, the state spaceX changes. To construct a well-defined limit asN gets large, we must embe
the discrete state space of the Markov process in the continuous strategy space of the game and then ex
weak convergence of the probability measures induced in the latter by the Markov process.

9 The technical tools for making precise the statement that the learning process will lie close to the con
best-response dynamics in large populations, and hence for making precise the sense in which the continu
response dynamics allow us to examine the limit given in (9), begin with the results of Binmore and Sam
(1999) and Sandholm (2002), who examine conditions under which stochastic processes with large pop
are well approximated by deterministic dynamics.

10 Our assumption that theε-probability mutation draws are independent across agents is not a perfect
for intuition based on isolated subsets of the population. Because the relevant mutant invasions in our
will always involve agents playing the same strategy, we could replace this with a more realistic model w
affecting the results.
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processes based on learning rather than reproduction. We believe that large populat
infrequent mutations are both relevant in many evolutionary applications, prompting
examine the conjunction of the two.

As periods featuring mutations become arbitrarily infrequent, the learning pr
proceeds arbitrarily quickly compared to the rate at which mutations appear. We ca
conveniently capture the unperturbed continuous best-response dynamics by assum
we simply move from a state to its limit (assuming the latter exists), leading to (3)
least cost transitions between absorbing states will involve a single burst of muta
followed by learning according to the continuous best-response dynamics. Which sta
stochastically stable will then depend upon the relative sizes of the mutant bursts re
to move between absorbing states. We can then ignore the probabilityλ and apply the
techniques of Section 2 to a model in which the learning dynamics are given by (3
mutations occur with probabilityε, independently across agents and time.

Analyses based on stochastic stability thus potentially involve two limits, as
population size approaches infinity and the probability of a mutation approaches
As the probability of a mutation shrinks, the relative probabilities of various transi
involving mutations will be altered. Similarly, as the population size grows, the rel
probabilities of various transitions involving the learning process will be altered. W
working with (8) and mutation probabilities that are independent across individual
time, the properties of the invariant distribution will be determined by the probabi
of mutation-driven transitions, with the relative probabilities within the learning pro
playing no role beyond identifying which transitions are possible. When working
(9) and a mutation process that tends to clump mutations together, relative proba
of learning transitions will be important, with the paths followed by the continuous
response dynamics becoming so much more likely than other learning paths as to a
to neglect the latter.11

One can get a sense of the difference between these two limits by comparing the
of Nöldeke and Samuelson (1993) with those of Hart (2001) and Kuzmics (2002). Nö
and Samuelson show that stochastic stability need not uniquely select the bac
induction outcome in generic extensive-form games of perfect information. In doin
they examine the limit as the mutation rate goes to zero for a fixed population size,
effectively working with (8). Their results depend upon the possibility that agents in
population may learn much more rapidly than agents in another population. Hart (
examines a case in which the population size must increase sufficiently rapidly
mutation rate goes to zero, effectively corresponding to (9) (but retaining the indepen
of mutations across individuals and time). This “smooths” relative rates of learning
mutations across populations, allowing one to show that taking the mutation rate t

11 Both the interchange of the order of limits and the re-specification of the mutation process have sub
effects. In our model, moving from state(0,0) (corresponding to equilibrium(s′1, s′2)) to state(1,1) (equilibrium
(s1, s2)) in Fig. 6, while minimizing mutation costs, requires switching all of population 1 to strategys1. If we
switched to continuous best-response dynamics but left the mutation process unaltered, the mutation co
transition could be reduced by first switchingσ̂1 of population 1 to strategys1, and then relying upon a sequen
of learning and additional mutations (tos1) to ascend the vertical line atσ̂1 until reaching the basin of attractio
of (1,1). The analysis of Section 4 would not apply to this intermediate case.
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then uniquely selects the backward induction equilibrium.12 For example, the uniqu
subgame-perfect equilibrium would be selected in finite versions of Rubinstein’s (
alternating-offers bargaining game.

Which type of dynamics should we use? This question recalls the debates to
Rosenthal contributed on bargaining models and refinement concepts. Our answe
such questions cannot be answered independently of the context in which a model
applied.

4. Continuous best response in bargaining

The local resistance test and naive minimization test sometimes make it quite
to do stochastic stability calculations. We demonstrate this by examining some s
bargaining models, beginning in this section with the continuous best-response dyn
and continuing in the next section with the random best-response dynamics. Each
applications satisfies the no-cycling condition and the bandwagon property.

4.1. Nash demand game

Let S be a compact, convex subset ofR
2+ containing the origin. We interpretS as

identifying the set of feasible pairs of utilities upon which players 1 and 2 might a
with the origin identifying the realized allocation in the event of no agreement. We as
there is a decreasing, differentiable functionf such that(s1, f (s1)) is the efficient outcome
consistent with any demands1 on the part of player 1.

TheNash demand game (Nash, 1953) calls for each player to demand a utility, with
allocation being selected in which each player receives his demand if such an alloca
feasible, and with the players each receiving zero otherwise. The strategy sets for
1 and 2 in the Nash demand game areR+, with payoff function

π(s1, s2)=
{
(s1, s2) if (s1, s2) ∈ S,

0 otherwise.

Figure 7a illustrates this game with strategy sets restricted to{s1, s′1} and{f (s1), f (s′1)},
where s1 < s′1 and hencef (s1) > f (s′1). The Nash bargaining solution (Nash, 1950)
selects the (unique) element(

s∗1, s∗2
) = arg max

(s1,s2)∈S
s1s2.

