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a b s t r a c t
The interaction between debt accumulation and asset prices magniﬁes credit booms and
busts. Borrowers do not internalize these feedback effects and therefore suffer from excessively large booms and busts in both credit ﬂows and asset prices. We show in a dynamic
model that a time-consistent policymaker ﬁnds it optimal to internalize these externalities
by imposing a Pigouvian tax on borrowing that is the product of three simple suﬃcient
statistics. A numerical illustration shows that the optimal tax is countercyclical: it rises
during booms but can be set to zero in busts when the ﬁnancial constraint is binding. The
optimal macroprudential tax is a non-trivial function of the environment.
© 2018 Elsevier B.V. All rights reserved.
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1. Introduction
The interaction between debt accumulation and asset prices contributes to magnify the impact of booms and busts.
Increases in borrowing and in collateral prices feed each other during booms. In busts, the feedback turns negative, with
credit constraints leading to asset price declines and further tightening of credit. This type of mechanism has received a lot
of attention following the US ﬁnancial crisis, and it has been suggested that prudential policies could be used to mitigate
the build-up in systemic vulnerability during the boom (Lorenzoni, 2008; Shleifer and Vishny, 2011).
This paper formalizes such policies in a dynamic optimizing model of consumption-based asset pricing and collateralized
borrowing. Our model is stripped down to the essence of the mechanism that we want to study. We consider a group of
borrowers who enjoy a comparative advantage in holding an asset and who can use this asset as collateral. Their borrowing
capacity is therefore increasing in the price of the asset. The asset price, in turn, is driven by their aggregate borrowing
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capacity. This introduces a mutual feedback loop between asset prices and credit ﬂows, so that small shocks may be ampliﬁed and lead to large simultaneous booms or busts in asset prices and credit ﬂows. When borrowing and asset prices
respond strongly to each other, we also show that the feedback loop between the two can give rise to multiple equilibria.
We illustrate this in a simple example that can be characterized analytically, and we show how to impose assumptions that
ensure uniqueness of equilibrium.
The model captures a number of economic settings in which the systemic interaction between credit and asset prices
may be important in a stylized way. The borrowers can be interpreted as a group of entrepreneurs who have more expertise
than outsiders to operate a productive asset, or as households putting a premium on owning durable consumer assets such
as their homes. Alternatively, the borrowers could represent a group of investors who enjoy an advantage in dealing with
a certain class of ﬁnancial assets, for example because of superior information or superior risk management skills. The
borrowers could also be interpreted as the residents of a country who borrow from foreign investors. One advantage of
studying these situations in a common framework is to bring out the commonality of the problems and of the required
policy responses.
The free market equilibrium is constrained ineﬃcient in our setting. The asset-debt loop entails a pecuniary externality
that leads borrowers to undervalue the beneﬁts of conserving liquidity as a precaution against busts. A borrower who has
one more dollar of liquid net worth when the economy experiences a bust relaxes not only his private borrowing constraint
but also the borrowing constraints of all other borrowers. Not internalizing this spillover effect, borrowers take on too much
debt during good times. As a result, a time-consistent policymaker ﬁnds it optimal to impose a cyclical tax on debt to
prevent borrowers from taking on socially excessive levels of debt—in the spirit of macroprudential policy (see Borio, 2003).
The optimal tax rate can be expressed as the product of three suﬃcient statistics.
We illustrate the quantitative implications of the model in a parsimonious calibration to the US small and mediumsized enterprise (SME) sector in the 2008–09 crisis. We ﬁnd that the optimal tax converges to 0.6% of the amount of debt
outstanding over the course of a boom; by contrast, when a bust occurs, the tax can be set to zero. Borrowing by the
US household sector is subject to externalities of similar magnitude. The optimal tax rate is not very large – it reduces
borrowing by only half a percent of GDP compared to the laissez-faire allocation. Since busts are infrequent events, it is
not desirable for the policymaker to lean too heavily against the credit boom. However, the tax rate is suﬃcient to reduce
the ﬁnancial ampliﬁcation dynamics in a meaningful way: conditional on a bust occurring, the decline in consumption is
reduced by about one percent, and the fall in the asset price is reduced by about two percent on average.
Even though our framework is stylized, we ﬁnd that the optimal macroprudential tax on borrowing is a non-trivial
function of the environment. The optimal macroprudential tax on borrowing may respond to changes in parameter values
in surprising ways. For example, an increase in the probability of a bust may call for lower macroprudential taxation. This is
because a riskier environment may increase private self-insurance suﬃciently that there is less need for public intervention.
Furthermore, when the impatience of borrowers exceeds a certain threshold, their optimal borrowing is a corner solution
and macroprudential taxation is irrelevant – the tax would have to be higher than what is desirable to affect real allocations
and relax the collateral constraint in the future.
We study three extensions of the basic model and ﬁnd that its essential properties are preserved. First, we change the
nature of the shock by assuming that it affects the availability of credit rather than the income of borrowers. Then we look
at the case where borrowers can issue long-term debt or equity. All three of these extensions change some features of the
boom-bust cycle equilibrium, but it remains true that the constrained optimum can be achieved by a cyclical tax on debt,
and this tax is of the same order of magnitude as in the benchmark model.
The structure of the remainder of the paper is as follows. Section 2 presents the assumptions of the model.
Section 3 compares the laissez-faire equilibrium with a social planner. Section 4 presents a calibration of our model and
explores its quantitative implications. Section 5 lays out extensions of the benchmark model. Section 6 discusses the related
literature and concludes.
2. The model
We consider a group of identical atomistic individuals, indexed by i ∈ [0, 1], in inﬁnite discrete time t = 0, 1, 2, . . .. The
utility of individual i at time t is given by,

Ui,t = Et

∞


β s−t u(ci,s ),

(1)

s=t

where β < 1 is a discount factor and the utility function has constant relative risk aversion,

u (c ) =

c 1 −γ
.
1−γ

(2)

We will consider equilibria in which individuals are impatient and borrow—thus we call them “borrowers.” They receive
two kinds of income, the payoff of an asset that can serve as collateral, and an endowment income. Borrower i maximizes
his utility under the budget constraint

ci,t + ai,t+1 pt +

wi,t+1
= (1 − α )yt + ai,t ( pt + α yt ) + wi,t ,
R

(3)
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where ai, t is the borrower’s holdings of the collateral asset at the beginning of period t and pt is its price; wi,t is his ﬁnancial
wealth in the form of bond holdings at the start of period t; yt is total income in period t and is the same for all borrowers,
and α yt is the share of that income that comes from the asset (which, in a richer model, could be interpreted as capital
income). Since he is impatient, the representative borrower’s wealth w will be negative in equilibrium and we can call −w
his debt. The representative borrower’s debt is held by outside lenders who have an indeﬁnite demand/supply for risk-free
bonds at the safe interest rate r = R − 1.
Total income yt follows a stochastic process which, for the sake of simplicity, we assume to be independent and identically distributed, although it would be straightforward to extend the analysis to the case where it is a more general Markov
process. Assuming an i.i.d. process for yt is not too restrictive given that, in the calibration, we will consider shocks that
represent relatively rare crises events rather than business cycle ﬂuctuations.
The collateral asset is not reproducible and the available stock of the asset is normalized to 1. The asset can be exchanged
between borrowers in a perfectly competitive market, but we do not allow them to sell the asset to outside lenders and
rent it back because borrowers derive important beneﬁts from the control rights that ownership provides. For simplicity
we assume that the asset would become worthless if it was sold to outside lenders. Therefore ai,t must be equal to 1 in a
symmetric equilibrium. This assumption can be relaxed to some extent (see Section 4.3), but we need some restriction on
asset sales so that borrowers issue collateralized debt in equilibrium.
Furthermore, we assume that the only ﬁnancial instrument that can be traded between borrowers and lenders is uncontingent one-period debt. The assumption that debt is uncontingent can be justiﬁed e.g. on the basis that shocks to borrowers
are not veriﬁable and cannot be used to condition payments. The feature that debt is short-term provides borrowers with
adequate incentives (we present an extension to long-term debt in Section 4.2). Both assumptions correspond to common
practice across a wide range of ﬁnancial relationships.
The amount of debt that the borrowers can roll over is limited by a collateral constraint. The microfoundation for the
collateral constraint is similar to that in Kiyotaki and Moore (1997). We assume that after rolling over his debt in period
t, a borrower can renegotiate the level of his debt in the same period. If the negotiation fails, the creditors can seize an
amount φ of collateral asset. The borrower has all the bargaining power, and so negotiates his debt down to the amount
that the creditors can recover in a default. In order to discourage renegotiation, the level of debt must satisfy the collateral
constraint,

wi,t+1
+ φ pt ≥ 0,
R

(4)

In general, the parameter φ will depend on legal rights of lenders as well as the borrower’s ability to hide or abscond with
his assets.
We could specify the constraint in alternative ways. For example, one could assume that creditors can seize a fraction
φ instead of an amount φ of the collateral asset so that wi,t+1 /R + φ ai,t+1 pt ≥ 0. We employ the version of the constraint
given by (4) to simplify the analytical derivations in the paper, but we present the equilibrium conditions resulting from
this alternative approach in Online Appendix A2 and discuss why the qualitative and quantitative implications of the two
speciﬁcations are almost identical.
Note that the borrower can renegotiate his debt right after it is issued but is committed to repay in the following period. This captures the notion that the liquidity of the asset in period t matters. We could allow for renegotiation at the
time of repayment too, which would introduce an additional constraint involving pt+1 rather than pt on the right-hand
side of (4). The ﬁnancial ampliﬁcation dynamics, however, come from the feedback loop between pt and ct and would not
be signiﬁcantly altered.
2.1. Equilibrium conditions under laissez-faire
We derive in the online appendix the ﬁrst-order conditions for the optimization problem of a borrower i. We then use
the fact that in a symmetric equilibrium, all individuals are identical and hold one unit of collateral asset (∀i, t ai,t = 1).
Variables without the subscript i refer to the representative borrower (or equivalently, to aggregate levels, since the mass of
borrowers is normalized to 1). This gives the following two conditions





u (ct ) = λt + β REt u (ct+1 ) ,
pt =



β Et u (ct+1 )(α yt+1 + pt+1 )
,
u (ct )

(5)

(6)

where λt is the costate variable for the borrowing constraint (4). The ﬁrst equation is the Euler condition and the second
one is the standard asset pricing equation.
The equilibrium is characterized by a set of functions mapping the state of the economy into the endogenous variables.
Given that yt is i.i.d. and at = 1, we can summarize the state by one variable, the beginning-of-period liquid net wealth
(excluding the value of the collateral asset),

mt ≡ yt + wt .

(7)
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In a symmetric equilibrium the budget constraint (3) simpliﬁes to

ct +

wt+1
= mt ,
R

(8)

and the collateral constraint (4) can be written, in aggregate form,

ct ≤ mt + φ pt .

(9)

A recursive laissez-faire equilibrium is then characterized by three functions, c( · ), p( · ) and λ( · ) that satisfy the ﬁrstorder optimality conditions,



λ(m ) + β RE c(m )−γ ,

(10)



+
λ(m ) = (m + φ p(m ) )−γ − β RE c(m )−γ ,

(11)

c ( m ) −γ =

p( m ) =



β E c(m )−γ (α y + p(m )) c(m )γ ,

(12)

and the law of motion for net wealth

m = y + R(m − c (m ) ).

(13)

2.2. Multiple equilibria
Models with endogenous collateral constraints such as ours may exhibit multiplicity of equilibrium. This section analyzes
the mechanism underlying multiplicity in a special case and gives a heuristic account of how to ensure uniqueness more
generally. The multiplicity comes from the self-reinforcing loop that links consumption to the price of the collateral. In the
constrained regime, ﬁnancial ampliﬁcation arises because a fall in the price of the collateral asset decreases the borrowers’
level of consumption, which in turn tends to depress the price of the asset. If the effect of this loop is strong enough, it
may lead to self-fulﬁlling crashes in the price of the asset.
More formally, using (6) the credit constraint (9) can be written



ct ≤ mt + φβ

Et u (ct+1 )(α yt+1 + pt+1 )
u (ct )



.

(14)

The right-hand side of (14) is increasing in ct because the credit constraint on each individual is relaxed by a higher level
of aggregate consumption, which raises the price of the asset (by lowering u in the denominator). Multiplicity may arise if
the left-hand side and the right-hand side of (14) intersect for more than one level of ct .
Example of multiplicity. We consider a special case of the model that can be solved analytically – the case where y is
constant and β R = 1. The model then has steady state equilibria in which consumption and the asset price satisfy cSS (m ) =
β y + (1 − β )m and pSS = α y/r. The collateral constraint is loose in these equilibria if and only if

m ≥ m̄ ≡ y − Rφ pSS ,

(15)

where m̄ is the threshold value of m for which the steady state equilibrium is marginally unconstrained.
We restrict our attention to multiplicity in period 1 and assume that the economy is in a steady state from period 2
onwards. For a given initial level of wealth m1 the equilibrium in period 1 satisﬁes





c1 = min cSS (m2 ), m1 + φ p1 ,
p1 =

β

c1 γ
c γ
(α y + pSS ) = pSS 1 ,
c2
c2

(16)

(17)

where m2 = y + R(m1 − c1 ). Observe that as c1 ≤ m1 + φ p1 ≤ m1 + φ pSS , one has m2 ≥ y − Rφ p1 ≥ m̄ so that it is indeed
possible for the economy to settle in the steady state equilibrium in period 2.
As captured by the ﬁrst equation, the equilibrium in period 1 is either unconstrained or constrained. An unconstrained
period-1 equilibrium is feasible if m1 ≥ m̄. In that case, the economy may settle immediately in the steady state described
by cSS (m1 ) and pSS .
Conversely, a constrained equilibrium is deﬁned by the binding constraint c1 = m1 + φ p1 . Substituting c1 and c2 = y +
r (m1 − c1 ) from the expression for p1 , the ﬁrst-period consumption level can be obtained as a solution to the implicit
equation

c1 = m1 + φ pSS · r −γ

γ
y + rm1
−1 .
y + r ( m1 − c1 )

(18)

Fig. 1 shows how the two sides of this equation vary with c1 for two different levels of φ . As can be seen in the ﬁgure, for
γ ≥ 1, equilibrium multiplicity is possible only if the unconstrained steady state equilibrium exists, which requires m1 ≥ m̄.
In addition, equilibrium multiplicity requires the slope of the r.h.s. of (18) to be larger than 1.
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Fig. 1. L.h.s. and r.h.s. of Eq. (18) for φ = 0.05 and φ = 0.15. Notes: The remaining parameter values for the ﬁgure are y = 1, R = 1.03, α = 0.2, β = 1/R,
γ = 2 and m1 = 0.1.