To apply stochastic stability ideas to the Nash demand game, we assume player
2 make demands from the finite sets

1: {
δ,2δ, . . . , s̄1 − δ

} ∪ {
s∗1

}
,

2: {
f (δ), f (2δ), . . . , f (s̄1 − δ)

} ∪ {
f

(
s∗1

)}
,

12 Hart’s model differs from Nöldeke and Samuelson in some additional respects that makes a
comparison difficult. Kuzmics (2002) completes the picture by showing that Hart’s result holds in Nöldek
Samuelson’s model when limits are taken as in (9).
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f (s1) f (s′1)

s1
f (s1)

s1

f (s′1)
s1

s′1
0

0
f (s′1)

s′1
(a) Nash demand

f (s1) f (s′1)

s1
f (s1)

s1

0
0

s′1
0

0
f (s′1)

s′1
(b) Contract

f (s1) f (s′1)

s1
f (s1)

s1

f (s1)

s1

s′1
0

0
f (s′1)

s′1
(c) Ultimatum

Fig. 7. Pairwise comparisons in bargaining games (s1 < s′1).

wheres̄1 is the largest feasible utility for player 1 ands∗1 is player 1’s utility in the Nash
bargaining solution. Removing the Nash bargaining solution from the set of demand
only to more cumbersome statements and approximate versions our results.

Proposition 5. The Nash bargaining solution is half-dominant in the Nash demand game
with the continuous best-response dynamics. It is therefore the unique stochastically stable
equilibrium.

Proof. Consider two pure equilibria,(s1, f (s1)) and (s′1, f (s′1)), where s1 < s′1. The
pairwise comparison of these two equilibria is illustrated in Fig. 7a. The mixed equilib
(σ̂1, σ̂2) of this 2× 2 game is given by

σ̂1 = f (s′1)
f (s1)

, σ̂2 = 1− s1

s′1
.

It follows that σ̂1 + σ̂2 < 1 if and only if

s′1f
(
s′1

)
< s1f (s1).

Since the Nash bargaining solution uniquely maximizes the Nash products1s2 for
(s1, s2) in the feasible set, the Nash bargaining solution is half-dominant, and henc
Proposition 1, uniquely stochastically stable.✷
4.2. Cushioned demand game

Agastya (2001) analyzes a version of the Nash demand game in which the
of a coordination failure are cushioned by splitting some of the unexploited surp
the players agree on an inefficient outcome. Suppose player 1 demandss1 and player 2
demandsf (s′1) for somes′1 > s1, as in the top-right cell of each of the games in Fig
Then we assume the payoffs are a convex combination of(s1, f (s1)), the efficient outcome
obtained by holding player 1’s demand fixed and inflating 2’s demand to the max
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consistent with feasibility, and(s′1, f (s′1)), the efficient outcome obtained by holding 2
demand fixed and inflating player 1’s. Hence, the top-right cell in Fig. 7 yields the pa

θ
(
s1, f (s1)

) + (1− θ)
(
s′1, f (s′1)

)
for someθ ∈ [0,1]. Figure 7c shows the case in whichθ , the weight attached to(s1, f (s1)),
is set equal to one.

Superficially, it looks like player 2 should preferθ = 1, allowing her to appropriate a
of any unclaimed surplus. However, settingθ = 1 puts player 2 in a position equivalent
that of the responder in the Ultimatum Game, in the sense that 2 receives any surp
claimed by 1 as long as 2 does not scuttle the agreement entirely by demanding too
Player 2 would accordingly preferθ = 0, which essentially makes her the proposer in
Ultimatum Game.

Anticipating our results, we assume that the finite set of possible demands includ
values̃1 for which

s̃1f
′(s̃1)

f (s̃1)
= − θ

1− θ
. (10)

The allocation(s̃1, f (s̃1)) identifies the point on the boundary of the feasible set at w
the ratio of the slope of the tangent to the slope of the ray from the origin equals−θ/(1−θ).
The caseθ = 1

2 takes us back to the Nash bargaining solution. More generally, the so
to (10) is the asymmetric Nash bargaining solution with bargaining powersθ and 1− θ ,
i.e., (10) is the first-order condition for maximizing

sθ1f (s1)
1−θ .

Proposition 6. The equilibrium (s̃1, f (s̃1)), corresponding to the asymmetric Nash
bargaining solution with bargaining powers (θ,1 − θ), is half-dominant, and hence
uniquely stochastically stable, in the cushioned demand game with the continuous best-
response dynamics.

Proof. Modifying the proof of the Nash demand game, we now have that

σ̂1 = f (s′1)
f (s′1)+ (1− θ)(f (s1)− f (s′1))

, σ̂2 = 1− s1

s1 + θ(s′1 − s1)
.

It follows that σ̂1 + σ̂2 < 1 if and only if

s1

s′1 − s1

f (s1)− f (s′1)
f (s′1)

>
θ

1− θ
.

The left side is smallest in the limit ass′1 → s1+, allowing us to conclude that th
equilibrium satisfying (10) is half-dominant.✷

In the case of the Ultimatum Game with player 2 as responder, orθ = 1, the half-
dominant equilibrium givesf (s1) = 0. We thus get the subgame-perfect equilibrium
which the entire surplus is allocated to player 1.
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4.3. Contract game

Young (1998) introduces thecontract game. Suppose that two players must again m
demands from a setS with the properties invoked in the case of the Nash demand g
For a pair of demands to be realized, they must matchexactly, in the sense that any increa
in either demand would yield infeasibility. Every other pair of demands leads to payo
zero for both parties. Hence, if(s1, s2) and(s′1, s′2) are both exactly feasible, the contra
game restricted to these demands is as in Fig. 7b.

Young interprets this as a game in which two players simultaneously propose con
If they propose contracts with identical terms, then the resulting (single) contract
ecuted. If they propose contracts with different terms, then no deal is struck and
receives a payoff of zero. Notice that the risk-dominant equilibrium of the contract
is the allocation with the higher product of payoffs.

To apply a stochastic stability analysis, we assume that the players’ strategy s
given by

1: {
δ,2δ, . . . , s̄1 − δ

} ∪ {
s∗1, ŝ1

}
,

2: {
f (δ), f (2δ), . . . , f (s̄1 − δ)

} ∪ {
f

(
s∗i

)
, f

(
ŝ1

)}
,

where s∗1 is player 1’s utility in the Nash bargaining solution andŝ1 is 1’s util-
ity in the Kalai–Smorodinsky solution (Kalai and Smorodinsky, 1975). Removing
ther of the latter from the set of demands leads to similar but more cumber
statements of our results. Unlike Young (1998), we simplify the analysis by
sidering only contracts whose payoffs lie on the Pareto frontier of the barga
set.

The unique stochastically stable state in Young’s learning dynamics is the K
Smorodinsky bargaining solution—a result we confirm holds also for the random
response dynamics in Section 5.2. However, the same is not true for the continuou
response dynamics.

Proposition 7. The Nash bargaining solution is half-dominant in the contract game with
the continuous best-response dynamics. It is therefore the unique stochastically stable
equilibrium.

Proof. The proof for the Nash demand game needs only slight modification. We now

σ̂1 = f (s′1)
f (s1)+ f (s′1)

, σ̂2 = 1− s1

s1 + s′1
.

It follows that σ̂1 + σ̂2 < 1 if and only if

s′1f
(
s′1

)
< s1f (s1). ✷



314 K. Binmore et al. / Games and Economic Behavior 45 (2003) 296–328

sponse
ted in
inant
naive

tion
e,
d
ransi-

of

t

1.
5. Random best response in bargaining

5.1. Nash demand game

Showing that the Nash bargaining solution is selected under continuous best-re
dynamics required a straightforward application of the local resistance test. As no
Proposition 4, the random best-response dynamics do not typically yield half-dom
equilibria, making the local resistance test less useful. Instead, we exploit the
minimization test.

Proposition 8. The unique stochastically stable state in the Nash demand game under
random best-response dynamics is the Nash bargaining solution.

Proof. To construct the naive minimization tree, we identify, for each popula
state x corresponding to a pure equilibrium(s1, f (s1)) of the Nash demand gam
the equilibrium state that can be reached fromx with the fewest mutations an
the proportion of the population that must mutate in order to make such a t
tion.

Fix a state corresponding to equilibrium(s1, f (s1)). We are interested in the number
mutations required to move to the state corresponding to(s′1, f (s′1)). If s′1 > s1, we must
consider the game

f (s1) f (s′1)

s1
f (s1)

s1

f (s′1)
s1

s′1
0

0
f (s′1)

s′1

There are then two possibilities. First, mutations tos′1 in population 1 may makef (s′1) a
best response in population 2. This requiresp+(s1) mutations, where(1−p+(s1))f (s1)=
f (s′1). It is clear that the value ofp+(s1) will be minimized if f (s′1) is equal to its larges
possible value, leading to

p+(s1)= f (s1)− f (s1 + δ)

f (s1)
. (11)

Alternatively, mutations in population 2 may makes′1 a best response for population
This requiresP+(s1) mutations, whereP+(s1)s′1 = s1. Here,P+(s1) is minimized ifs′1 is
as large as possible, leading to

P+(s1)= s1
.

s̄1 − δ
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Similarly, we consider a movement to an equilibrium withs′1 < s1, giving the game:

f (s1) f (s′1)

s1
f (s1)

s1

0
0

s′1
f (s1)

s′1
f (s′1)

s′1
Suppose mutations in population 2 makes′1 a best response for player 1. This requi
p−(s1) mutations, where(1 − p−(s1))s1 = s′1, which will be minimized whens′1 is as
large as possible, giving rise to

p−(s1)= s1 − (s1 − δ)

s1
= δ

s1
. (12)

Alternatively, we could have mutations in population 1 that makef (s′1) a best response fo
population 2. This requiresP−(s1) mutations, wheref (s1)= P−(s1)f (s′1). We minimize
P−(s1) by maximizingf (s′1), giving

P−(s1)= f (s1)

f (δ)
.