Suﬃcient conditions for unique equilibrium. The equilibrium must be unique if the slope of the r.h.s. of (18) is smaller than
1. In the case γ ≥ 1, the r.h.s. is a convex function of c1 in the constrained region, as shown in Fig. 1. Hence the slope of
the r.h.s. is at its maximum when the economy enters the unconstrained region. Using that c1 = c2 when the economy is
marginally constrained, the maximum slope is given by,

∂ rhs
∂ c1

=φ 1+
c1 =cSS (m̄ )

1 γ αy
.
r cSS (m̄ )

(19)

To avoid multiplicity, it is suﬃcient that the slope (19) be smaller than 1. In the given example, we can substitute for
cSS (m̄ ) = y(1 − αφ ) to express this as a condition on φ in terms of fundamental parameters,

1


.
φ ≤ φˆ := 
α 1 + 1r γ + 1

(20)

If this condition is satisﬁed, then the slope of the r.h.s. of (14) is lower than 1 everywhere and the equilibrium is unique.
Conversely, if this condition is not satisﬁed, then there is multiplicity for m1 slightly above m̄.
Ruling out multiplicity. Multiplicity of equilibrium raises a number of issues, in particular about equilibrium selection and
discontinuous policy functions, that we prefer to leave aside in order to focus on pecuniary externalities. For the remainder
of the paper, we will thus assume that the equilibrium is unique by employing suﬃciently low values of φ < φˆ , which
contain the strength of the ampliﬁcation effects below the level where it leads to multiple equilibria. Although Eq. (20) was
derived under very speciﬁc assumptions, the equation also provides guidance for the magnitude of φˆ in the more general
case with β R < 1 and stochastic y. In our baseline parameterization (see Table 1 in Section 3.1), we numerically ﬁnd the
threshold to be φˆ = 0.072, which is also the result of the analytic condition (20). Excluding multiplicity requires relatively
low values of φ . This means that multiplicity is likely to arise for sectors with signiﬁcant leverage, for example the highlyleveraged ﬁnancial sector, as discussed in Section 3.1. However, if only a fraction of debt needs to be rolled over every
period, higher leverage is consistent with a unique equilibrium, as we show in Section 4.2 on long-term debt.
2.3. Social planner
We introduce a time-consistent constrained social planner into the economy who determines borrowing, but does not
directly intervene in asset markets, i.e., is constrained to take the asset price as determined by the marginal rate of substitution between assets and consumption goods. Formally, Eq. (6) serves as a constraint on the planner’s problem. This
corresponds to a setup in which the planner can choose allocations in a time-consistent manner subject to the same constraints as borrowers and with no additional instruments, in the spirit of the constrained planner setup of Stiglitz (1982).2
2
In our time-consistent setting, the planner can only change the future by affecting the endogenous state variables, i.e. by affecting how much borrowing
is carried into the next period. If the planner had the power to commit, she could lower risk premia and raise asset prices by promising agents a smoother
consumption proﬁle further in the future, thus relaxing the borrowing constraint. We do not pursue this case in the current paper.
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Fig. 2. L.h.s. of Eq. (24) depicted as solid curved line and feasible set (m) depicted by bold bars. Notes: The left-hand side of inequality (24) as a function
of w is evaluated at m = 0.5 using the planner’s policy functions for the parameter values R = 1.04, β = 0.96, γ = 2, α = 0.2, φ = 0.046 and a binomial
output process y ∈ {0.96, 1} where the lower value occurs i.i.d. with probability π = 0.05. The dashed line indicates w /R.

We could alternatively describe the planner’s optimal policy as a Markov perfect policy with a tax on borrowing. This is
because time-consistent behavior implies that the planner’s policy is only a function of the current state variables, and
since the planner takes the asset pricing decisions of private agents as given and private agents take the planner’s tax on
borrowing as given, the two are part of a Markov perfect equilibrium.
Given the level of liquid net wealth m the planner makes the consumption/savings decision of the representative borrower and determines c and w . Let us denote by c˜(m ) and p(m ) the policy functions for consumption and the collateral
price in the constrained social planner’s allocation (with tildes to differentiate them from the laissez-faire equilibrium). An
allocation c, w , p is feasible given m if it satisﬁes the conditions,

c+

w
= m,
R

(21)

w
+ φ p ≥ 0,
R

(22)

 


β E u c˜(w + y ) p˜ (w + y ) + y
p=
.
u ( c )

(23)

The ﬁrst and second equations are the budget and credit constraints respectively, whereas the third equation captures that
the equilibrium price of the asset is determined by the optimality condition for asset holdings of private agents. In a recursive equilibrium, the time-consistent constrained social planner chooses the optimal allocation rationally anticipating that
she will apply the same policy functions in the next period.
Using (21) and (23) to substitute out p and c from (22) gives a condition involving w and m,

w
+φ·
R

 


β E u c˜(w + y ) p˜ (w + y ) + y
≥ 0.
u (m − w /R )

(24)

This condition deﬁnes the set of feasible w , which we denote by (m). It is easy to see that the set (m) expands with
m since the l.h.s. of (24) increases with m. The maximum possible value of w for which this inequality is deﬁned is given
by w max = Rm, ensuring that consumption in the current period is non-negative, as captured by the denominator. The
minimum possible w ensures that consumption in the following period is non-negative, as captured by c˜(w + y ) in the
numerator. The social planner’s problem can then be written in a recursive manner,





V (m ) = max u m − w /R + β EV (y + w ).
w ∈(m )

(25)