Now comparep+(s1) with p−(s1 + δ). We have

p+(s1)= f (s1)− f (s1 + δ)

f (s1)
> (<)

δ

s1 + δ
= p−(s1 + δ)

⇐⇒ s1f (s1) > (<)f (s1 + δ)(s1 + δ). (13)

Hence, the mutation-minimizing movement between(s1, f (s1)) and(s1 + δ, f (s1 + δ))

is the movement in the direction of the allocation with the larger Nash product, i.e
movement toward the Nash bargaining solution. We next notice thatp+(s1) is increasing
in s1 (becausef is convex) whilep−(s1) is decreasing ins1, allowing us to conclude from
(13) that

p+(s1)= f (s1)− f (s1 + δ)

f (s1)
> (<)

δ

s1
= p−(s1)

⇐⇒ s1f (s1) > (<)f (s∗1)(s∗1).
Hence, if we allowed only movement between adjacent allocations, the colle
of mutation-minimizing transitions would be a directed graph with a single
containing the Nash bargaining solution, with this loop containing an edge with
maximum resistance over all edges. Call this theadjacent tree. However, mutation
minimizing transitions may involve transitions to the extreme allocations represent
the probabilitiesP+(s1) andP−(s1).

Suppose first thatδf (δ) > (s̄1 − δ)f (s̄1 − δ). Let s′1 � s∗1 be the smallest value ofs1 for
which δf (δ) > s′1f (s′1). Then note that

P−(s1) < p−(s1) ⇐⇒ s1f (s1) < δf (δ),

and that
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P+(s1) < p+(s1) ⇐⇒ s1f (s1) < (s̄1 − δ)
(
f (s1)− f (s1 + δ)

)
�⇒ s1f (s1) < (s̄1 − δ)

(
f (s̄1 − δ)

)
.

Hence, in this case the collection of least-cost transitions involves no probabilit
the formP+(s1), i.e., no jumps to(s̄1 − δ, f (s̄1 − δ)), and modifies the adjacent tre
by replacing every transition emanating from each(s1, f (s1)) for which s1 � s′1 with
a transition to(δ, f (δ)). The resulting directed graph satisfies the naive minimiza
principle, featuring a loop that is unique and contains the highest-resistance tran
with the latter having the Nash bargaining solution as its terminus.

Suppose instead thatδf (δ) < (s̄1 − δ)f (s̄1 − δ). Then a similar argument shows th
the collection of least-cost transitions involves no probabilities of the formP−(s1), i.e.,
no jumps to(δ, f (δ)). Similarly, there must exist somes′1 < s∗1 such that the collection
of least-cost transitions modifies the adjacent tree by replacing every transition ema
from each(s1, f (s1)) with s1 � s′1 with a transition to(s̄1 − δ, f (s̄1 − δ)). The resulting
directed graph again satisfies the naive minimization principle, featuring a loop t
unique and contains the highest-resistance transition, with the latter having the
bargaining solution as its terminus.✷
5.2. Cushioned demand game

Recall that the equilibrium(s̃1, f (s̃1)), defined by (10), identifies the asymmet
Nash bargaining solution with bargaining powersθ for player 1 and 1− θ for player 2.
A straightforward modification of the proof of Proposition 8 gives:

Proposition 9. The equilibrium (s̃1, f (s̃1)) is uniquely stochastically stable in the
cushioned demand game with the random best-response dynamics.

5.3. Contract game

Young (1998) establishes a more general version of the following:

Proposition 10. For sufficiently small δ, the stochastically stable state in the contract game
under random best-response dynamics is the Kalai–Smorodinsky solution.

Young allows a more general class of contracts, including contracts whose payo
Pareto dominated by those of other contracts, while also allowing the possibility tha
is no contract whose payoffs correspond precisely to the Kalai–Smorodinsky so
Young shows that, in general, one obtains an approximation of Kalai–Smorod
solution.13

13 See Young (1998) for examples and for a formula describing the degree of approximation.
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Proof. For convenience, denote the largest feasible payoff for playeri by Si , so that
S2 = f (δ) andS1 = s̄1 − δ. The Kalai–Smorodinsky solution is that(ŝ1, ŝ2) satisfying

ŝ1

ŝ2
= S1

S2
.

Recall that we have assumed that this is a feasible outcome.
We again begin with an eye toward applying the naive minimization test. We

identify the collection of least-cost transitions. Consider a contract game of the form

s2 s′2

s1
s2

s1

0
0

s′1
0

0
s′2

s′1
wheres1 < s′1 ands2 > s′2. Then the smallest proportion of mutants required to move f
equilibrium(s1, s2) to (s′1, s′2) will be mutants who introduce strategys′2 into population 2,
requiring proportion

s1

s1 + s′1
of population 2 to be such mutants. The smallest proportion of mutants requir
move from equilibrium(s′1, s

′
2) to (s1, s2) will be mutants who introduce strategys1 into

population 1, requiring proportion
s2

s2 + s′2
of population 1 to be such mutants. The principle here is that fewest mutations are re
in that population whose payoff stands to be increased by the transition. In additio
apparent from these calculations that fewer mutations will be required for a tran
the larger is the terminal payoff received by the population into which mutants are
introduced. This in turn implies that the least-cost transitions will always be to one o
extreme states (S1, f (S1)) or (δ, S2).

For each state (other than the extreme states themselves), we thus have two p
cheapest transitions, one to each of the extreme states. Which will be cheapest? F
arbitrary state(s1, s2) the mutation costs of transitions to the extreme states are

s1

S1 + s1
and

s2

S2 + s2
.

It is then straightforward to calculate that the collection of cheapest transitions co
all those allocations in which playeri gets less thani ’s share in the Kalai–Smorodinsk
solution to the extreme point in whichi gets the relatively larger payoff. This least-co
collection of transitions includes a unique cycle, connecting the two extreme states t
other.