One issue in solving this problem is that the set (m) is not in general a simple interval. The sign of variation of the
l.h.s. of (24) with respect to w is ambiguous: An increase in w raises the ﬁrst term but also raises the denominator in the
second term. This implies that the set (m) may not be connected, as illustrated by Fig. 2, which shows a typical situation
encountered in our numerical simulations. The set (m) is composed of two disconnected intervals denoted by bold black
lines labeled 1 and 2 . Intuitively, the two intervals can be interpreted as two different strategies for the planner to ensure
that the constraint (24) is satisﬁed: Within the set 1 , the planner keeps borrowing suﬃciently low (w /R suﬃciently high)
so that the constraint is satisﬁed for levels of the asset price that are typical of what is encountered in the decentralized
equilibrium. Within 2 , by contrast, the planner inﬂates the asset price by increasing borrowing (lowering w /R) to the
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point where next-period consumption c is at a very low level. In our simulations, we found that for values of φ that are
low enough to rule out multiple equilibria in the laissez-faire case, this second strategy leads to signiﬁcantly lower welfare
than the ﬁrst strategy since private agents dislike the steep drop in next-period consumption. In the remainder of our
analysis, we therefore focus on the case where φ is low enough that the social planner chooses w in 1 , i.e., the largest
connected subset of (m) containing the non-negative values of w .
This subset is an interval 1 = [w̄(m ), Rm] where w̄(m ) corresponds to point A in Fig. 2. The lower bound w̄(m ) is
negative and decreases with aggregate liquid net wealth m. Restricting the social planner’s choice set to this interval is a
reasonable assumption if φ is small. As φ decreases the l.h.s. of (24) converges to the ﬁrst term and the set (m) converges
to the interval [w̄(m ), Rm]. In the limit φ = 0 the set (m) converges to the interval [0, Rm].
Observe that we need to assume low values of φ to obtain a well-behaved equilibrium both under laissez-faire and with
the social planner. The reason, in both cases, is that high values of φ lead to powerful ﬁnancial ampliﬁcation that make the
problem of solving for the equilibrium highly non-linear. The implied diﬃculty, however, is not the same under laissez-faire
and with the social planner. Low values of φ are required to rule out multiplicity in the decentralized equilibrium. With the
social planner, the diﬃculty comes from a disconnected choice set rather than multiplicity since the social planner picks
the unique policy that maximizes welfare. When φ is low enough, the planner can also implement the optimal policy with
linear taxes without giving rise to multiplicity in the resulting competitive equilibrium under taxes.
If the social planner chooses w in the interval [w̄(m ), Rm], the collateral constraint becomes very easy to handle since
it takes the form of a simple inequality

w ≥ w̄(m ).

(26)

The collateral constraint sets an upper bound on the level of borrowing, which is an increasing function of aggregate
liquidity. When the planner chooses an allocation for which the inequality holds strictly, the asset price is given by

p̄(m ) = −w̄(m )/φ R,

(27)

which increases with m.
Conditional on the assumptions made so far we have the following result.
Proposition 1 (Constrained Social Planner). The optimum of the time-consistent constrained social planner is characterized by
˜ (· ) that are given by Eqs. (11), (12) and
three functions, c˜(· ), p˜ (· ) and λ





˜ (m ) + β RE c˜(m )−γ + φ λ
˜ (m ) p˜ (m ) ,
c˜(m )−γ = λ

(28)

where p˜ (m ) is the ﬁrst derivative of the next-period asset price with respect to next-period aggregate liquid net wealth and is
strictly positive.
Proof. The constrained social planner’s problem is to maximize the utility of the representative borrower subject to the
budget constraint w /R + c = m and, using the function p̄(m ) introduced above, to the credit constraint

w
+ φ p̄(m ) ≥ 0,
R

(29)

It is easy to see that the ﬁrst-order condition for consumption and saving is





u (c ) = λ + β RE u (c ) + φλ p̄ (m ) .

(30)

To ﬁnalize the proof of the proposition, observe that p̄(m ) = p˜ (m ) by deﬁnition whenever the collateral constraint is
binding in equilibrium. This implies that the last terms in the Euler Eqs. (28) and (30) coincide. Conversely, when the col˜ (m ) = 0 and so the last terms in the two Euler equations vanish. We conclude
lateral constraint is slack next period, λ = λ
that the two equations coincide both when the constraint is binding and when the constraint is slack. We have p˜ = p̄ > 0
because p̄(m ) = −w̄(m )/(Rφ ) is increasing in m. 
By comparing the Euler Eqs. (10) and (28), one can see that the social planner raises saving above the laissez-faire level,
strictly so if there is a risk that the collateral constraint will bind in the next period. The planner’s wedge is proportional
to the expected product of the shadow cost of the credit constraint times the derivative of the debt ceiling with respect to
wealth. The planner internalizes that increasing aggregate savings today raises tomorrow’s asset price and relaxes tomorrow’s credit constraint.
The social planner augments precautionary savings by a macroprudential component. This does not come from the fact
that the planner estimates risks better than individuals. Decentralized agents are aware of the risk of credit crunch and
maintain a certain amount of precautionary saving (they issue less debt than if this risk were absent). But they do not
internalize the contribution of their precautionary savings to reducing the systemic risk coming from the debt-asset deﬂation
spiral.
Eq. (28) illustrates that the planner’s motive is purely prudential and forward-looking. When the constraint in the current period is slack, there is no beneﬁt from relaxing the constraint. Conversely, when the credit constraint in the current
period is binding, the planner does not take any action – even though she fully internalizes how her period-t savings and
consumption choices affect the period-t asset price. The reason is that it is impossible for the planner to borrow more when
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the economy is constrained without violating the collateral constraint, and that it is not desirable to save more when the
binding constraint reﬂects that the planner would rather like to borrow more. This is the intuition behind our observation in the proof that p̄(m ) = p˜ (m ) in constrained states – the planner does not have any free decision margins when she
is constrained and just borrows the maximum amount possible, which is given by the function p̄(m ). Note that as indicated by Eq. (23), the asset price function p˜ (m ) in the planner’s allocation—both in constrained states and in unconstrained
states—differs from the asset price function p(m) under laissez faire, since for any given m, the planner will chose different
consumption allocations in the future so in general c (m ) = c˜(m ).
The planner’s Euler equation provides guidance for how the constrained optimal equilibrium can be implemented via
˜ (m ) p˜ (m )] on the righttaxes on borrowing. Decentralized borrowers undervalue the social cost of debt by the term φ E[λ
hand side of the planner’s Euler Eq. (28). The planner’s equilibrium can be implemented by a Pigouvian tax τ = τ (m ) on
borrowing that is rebated as a lump sum transfer T = −τ w /R, implying the budget constraint

c=y+w−

w
(1 − τ ) + T .
R

(31)

The Pigouvian tax that implements the social planner equilibrium is characterized in the following result.
Corollary 2 (Implementation). The optimal time-consistent policy can be implemented by imposing a Pigouvian tax on borrowing
of


β Rλ˜ (m )  
˜
τ (m ) = E φ · 
· p ( m ) ≥ 0.
u (c˜(m ) )

(32)

Proof. The tax introduces a wedge in the borrowers’ Euler equation,

  
(1 − τ )u (c ) = λ + β RE u c .