Unfortunately, we cannot apply the naive minimization principle directly, since
cycle involves the least rather than most expensive transitions in the tree. The
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expensive transition begins with the Kalai–Smorodinsky solution, from which it is eq
costly to move to either extreme state. However, the least-cost collection of transition
us a great deal about the structure of the minimal tree. There will be a path conn
one of the extreme states to the root of the tree, where this path does not contain th
extreme state. Every state that is not contained in this path will be the origin of a tran
to one of the extreme states, with one of the extreme states connected to the root
the other extreme state.

Identifying the minimal tree thus requires finding a path, beginning with an ext
state and ending with the root of the tree, that maximizes the difference betwee
mutation costs of the transitions actually used in constructing the path and the mu
costs of the least-cost transitions emanating from the states on this path. One pos
is to choose an extreme state as the root. However, this eliminates a relatively lo
transition, from one extreme state to another. A tedious but straightforward calcu
presented in Appendix A, shows that this problem is solved by a path that remov
transition emanating from the Kalai–Smorodinsky solution, and alters the transition
one of the extreme states to have the Kalai–Smorodinsky solution as its destinatio
allows the elimination of the most expensive least-cost transition, that beginning fro
Kalai–Smorodinsky solution. ✷

We can illustrate this result. Suppose there are three efficient allocations, giv
(5,10), (6,8) and(13,1). The contract game is then:

10 8 1

5
10

5
0

0
0

0

6
0

0
8

6
0

0

13
0

0
0

0
1

13

The following identifies the (approximate) proportion of one of the populations that
mutate in order to make a transition from the equilibrium shown in each row to
equilibrium in each column:

(5,10) (6,8) (13,1)

(5,10) 0.45 0.28

(6,8) 0.44 0.32

(13,1) 0.09 0.11

The Nash bargaining solution is(5,10). A chain of pairwise risk-dominance argumen
leads to this solution, in the sense that(5,10) risk dominates(6,8) and (6,8) risk
dominates(13,1). However, the outcome closest to the Kalai–Smorodinsky solutio
(6,8). Attaching to each state its least cost transition gives transitions from the ex
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Fig. 8. Directed graph produced by naive minimization test (top); minimal tree, with Kalai–Smorodinsky so
as root (middle); least-cost tree when only local mutations are allowed (cf. Section 7), with Nash barg
solution as its root (bottom).

states(5,10) and(13,1) to each other and a transition from(6,8) to (13,1). The least-
cost tree connects(5,10) to (13,1) to (6,8). Figure 8 illustrates.

The key characteristic of the contract game is thus that cheapest transitions are
extreme points in the state space. It is then no surprise that these extreme points pla
in determining the stochastically stable state and that the stochastically stable sta
out to be the Kalai–Smorodinsky solution.

5.4. Comparison

Continuous and random best-response dynamics give equivalent outcomes in th
demand game, though we arrive at these results via different arguments. In contr
find different outcomes for the contract game. What accounts for this difference? In
cases, the pruning principle and the bandwagon property allow us to reduce the qu
a mutation-minimizing tree to an examination of the mutation costs of transitions
series of 2× 2 games. But which 2× 2 games are relevant? The continuous best-resp
dynamics allows us to circumvent this problem by finding a half-dominant equilibrium
Nash bargaining solution, in both the Nash demand game and contract game.

The random best-response dynamics do not yield a half-dominant equilibrium, req
that we look at the 2× 2 games more carefully. However, the off-diagonal payoffs
the Nash demand game ensure both that risk dominance provides a guide to m
minimization in transitions betweenadjacent allocations, and also that adjacent transitio
are the relevant transitions for all but a few relatively extreme states. We then
arrive at the Nash bargaining solution. In contrast, the zero off-diagonal elements
contract game ensure that adjacent transitions are virtually never relevant. Instead, c
transitions are always to extreme states. Finding the least-cost tree reduces to find
statex that maximizes the difference between the cost of moving fromx to an extreme
state and the cost of moving from the extreme case tox. This turns out to be the Kalai
Smorodinsky solution.
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6. Links with other bargaining approaches

6.1. Risk dominance

An equilibrium (s1, s2) in a 2× 2 game with strategy sets{s1, s′1} and{s2, s′2} is risk-
dominant (Harsanyi and Selten, 1988) if

σ̂1 + σ̂2 � 1,

whereσ̂i is the probability of strategysi that makes playerj indifferent betweensj ands′j ,
if such a probability exists, and is otherwise zero.

We can use this notion to gain some insight into why the Nash bargaining so
is stochastically stable under the continuous and random best-response dynamic
Appendix A proves:

Proposition 11. (11.1) The risk-dominant equilibrium in the Nash demand game in
which player 1 and player 2 are restricted to strategies {s1, s′1} and {f (s1), f (s′1)} is the
allocation with the larger Nash product.

(11.2)An allocation (s∗1, f (s∗1)) ∈ S∗ is the Nash bargaining solution if and only if it is
the risk-dominant equilibrium in every Nash demand game in which player 1 and player 2
are restricted to strategies {s∗1, s′1} and {f (s∗1), f (s′1)}

Hence, the Nash bargaining solution(s∗1, f (s∗1)) is risk dominant in every 2× 2 game
that can be constructed by confining agents to demands corresponding either to th
bargaining solution or to any single alternative feasible allocation. Proposition 5 is
proved by noting that, under the continuous best-response dynamics, this implies t
Nash bargaining solution is half dominant, leading immediately to stochastic stabilit

Half dominance fails with random best responses, but we can gain some insig
why the naive minimization procedure works:

Corollary 2. The risk-dominant equilibrium in the Nash demand game with strategy sets
{s1, s1 + δ}, {f (s1), f (s1 + δ)} is (s1 + δ, f (s1 + δ)) if s1 + δ � s∗1 and is (s1, f (s1)) if
s1 � s∗1 .

Proposition 8 uses this result to show that, in the case of the random best-re
dynamics, the naive minimization test yields a tree with the Nash bargaining solut
its root. The two key transition probabilities away from an allocation(s1, f (s1)), under
best-response dynamics, arep+(s1) andp−(s1) (cf. (11), (12)). These probabilities sha
the feature that each measures the number of mutations required to induce an op
to accept a slightly smaller payoff, with certainty, rather than an uncertain prospec
slightly larger payoff. The key property of the Nash bargaining solution is that it is “ea
measured in terms of the number of mutations, to move in the direction of risk domin
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and hence easier to induce playeri (rather thanj ) to make this concession ifi ’s allocation
exceedsi ’s share in the Nash bargaining solution.14

6.2. Rubinstein, Safra, and Thomson

Rubinstein et al. (1992) show that an allocation(s∗1, s∗2) is the Nash bargaining solutio
if and only if, for any alternative allocation(s1, s2) ∈ S, probabilityp ∈ [0,1], and players
i, j ∈ {1,2} with i �= j ,

psi > s∗i ⇒ ps∗j � sj . (14)

The interpretation is that if playeri is willing to risk disagreement with probability 1− p

to induce alternative(s1, s2) rather than(s∗1, s∗2), then playerj must be willing to risk
disagreement with probability 1−p in order to retain(s∗1, s∗2) rather than switch to(s1, s2).
We can use the risk-dominance characterization of the Nash bargaining solution to

Proposition 12. An allocation (s∗1, s∗2) satisfies the Rubinstein, Safra and Thomson
criterion (14) for the Nash bargaining solution with respect to alternative (s1, s2) if and
only if (s∗1, s∗2) is risk dominant in the Nash demand game with strategy sets {s∗1, s1} and
{s∗2, s2}.

6.3. Zeuthen

We can similarly interpret Harsanyi’s (1977, pp. 149–166) interpretation of a soluti
the bargaining problem whose motivation he attributes to Zeuthen. A simplified vers
Harsanyi’s bargaining process is as follows. Let players 1 and 2 be initially charact
by allocationss1(0) and s2(0), wheresi (0) is the extreme allocation in which playeri
receives the largest payoff. We will think of the allocations associated with the two a
as their current proposed settlements.

In periodt the agents are characterized by allocationss1(t) ands2(t). In each period
one of the agents makes a concession, a process which moves their associated a
along the feasible frontier in the direction of the other agent’s allocation. The proces
when the two allocations coincide. The concession in periodt is made by the player “les
willing to face a conflict.” To make this phrase meaningful, letpi be the probability tha
would make playeri indifferent betweenj ’s proposed settlement and a lottery that gi
disagreement with probabilitypi(t) andi ’s proposed settlement with probability 1−pi(t),
i.e.,

(1− pi)s
i
i (t)= s

j
i (t).

The player with the lower value ofpi(t) is deemed the player least willing to ris
disagreement and hence the player who must make a concession in periodt . It is then

14 Similar considerations lie behind Nash’s (1953) demonstration that the set of Nash equilibria of a pe
version of the Nash demand game converges to the Nash bargaining solution as the perturbations appro
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In the
straightforward that this process must converge to the Nash bargaining solution, sin
have

p1(t) < p2(t) �⇒ s1
1(t)− s2

1(t)

s1
1(t)

<
s2
2(t)− s1

2(t)

s2
2(t)

,

or

s1
1(t)s

1
2(t) < s2

1(t)s
2
2(t),

which is to say that the player whose current allocation has the smallest Nash p
makes the next concession. We have thus established:

Proposition 13. Player i makes the period-t concession in the Zeuthen process if and only
if i’s current allocation yields the smaller Nash product, causing the process to converge
to the Nash bargaining solution.

6.4. Disagreement point

Nothing in our analysis hinges upon the players’ payoffs being zero in the even
their demands are infeasible. If instead we assumed that infeasible demands give
payoffs (s1, s 2), then the results given above continue to hold with utilitiess1 and s2
replaced bys1 − s1 ands2 − s 2.

The take-it-or-leave-it nature of the Nash demand game typically makes the n
of the disagreement option(s1, s 2) unambiguous. In more complicated games, suc
Rubinstein’s alternating-offers game, specifying(s1, s 2) requires more care (Binmor
et al., 1986).

6.5. Single population models

When all the players are drawn from a single large population and assigned at r
to a player role in asymmetric 2 × 2 game, the details of the underlying dynam
are irrelevant, provided it is monotone (Samuelson and Zhang, 1992). As a resu
continuous best-response and random best-response dynamics give equivalent re
such games. This explains why the results of Kandori et al.’s (1993) are not very se
to the specification of the dynamics.