(33)

By substituting into (33), one can see that the implementation replicates the social planner’s optimum described in
Proposition 1. 
The optimal tax rate τ (m) is the expected product of three suﬃcient statistics: the collateralizability parameter, φ , the
˜  /u (c ), and the response of the asset price to additional net worth
discounted shadow cost of the binding constraint, β Rλ


next period, p˜ (m ), all of which are non-negative. We call these terms suﬃcient statistics in the spirit of Chetty (2009) because they are all that is required to determine the level of the tax rate.
The function τ (m) pins down a unique level of the tax when the ﬁnancial constraint is slack for a given m, i.e. when
λ˜ (m ) = 0. However, for all m for which the ﬁnancial constraint is binding in the current period, there is a continuum of tax
rates that all implement the same allocation. When borrowing is determined by the constraint, the Euler Eq. (33) pins down
the level of the shadow price λ for a given real allocation and tax rate. A small change in τ simply induces an adjustment in
λ but leaves the consumption allocation unaffected. By imposing λ ≥ 0 in Eq. (33), we can see that the same real allocation
is implemented for any tax rate that satisﬁes

 

β RE u c˜ (m )
τ ≤1−
.
u (c˜(m ))

(34)

In our application below, we will set the tax rate to zero whenever borrowing is determined by binding constraints, capturing that there is no need for policy intervention in those periods.
Naturally, the optimal policy can also be implemented by imposing a quantitative limit on borrowing, corresponding to

˜ (m ) = R[m − c˜(m )].
w ≥ w

(35)

3. Numerical illustration
We now turn our attention to assessing the magnitude of the externalities stemming from pecuniary externalities in the
asset price and to analyzing how they evolve over booms and busts, how they depend on the parameters of the model and
how they respond to policy intervention. We think of our model as applicable to individual sectors of an economy that use
the same types of assets as collateral and thereby impose ﬁre-sale effects on each other, e.g. households borrowing against
real estate, rather than as capturing an aggregate economy as a whole. This translates easily into the way macroprudential
policy is conducted in practice, which involves targeting individual sectors of the economy that experience overheating (see
e.g. Bank of England, 2011). In our numerical illustration, we choose the parameter values of our model economy so as to
capture selected quantitative features of the SME sector in the wake of the US crisis of 2008. We do not attempt to match
moments of an aggregate economy at the business cycle frequency.
In order to generate a persistent motive for borrowing, we assume that borrowers are impatient relative to outsiders, i.e.,

β R < 1.

(36)

For convenience we denote by d = −w /R the amount of debt issued in the current period. Furthermore, we assume that in
addition to the collateral value φ p of their asset, borrowers can also borrow an exogenous amount ψ . This may capture ﬁxed
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Table 1
Benchmark calibration.
R

1.03
0.96
2

π
α
φ
ψ

0.05
0.2
0.046
1.97
1
0.96

β
γ

yH
yL

1 crisis every 20 years
p/y, US SMEs 2008Q2
d/ p, US SMEs 20 08Q2-20 09Q2
d/p, US SMES 2008Q2
normalization
p/p, US SMEs 20 08Q2-20 09Q2

default costs or debts that do not need to be rolled over period-by-period. As a result, the collateral constraint (4) becomes

d ≤ ψ + φ p.

(37)

3.1. Parameter values
Although our model is very stylized, we attempt to calibrate it meaningfully by picking parameter values that reproduce
the decline in borrowing and in asset prices observed in certain sectors of the US economy between 2008 and 2009. Our
benchmark calibration is reported in Table 1. A period is a year. The top three variables are calibrated by reference to the
literature. The riskless real interest rate is set to 3% (one period corresponds to one year). The discount factor is set to 0.96,
a value that is low enough to induce the borrowers to borrow and expose themselves to the risk of a credit crunch. The risk
aversion parameter is equal to 2, a standard value in the literature.
We assume that the process for income is binomial: total income is high (equal to yH ) with probability 1 − π , or low
(equal to yL ) with probability π . The high state is the normal state that prevails most of the time, whereas the realization
of the low state is associated with a bust in the asset price and in credit, which occurs infrequently. Thus, we calibrate our
model by reference to rare and large events rather than real business cycle ﬂuctuations. We assume that a bust occurs once
every twenty years on average.
The other parameters are calibrated to the experience of the US small and medium enterprises (SMEs) in 2008–09.3 Calibrating the model to the household sector gives very similar results (see our working paper Jeanne and Korinek, 2010b for
further details). By contrast, we exclude the ﬁnancial sector from our analysis since φ is much higher there and would place
the sector in the region with multiple equilibria. Furthermore, we exclude the non-ﬁnancial corporate business sector since
that sector was able to increase its borrowing during the 2008 ﬁnancial crisis, suggesting that it was not subject to binding
constraints.
The share of the asset in income, α , was inferred from the ratio of the asset price to value added in the SME sector.
Abstracting from the risk of bust, the price of the asset converges to p = β /(1 − β ) · α y in the high state so that

α=

1−β p
.
β y

(38)

The ratio p/y was proxied by taking the ratio of the value of SME assets to their value added.4 Note that at 20%, our estimate
of the share of capital in the value added of SMEs is smaller than the share of capital income in total GDP, which is closer
to 30%. This may reﬂect that SMEs are less capital intensive than large corporations, or that a larger share of labor income
goes to self-employed entrepreneurs.
The two parameters in the collateral constraint, ψ and φ , were calibrated using information about SME assets and liabilities during a one-year time window centered on the peak of the crisis (the fall of 2008). The value of φ was estimated
by dividing the fall in debt by the fall in asset value between the second quarter of 2008 and the second quarter of 2009.
Analytically, this can be seen by differencing the borrowing constraint (37) to obtain

φ=

d
.
p

(39)

The resulting value for φ is lower than suggested by the microeconomic evidence on the maximum amount of collateral
asset that creditors can seize in a default. The measure of φ that is relevant for the purpose of calibrating our model,
however, is the responsiveness of the debt constraint to a fall in the price of collateral inside a given period. This could be
lower than the share of the asset that serves as collateral, for example because lenders accept temporary deviations from
3
The source is the Federal Reserve’s Flow of Funds database in 2010. The data for SMEs come from Table B.103 (Nonfarm Noncorporate Business) lines 1
and 23. The nonfarm noncorporate business sector comprises partnerships and limited liability companies, sole proprietorships and individuals who receive
rental income. This sector is often thought to be composed of small ﬁrms, although some of the partnerships included in the sector are large companies.
4
The data for national income and the value added of the noncorporate business sector are taken from the Bureau of Economic Analysis’ NIPA statistics,
Table 1.13 (annual data for 2008).
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Fig. 3. Left panel: policy functions c(m), p(m) and λ(m ); right panel: wealth dynamics around the constraint.

the collateral constraint or because debt has a maturity longer than one period and does not respond instantaneously to a
fall in the price of collateral. We investigate an extension of the model with long-term debt in Section 4.2.
1−β )
Abstracting from the risk of a bust, the ratio of debt to asset value converges to ψ /p + φ = ψ (αβ
+ φ , so that the
y
default penalty ψ can be calibrated as



αβ y d
ψ=
−φ ,
1−β p

(40)