Our bargaining models are asymmetric. There are two possibilities for a s
population analysis of such a game. First, the players have identical strategy sets, a
us to assume that agents use the same strategy, no matter which player role they
Alternatively, we can assume that agents condition their strategy on their player ro
the former case, the continuous best-response and random best-response dynam
equivalent results, leading to the egalitarian bargaining solution (Young, 1993a).
latter case, we essentially return to the two population formulation.
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7. Discussion

One purpose of evolutionary models is to identify and make precise our intu
about the factors that make some equilibria more interesting than others. Our evolu
analysis of equilibrium selection draws attention to two factors. First, equilibrium sele
can depend upon whether mutations or random variations in the rates at which
learn are the more likely source of perturbations in the strategy adjustment proce
potentially switches play between equilibria. The case in which variations in learnin
relatively important, presumably because the relevant populations are relatively sm
captured by the random best-response dynamics. In the resulting model, with mu
rates going to zero for a fixed population size, any asymmetric combination of str
adjustments, no matter how unlikely, becomes much more likely than mutations
result is that jumps to extremely asymmetric allocations, accomplished by a smal
of mutations in one population followed by a long sequence of learning adjustm
concentrated in the other population, become relatively likely in the contract game
resulting importance of the extremal allocations leads to the selection of the K
Smorodinsky solution.

The case in which mutations are of paramount importance, presumably be
idiosyncratic learning paths are quite unlikely in large populations, is captured b
continuous best-response dynamics. We capture this by examining first the limit
population grows large, and then as the mutation rate shrinks to zero. Here, we arriv
Nash bargaining solution in the contract game.

Second, equilibrium selection can depend upon which mutations are most likely.
allow only local mutations, in the sense that mutations can only move players be
adjacent allocations, then the outcome will be the Nash bargaining solution, rega
of whether the pairings are done via the Nash demand game or the contract gam
regardless of the learning dynamics that we have considered. If nonlocal mutatio
allowed, then we continue to select the Nash bargaining solution when in the Nash d
game. However, we get the Kalai–Smorodinsky solution from random best-res
dynamics in the contract game, with jumps to and from extreme allocations playing
role in this result.
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Appendix A.

A.1. Proof of Proposition 10

The cost-minimizing tree must feature a transition from one (and only one, since otherwise we have
extreme state to the other, since otherwise both extreme states must lie on paths to the root, and the total c
be reduced by eliminating the transition emanating from one extreme state and replacing it with a trans
the other extreme state. It sacrifices no generality to assume that there is a transition from(S1, f (S1)) to (δ,S2).
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We now show that the transition from(δ,S2) in the cost-minimizing tree must go directly to the root of t
tree. Suppose it does not, and that there is a transition from(δ,S2) to (s1, f (s1)) with s1 < s ′′

1 , where(s ′′
1 , s

′′
2)

is the root. Then costs could be reduced by replacing this transition with the transition from(δ, S2) to (s ′′
1, s

′′
2 ),

a contradiction.
Next, suppose there is a transition(δ, S2)−→ (s1, f (s1)) with s1 > s ′′

1 . Then there must be a further transitio
from (s1, f (s1)), say to(s ′

1, f (s
′
1)). If s1 < s ′

1, then costs could be reduced by replacing(δ, S2) −→ (s1, f (s1))

with (δ,S2) −→ (s ′
1, f (s

′
1)), a contradiction. Assume then thats1 > s ′

1. Then there are transitions(δ,S2) −→
(s1, f (s1)), (s1, f (s1)) −→ (s ′

1, f (s
′
1)) with s ′

1 < s1, and (by assumption)(S1, f (S1)) −→ (δ,S2). The cost of
these three transitions is given by

δ

δ + s1
+ f (s1)

f (s1)+ f (s ′
1)

+ f (S1)

f (S1)+ S2
. (15)

Deleting these three transitions and adding(δ,S2) −→ (S1, f (S1)), (S1, f (S1)) −→ (s ′
1, f (s

′
1)), and

(s1, f (s1))−→ (δ, S2) yields an alternative tree. We argue that this new tree has lower cost. The three
tions added have a total cost of

δ

δ + S1
+ f (S1)

f (S1)+ f (s ′
1)

+ f (s1)

f (s1)+ S2
. (16)

We need to show that the sum in (15) exceeds that in (16). Since

δ

δ + s1
>

δ

δ + S1
,

it suffices to show that

f (s1)

f (s1)+ f (s ′
1)

+ f (S1)

f (S1)+ S2
>

f (S1)

f (S1)+ f (s ′
1)

+ f (s1)

f (s1)+ S2
. (17)

This follows from the inequalitiesS2 > f (s ′
1) > f (s1) > f (S1), as may be verified by direct calculation.

Our conclusion is that there must be a transition from(δ,S2) to the root of the tree. All other transitions mu
then be least-cost transitions. It remains to identify the root of the tree. We break this into two cases.

First, suppose there is a transition(δ, S2)−→ (s1, f (s1)) for somes1 no larger than the Kalai–Smorodinsk
share for player 1. Compared to the naive minimization transitions, this candidate least-cost tree has de
transitions(δ,S2) −→ (S1, f (S1)) and(s1, f (s1)) −→ (S1, f (S1)). Compared to the naive minimizations, w
then have a cost change of

δ

δ + s1
− s1

s1 + S1
− δ

δ + S1
. (18)

Given thats1 is no larger than player 1’s share in the Kalai–Smorodinsky solution, (18) is minimized by s
(s1, f (s1)) equal to the Kalai–Smorodinsky solution.