where d/p is the ratio of debt to asset value. We proxied d/p by taking the ratio of debt to total assets for US SMEs in the
second quarter of 2008. We then applied formula (40) using the values of α and φ derived before and y = 1.
Finally, income was normalized to 1 in the high state and yL was calibrated so as to reproduce the fall in asset value
observed in the 2008-09 bust.
3.2. Results
We numerically solve the model using a variant of Carroll’s (2006) endogenous grid point method. (The details can be
found in Online Appendix B. See also Hintermaier and Koeniger, 2010, and Carroll, 2011, for similar approaches.) The lefthand panel of Fig. 3 shows the policy functions c(m), p(m) and λ(m) in the laissez-faire equilibrium for the benchmark
calibration in Table 1. The equilibrium is unconstrained if and only if wealth is larger than m̄ = −1.26. In the unconstrained
region, consumption, saving and the price of the asset are all increasing with wealth. Higher wealth raises current consumption relative to future consumption, which bids up the price of the asset.
The levels of consumption and of the asset price vary more steeply with wealth in the constrained region than in the
unconstrained region, reﬂecting the collateral multiplier. Both consumption and the asset price fall to zero when wealth is
equal to −ψ = −1.97. By contrast, saving w decreases with wealth in the constrained region. Higher wealth is associated
with an increase in the price of collateral, which relaxes the borrowing constraint on borrowers and allows them to roll
over larger debts.
The right-hand panel of Fig. 3 zooms in to the wealth level where the constraint becomes binding and indicates how
saving depends on the level of wealth, w (w ), for the two states y = yL , yH . One can obtain the curve for the low state by
shifting the curve for the high state to the right by y = yH − yL . The curves intersect the 45o line in two points, AH and AL ,
which determine the steady state levels of wealth conditional on remaining in each state, respectively denoted by wSS
and
H
wSS
. We observe that both AH and AL are on the downward-sloping branches of each curve, which means that borrowers
L
borrow to the point where they are ﬁnancially constrained in both states. Furthermore, borrowers tend to borrow more in
the high steady state than in the low steady state (wSS
< wSS
), which they can do because the price of the collateral asset is
H
L
higher.
The ﬁgure also shows the dynamics of the economy when the steady state is disturbed by a one-period fall in y. At
the time of the shock, the economy jumps up from point AH to point B, as borrowers are forced to reduce their debts by
the fall in the price of collateral.5 The dynamics are then determined by the saving function in the high state (since we
have assumed that the low state lasts only one period). The economy converges back to point AH . As it approaches AH ,
5
The price of the collateral asset falls by 12.3%, from 4.81 to 4.22. Thus the borrowing ceiling falls by φ · 0.59 ≈ 0.03, which is the distance between AH
and B.
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Fig. 4. Left panel: policy functions of decentralized agents and planner; right panel: sample path of y, c, w , p and τ under planner for 50 periods.

wealth follows oscillations of decreasing amplitude (creating what looks like a small black rectangle in the ﬁgure). There
are oscillations because saving is decreasing with wealth in the constrained regime. There is convergence because the slope
of the saving curve is larger than −1 in point AH for our benchmark calibration. This is not true for any calibration and the
equilibrium can exhibit cyclic or chaotic dynamics if φ is larger.
The left-hand panel of Fig. 4 shows how the social planner (dashed line) increases saving relative to laissez-faire (solid
line).6 The social planner saves more, implying that the economy has a higher level of wealth and it is no longer ﬁnancially
˜  (w )-line is closer to the 45o line with the social planner, implying that following
constrained in the high steady state. The w
a one-period fall in y, the economy reaccumulates debt at a lower pace than under laissez-faire. In the constrained branch,
the policy functions in the laissez-faire equilibrium and under the planner differ but are so close to each other that the
difference is not visible to the naked eye. This is because asset prices in the two allocations are very close to each other for
given w.
The right-hand panel of Fig. 4 illustrates the dynamics of the main variables of interest in the social planner equilibrium
with a stochastic simulation. The top panel shows how consumption falls at the same time as output when there is a
negative shock. Even with the social planner, consumption falls by more than income because of the fall in the price of
collateral. Consumption increases above its long-run level in the period after the shock, when the economy is unconstrained
and borrowers inherit low debt from the credit crunch. The same pattern is observed for the price of the collateral.
The bottom-right panel shows that the optimal Pigouvian tax rate is positive in the high state and zero in the low state.
The optimal tax rate in the high steady state is τHSS = 0.56%. Following Eq. (32), it is obtained as the probability of crisis
π = 0.05 times three factors, or “suﬃcient statistics:” (i) the
parameter φ = 0.046, (ii) the normalized

 collateralizability
˜ mSS /u (c ) = 0.134 and (iii) the asset price response to extra
shadow price of the binding constraint in the low state β Rλ
L





 = 18, where mSS is the borrower’s net wealth in the event that he was in the high steady state in one
net worth p˜ mSS
L
L
period and is hit by a low output shock (bust) in the following period. When borrowing is constrained, we have set the
tax to zero. Any value τ ≤ λ, including any subsidy to debt τ < 0, would result in the same allocation in that case since the
equilibrium is not determined by the Euler equation but by the binding constraint.
This optimal tax rate is not very large: it reduces borrowing by only 0.5% of GDP compared to the laissez-faire allocation.
Since busts are infrequent events, it is not desirable for a policymaker to reduce debt by too much—the planner does not attempt to completely avoid binding ﬁnancial constraints when a bust occurs. Instead, he reduces the decline in consumption
when the sector experiences a bust after a number of boom periods from −6.2% to −5.2%, and the fall in the asset price
during a bust from −12.3% to −10.3%.
Another way of interpreting the magnitude of the tax is to use a back-of-the-envelope calculation to translate it into
an equivalent capital requirement: if we approximate the cost of capital of ﬁnancial institutions by their return on equity, which was around 15% in the decade before the ﬁnancial crisis,7 and assume that this additional capital must be
held in safe assets at a return of 3%, then our Pigouvian tax of 0.56% is equivalent to an additional capital requirement of
0.56/(0.15−0.03) = 4.67%.
Note also the cyclical pattern of the tax rate in the ﬁgure: In a bust, the tax is zero, although, as we observed earlier,
the tax rate is not pinned down uniquely when the constraint is binding. However, after the bust, when the level of the
tax is uniquely deﬁned, the tax rate does not immediately go back to the long-run level because the economy temporarily

We have also veriﬁed that the social planner’s optimal savings choice always lies in what we deﬁned as interval 1 (m) in Section 2.3 above.
This data is taken from the St. Louis Fed’s FRED, series USROE (Return on Average Equity for all U.S. Banks), which is accessible at https://fred.stlouisfed.
org/series/USROE.
6
7
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Fig. 5. Optimal macroprudential tax as a function of different parameters. Top-left panel: interest rate R; top-right panel: collateralizability parameter φ ;
bottom-left panel: magnitude of bust 1 − yL ; bottom-right panel: probability of bust π .

has lower debt, which reduces the period-ahead risk of ﬁnancial ampliﬁcation. Subsequently, the tax rate increases with the
sector’s vulnerability to a new credit crunch.

3.3. Sensitivity analysis
We investigate how the optimal Pigouvian taxation depends on the parameters. The top-left panel of Fig. 5 shows how

τHSS (the steady state rate of tax in the high state) varies with the gross interest rate R. For R = 1.04, the optimal steady-state
tax in the economy is close to zero since β R ≈ 1 and borrowers accumulate a level of precautionary savings that is suﬃcient
to almost entirely avoid debt deﬂation in case of busts.
As the interest rate declines, it becomes more attractive for borrowers to borrow and the economy becomes more vulnerable to debt deﬂation in busts. Lower interest rates therefore warrant higher macro-prudential taxation to offset the
externalities that individual agents impose on the economy. This effect can be large: the optimal tax rate is multiplied by
two when the interest rate is reduced from 2% to 1%.
For R ≤ 1.026 (when the line is dashed in the ﬁgure), the level of debt accumulated by the social planner is high enough
that the economy is constrained even in the high steady state AH . As we discussed earlier, this means that the social planner
could lower the tax rate to zero as soon as the economy becomes constrained—although he could also maintain the tax rate
at the level shown by the dashed line or any level in between without changing the equilibrium. In this case, macroprudential taxation matters only in the transition: its role is to slow down the build-up of risk and ﬁnancial vulnerability after a
bust, and thus delay the transition to the constrained regime where the tax no longer matters.
The top-right panel of Fig. 5 depicts the response of the steady-state tax rate τHSS to changes in parameter φ . An increase
in φ means that the credit constraint becomes more sensitive to the price of collateral. We observe that the optimal tax
rate increases with φ . A higher φ strengthens the potential ampliﬁcation effects when the borrowing constraint becomes
binding, and requires tighter macroprudential regulation.
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The level of the parameter φ also determines whether prudential taxation is transitory or permanent. For low levels of
φ , we ﬁnd that the ampliﬁcation effects are small enough that the planner chooses a constrained equilibrium in steady state
and macroprudential taxation is only relevant in the transition from busts to booms.
The two bottom panels of Fig. 5 show how the optimal tax varies with the size and probability of the underlying shock.
The optimal tax rate is not very sensitive to those variables: it changes by less than 0.3% when the size of the income
shock varies between 0 and 10% and its probability varies between 0 and 20%. The sign of the variation is paradoxical. The
bottom-left panel shows that τHSS is increasing with yL , i.e., the optimal rate of prudential taxation is decreasing with the
size of the income shock. This result comes from the endogenous response of precautionary savings by private agents to
increased riskiness in the economy. As the size of the shock increases, borrowers raise their own precautionary savings,
which alleviates the burden on prudential taxation. The tax rate is the highest when the amplitude of the shock is the
smallest, but again, these high tax rates do not bind in equilibrium if the income shock is very small (below 2 percent).
We observe a similar pattern for the variation of the optimal tax with the probability of a shock (bottom right panel of
the ﬁgure). The optimal tax rate is decreasing with π because of the endogenous increase in private precautionary savings.
The tax is not binding (and could be set to zero in the long run) if the probability of bust falls below 3%. Prudential taxation
thus responds the most to “tail risk”, i.e., a risk that is realized with a small probability, but not so small that even the
social planner can ignore it in the long run. The long-run tax rate is binding and is at its maximum when the probability of
shock is between 3 and 5%.
4. Extensions
We discuss three extensions of the basic model. In the ﬁrst one, we assume that the indebted agents are subject to
ﬁnancial shocks that abruptly restrict their borrowing constraints. The second and third subsections expand the range of
liabilities by assuming that the borrowers can issue equity or long-term debt.
4.1. Fluctuations in creditworthiness
It has been suggested (see e.g. Jermann and Quadrini, 2012) that the recent global ﬁnancial crisis was driven more
by ﬂuctuations in the availability of credit (“ﬁnancial shocks”) than by developments in the real economy (“endowment
shocks”). In our framework, the availability of credit is a function of the parameters ψ and φ in the borrowing constraint.
We now assume that the economy may be hit by shocks that reduce ψ rather than y.
As in our previous calibration, we choose our parameter values to replicate the declines in credit and asset prices observed in the SME sector during the ﬁnancial crisis of 2008–09. Income is now deterministic and equal to y = 1. The parameter ψ H is calibrated so as to reproduce the pre-crisis debt-to-income ratio, and ψ L is calibrated to match the observed fall
in the asset price at the time of a bust. This results in a pair of values (ψL , ψH ) = (1.94, 1.97 ). The other parameters remain
the same as in Table 1.
We solve for the constrained planner’s problem in the model with credit shocks and ﬁnd that the behavior of the model
economy is very similar to the case of output shocks. Results are reported in Online Appendix A3. A planner would impose
an optimal Pigouvian tax on borrowing of τHSS = 0.61 percent if the economy has reached its steady state during a boom. In
a bust, the planner lowers the tax and slowly raises it back to its high steady-state value as the economy re-accumulates
debt.
The general magnitude of the externality—and by implication of optimal policy measures targeted at internalizing it—
therefore seems to depend not so much on the source of shocks as on the extent of ampliﬁcation when the borrowing
constraint becomes binding. The optimal policy measures in the economy are similar as long as we calibrate the model in a
way that reproduces similar frequencies and magnitudes of crisis as our benchmark model with endowment shocks.
4.2. Debt maturity
We have observed in the data that outstanding debt fell by substantially less than asset values in the US corporate
and household sectors during the ﬁnancial crisis. This implied a relatively low value of φ in the calibration. However, the
small sensitivity of outstanding debt to collateral value could be due to the fact that a substantial fraction of the debt is
medium- or long-term so that the full impact of low collateral values on outstanding debt is observed over several periods.
We capture this idea in a tractable way by generalizing the collateral constraint (4) as follows,

wt+1 − (1 − δ )wt
+ ψ + δφ pt ≥ 0.
R

(41)

The parameter δ represents the fraction of the debt principal that comes due in any given period, i.e., the inverse of the
duration of debt. The case of short-term debt corresponds to δ = 1, which gives Eq. (4). In the general case δ < 1, the
collateral constraint applies to the ﬂow of new debt issued in period t.
The dynamic behavior of the economy in case of shocks is modiﬁed: when the credit constraint binds, a unit decline in
the current asset price reduces debt only by a fraction δφ as opposed to φ in our benchmark model. This mitigates the debt
deﬂation dynamics in the economy. We present the derivation of equilibrium and the numerical solution method in Online
Appendices A.4 and B.2 respectively.
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Fig. 6. Dependence of macroprudential tax on inverse debt duration δ .

H varies with debt duration for the parameters
Fig. 6 illustrates how the optimal steady-state tax in the high state τSS
of our benchmark calibration as listed in Table 1. As we increase debt duration by moving leftwards in the graph from
δ = 1, the debt deﬂation effects that arise during binding constraints are mitigated. As a result, borrowers reduce their
precautionary savings and the externality of a given dollar of debt at ﬁrst rises. For δ ≤ 0.78, busts are suﬃciently mild that
a planner chooses not to insure against binding constraints when the steady state is reached. In this region, a planner uses
macroprudential taxation only during the transition from a bust to the next boom in order to slow down the build-up of
risk.
Another effect of higher debt duration (lower δ ) is to make the economy more resilient in the sense of admitting higher
values of φ without leading to multiple equilibria—long-term debt insulates borrowers against self-fulﬁlling panics.