Second, suppose there is a transition to a root(s ′
1, f (s

′
1)) that gives player 1 a larger share than the Kal

Smorodinsky solution. Compared to the naive minimization transitions, we have added(δ,S2) −→ (s ′
1, f (s

′
1))

and deleted(s ′
1, f (s

′
1)) −→ (δ, S2) and(δ, S2) −→ (S1, f (S1)), wheres ′

1 is strictly larger than 1’s share in th
Kalai–Smorodinsky solution. The change in cost is

δ

δ + s ′
1

− δ

δ + S1
− f (s ′

1)

f (s ′
1)+ S2

.

We will show that this is larger than (18), where(s1, f (s1)) in (18) is taken to be the Kalai–Smorodinsky solutio
The relevant comparison is

δ

δ + s ′
1

− δ

δ + S1
− f (s ′

1)

f (s ′
1)+ S2

>
δ

δ + s1
− s1

s1 + S1
− δ

δ + S1
.

Eliminating the common term, we have

δ

δ + s ′ − f (s ′
1)

′ >
δ

δ + s
− s1

.

1 f (s1)+ S2 1 s1 + S1
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Because(s1, f (s1)) is the Kalai–Smorodinsky solution, we have

s1

s1 + S1
= f (s1)

f (s1)+ S2
.

After substitution and rearrangement, we obtain

δ

δ + s ′
1

+ f (s1)

f (s1)+ S2
>

δ

δ + s1
+ f (s ′

1)

f (s ′
1)+ S2

.

Rearranging and simplifying, it can be shown that this is equivalent to

S2
(
δ + s ′

1

)
(δ + s1)

(
f (s1)− f (s ′

1)
)
> δ

(
f (s1)+ S2

)(
S2 + f

(
s ′
1

))(
s ′
1 − s1

)
, (19)

which clearly holds for all sufficiently smallδ.

A.2. Proof of Proposition 11

Consider the restricted Nash demand game given by

s2 s ′
2

s1
s2

s1

s ′
2

s1

s ′
1

0
0

s ′
2

s ′
1

It is immediate that(s1, s2) is a candidate for the Nash bargaining solution if and only if it is an equilibrium
this game.

Harsanyi and Selten’s (1988, p. 87) notion of risk dominance for general 2×2 games is that(s1, s2) maximize
the product of deviation losses, which in this case is

s1
(
s2 − s ′

2

)
>

(
s ′
1 − s1

)(
s ′
2

)
or s1s2 > s ′

1s
′
2.

A.3. Proof of Proposition 12

Case 1. Suppose that(s∗
1, s2) and(s1, s∗

2) are both feasible. Consider the game:

s∗
2 s2

s∗
1

s∗
2

s∗
1

s2
s∗
1

s1
s∗
2

s1

s2
s1

In this case,(s∗
1, s

∗
2) is risk dominant if and only if

s∗
1 � s1, (20)

s∗
2 � s2, (21)

where at least one inequality must be strict (since by hypothesis(s∗
1, s

∗
2) �= (s1, s2)). If (20)–(21) both fail, then

(14) fails forp sufficiently close to one. If (20) and (21) both hold, then (14) holds for allp. Finally, (20) can fail
and (21) hold (the reverse case is analogous) if and only if (14) fails for the alternative of(s1, s

∗
2). Hence, risk

dominance in the restricted game is equivalent to satisfying the Rubinstein, Safra, and Thomson criterio
case.
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Case 2. Suppose that neither(s∗
1, s2) nor (s1, s∗

2) is feasible. Then we have:

s∗
2 s2

s∗
1

s∗
2

s∗
1

0
0

s1
0

0
s2

s1

Let

p1s
∗
2 = (1− p1)s2, p2s

∗
1 = (1− p2)s1,

or

p1

1− p1
s∗
2 = s2, s∗

1 = 1−p2

p2
s1.

Then(s∗
1, s

∗
2) is risk dominant ifp1 + p2 � 1. Now note that a violation of (14) withi = 1 (the case ofi = 2 is

analogous) exists if and only if there exists a certainp with

1− p2

p2
<p <

p1

1− p1
.

Such a violation will be impossible if and only if

p1

1− p1
� 1− p2

p2
or, simplifying, p1 + p2 � 1,

which is to say that(s∗
1, s

∗
2) is risk dominant. Again, the Rubinstein, Safra, Thomson criterion is equivale

(s∗
1, s

∗
2) being risk-dominant.

Case 3. Suppose that(s∗
1, s2) is feasible and(s1, s∗

2) is not. (The reverse assumption yields an analogous c
Then we have:

s∗
2 s2

s∗
1

s∗
2

s∗
1

s2
s∗
1

s1
0

0
s2

s1

Let

p1s
∗
2 = s2, s∗

1 = (1− p2)s1,

or

s∗
2 = 1

p1
s2,

1

1− p2
s∗
1 = s1.

Then(s∗
1, s

∗
2) is risk-dominant ifp1 + p2 � 1. A violation of (14) withi = 1 exists if and only if there exists

certainp with

1− p2 <p < p1.

Such a violation will be impossible if and only if

p1 � 1−p2 or p1 + p2 � 1,
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which is to say that(s∗
1, s

∗
2) is risk dominant. Similarly, a violation of (14) withi = 2 exists if and only if there

exists a certainp with

1

p1
< p <

1

1− p2
.

Such a violation will be impossible if and only if

1

1− p2
� 1

p1
or p1 + p2 � 1,

which is to say that(s∗
1, s

∗
2) is risk dominant. ✷
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