4.3. Outside equity
We could assume that borrowers can sell equity rather than debt. Let us assume that the borrower can sell a claim on a
share st ≤ s̄ of total income to outsiders. This claim will be sold to outsiders at price

q=

E (y )
,
R−1

(42)

and the budget constraint of borrowers becomes

ct + at+1 pt +

wt+1
= (1 − α )yt + at ( pt + α yt ) + wt − st yt + (st+1 − st )q.
R

(43)

It is easy to see that the borrowers will always sell as much equity as possible, which is a way for them to insure
against their income risk (at no cost since outsiders do not require a risk premium on equity) and beneﬁt from the greater
patience of outsiders. Thus, st = s̄ in every period. The introduction of equity leads to a consumption boom, but the long-run
equilibrium is the same as before except that total income is reduced by the factor (1 − s̄ ). Our model is homogenous of
degree 1 in income y, aside from the borrowing constraint. In a sample simulation in which we set s̄ = .5, we found the
optimal macroprudential tax to be τHSS = 0.59%, which is very close to the level in our benchmark model (0.56%).
Although equity has better risk-sharing properties than debt, it is not used to reduce risk in the long run. Borrowers issue
equity to increase their consumption, eventually leaving them with more liabilities and the same level of debt. Allowing
borrowers to issue equity, thus, does not reduce the need for the prudential taxation of debt in the long run.
5. Related literature and ﬁnal remarks
The literature about ﬁnancial ampliﬁcation effects has considerably expanded since this paper was ﬁrst circulated
(Jeanne and Korinek, 2010b) but counts a few important contributions that pre-date the global ﬁnancial crisis. Bernanke and
Gertler (1989) and Greenwald and Stiglitz (1993) show analytically that ﬁnancial imperfections may amplify the response of
an economy to fundamental shocks. Kiyotaki and Moore (1997) investigate the scope for ampliﬁcation in a model of credit
constraints that depend on the value of collateral assets, similar to ours. Papers that study similar constraints from a positive perspective include He and Krishnamurthy (2013) and Brunnermeier and Sannikov (2014) in continuous time settings.
Carlstrom and Fuerst (1997) and Bernanke et al. (1999) present an alternative mechanism of ampliﬁcation based on endogenous changes in external ﬁnance premia. Gertler and Karadi (2011) describe models of ﬁnancial ampliﬁcation in which the
ﬁnancial sector is at the center stage.
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On the normative side, Gromb and Vayanos (2002) have pioneered the study of externalities from ﬁnancial ampliﬁcation involving asset prices. This question has given rise to a considerable body of literature in recent years. Caballero and
Krishnamurthy (20 03), Lorenzoni (20 08), Stein (2012) and Caballero and Lorenzoni (2014) have analyzed pecuniary externalities of ﬁnancial ampliﬁcation in stylized three-period models. These papers focus on distributive pecuniary externalities
that arise because changes in asset prices change the relative terms-of-trade of buyers and ﬁnancially constrained sellers
of ﬁnancial assets. As highlighted by Dávila and Korinek (2018), such distributive externalities can only be signed in very
speciﬁc circumstances.
Our paper, by contrast, considers pecuniary externalities that arise because asset prices directly enter the ﬁnancial constraints of borrowers. Our contribution is to develop and analyze the simplest possible dynamic model of consumption-based
asset pricing and collateralized borrowing and characterize the pecuniary externalities that arise. We show that in such a
setting, pecuniary externalities always gives rise to over-borrowing. We also show how a state-dependent Pigouvian tax on
borrowing or equivalent quantity regulations may induce borrowers to internalize these externalities and increase welfare.
In a related setting, Nikolov (2010) shows that, if borrowers are always suﬃciently ﬁnancially constrained, then a planner
does not reduce debt further.
Bianchi and Mendoza (2018) also analyze pecuniary externalities in a dynamic model with price-dependent collateral
constraints. As in our 2010 working paper and in this paper, they analyze a planner who takes into account that asset
prices are fully determined by the optimizing decisions of private agents. Their work focuses on a quantitative description
of a small open production economy with endogenous labor input and imported intermediate goods. This setup gives rise
to multiple pecuniary externalities and multiple different distorted decision margins that each call for policy interventions,
with potentially ambiguous signs. Our paper, by contrast, presents a model in which the optimal time-consistent policy
is easy to interpret as a macroprudential tax that is shown to be non-negative and that restricts borrowing. Furthermore,
we transparently address the potential for multiple decentralized equilibria and disconnected choice sets in the planner’s
problem in settings with price-dependent borrowing constraints. The welfare cost of the credit constraint in our framework
consists of deviations from consumption smoothing – a cost that is more generic in the sense that it mirrors the costs of
ﬁnancial ampliﬁcation in any economy with borrowers who have a concave payoff function. The optimal Pigouvian tax on
debt in our numerical illustration is somewhat lower but of the same order of magnitude as theirs, suggesting that mitigating booms and busts in consumption is, in and of itself, a signiﬁcant determinant of such taxes. Finally, our quantitative
exercise focuses on a speciﬁc sector of the economy that engages in collateralized borrowing, reﬂecting the way in which
macroprudential policy is targeted in practice in advanced countries, rather than on an aggregate small open economy.
Our model can be applied to the optimal taxation of international capital ﬂows for an open economy, similar to
Jeanne and Korinek (2010a), but it does not have a real exchange rate since there is only one good. Korinek (2010, 2018),
Bianchi (2011) and Benigno et al. (2016) analyze models in which the collateral constraint involves the real exchange rate
and characterize the optimal taxation of capital inﬂows for an emerging market economy.
Whereas our paper studies optimal macro-prudential regulation to reduce the cost of ﬁnancial crises ex-ante, Benigno
et al. (2011, 2013, 2016) and Jeanne and Korinek (2013) show that in the described models of ﬁnancial ampliﬁcation, there is
also scope for ex-post intervention in the event of binding constraints if a planner has additional policy instruments. They
show furthermore that effective ex-post interventions may allow borrowers to take on a larger quantity of debt ex-ante
by reducing the necessity for precautionary savings. In the limit, if a planner has the tools required to completely undo
binding ﬁnancial constraints, macroprudential regulation is no longer indicated. This point has also been emphasized by
Katagiri et al. (2017).
The analysis presented in this paper could be extended in several directions. First, it would be interesting to provide a
numerical analysis of the case where the sensitivity of the credit constraint to the collateral price (parameter φ ) is large
enough to produce multiple equilibria and self-fulﬁlling asset price busts. This is the relevant case to consider if one wants
to apply the model to leveraged ﬁnancial institutions in systemic liquidity crises. Policies to remove the bad equilibria,
such as coordinated rollovers or lending-in-last-resort, are likely to be appropriate. The optimal Pigouvian tax is likely to
be higher than with the calibrations that we have considered in this paper. The optimal taxation might be implemented
through the kind of countercyclical capital surcharges that are being discussed in the debates about the macroprudential
regulation of banks. Schmitt-Grohé and Uribe (2016a,c) analyze models with price-dependent borrowing constraints and
consider examples with multiple equilibria.
Another direction of enquiry would take into account the fact that asset price and credit busts might have a permanent negative effect on long-run output. The data suggest that output does not generally catch up with its pre-crisis trend
following a ﬁnancial crisis (IMF, 2009). This may be the case if the collateral constraint reduces productivity-enhancing expenditures (Ma, 2016). The welfare cost of asset price busts may be larger in this case, leading to larger welfare gains from
prudential taxation in booms, and a higher optimal Pigouvian tax level.
Finally, one would like to incorporate money to the model in order to derive insights for the debate on whether and
how credit and asset price busts interact with aggregate demand. In models of nominal stickiness, there is a separate objective for intervention deriving from aggregate demand externalities (see e.g. Farhi and Werning, 2016; Korinek and Simsek,
2016; Schmitt-Grohé and Uribe, 2016b). An interesting line of future research is to provide a fuller and more quantitative analysis of how these interact with the pecuniary externalities of asset price booms and busts that we study in this
paper.
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