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Abstract

This paper discusses a linear regression model with a mismeasured regressor in which the
measurement error is correlated with both the latent variable and the regression error. We use
a linear structure to capture the correlation between the measurement error and the latent
variable. This paper shows that the variance of the latent variable is very useful for revealing
information on the parameters which otherwise cannot be obtained with such a nonclassical
measurement error. The main result is that the finite bounds on the parameters can be found
using the variance of the latent variable, regardless of how severely the measurement error and
the regression error are correlated, if the mismeasured regressor contains enough information
on the latent one. This paper also discusses the special but interesting case of the latent
variable being dichotomous. In this case, the mean of the latent variable may even reveal
information on the correlation between the measurement error and the regression error. All
the bounds developed in the paper are tight.
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1. Introduction

The measurement error model has increasingly been a topic of interest
among researchers who want to estimate economic parameters such as the
return to schooling and the union wage differential. When a regressor is
mismeasured in a linear regression model, the least-squares estimator is generally
not consistent, but at least some information can be inferred about the true
parameters from the inconsistent estimators. These types of results are in the
form of bounds on the parameters, which will hold asymptotically. Under
the classical assumption that the measurement error is independent of
the latent regressor and the regression error, it is well known that the regressions
of x on y and y on x provide asymptotic bounds on the coefficient on x in the one-
regressor case (Gini, 1921). However, the problem is more complicated in a multi-
regressor context, and the existence of bounds is limited to certain cases. The
classical result in the area is due to Koopmans (1937), who shows that such a
generalization is possible only under very restrictive conditions. Patefield (1981) and
Klepper and Leamer (1984) present a similar result. When further information on
the measurement error distribution, such as bounds on the error variance, is
available, narrower bounds on the parameters can be found (Bekker et al., 1984).
Similar types of bounds are also discussed in Leamer (1982, 1987) and Klepper
(1988Db).

While the classical measurement error has been studied intensively, nonclassical
measurement error has drawn more and more attention from researchers in
recent decades. Bekker et al. (1987) discuss the case of errors in regressors
and the regression error being correlated. Iwata (1992) and Krasker and Pratt
(1986, 1987) show that bounds on these correlations may help find bounds on
parameters of interest. Erickson (1993) provides a neat result when the measurement
error is independent of the latent regressor but correlated with the regression
error. As for empirical evidence of the nonclassical measurement error, Rodgers et
al. (1993) suggest that the measurement error may be correlated with the
latent variable. Bound et al. (2001) also find that the assumption that the
measurement error is independent of the latent variable is strong and often
implausible.

This paper discusses a linear measurement error model in which the measurement
error is correlated with both the latent variable and the regression error. Let y denote
the dependent variable, x* denote the latent regressor and w denote the row vector of
the other regressors (excluding the constant). Let o, f and y be the intercept, the
regression coefficients of x* and w respectively, where y is a column vector with the
same dimension as w. Let u stand for the regression error. The linear regression
model is as follows:

Y=o+ px*+wy+u (1)

with E(u|x*, w) = 0. The researcher observes another variable x together with y and
w as the proxy of the latent variable x*. A critical assumption in this paper is that the
conditional mean of the measurement error v = x — x* is linear in the latent



Y. Hu / Journal of Econometrics 133 (2006) 51-70 53

regressor x*. Then,

x=p+rx*+e, )

where E(¢|x*, w) = 0. Eq. (2) implies that the measurement error v may be correlated
with the latent variable x*, and that the observed variable x may also contain a
systematic shift p.

The linear structure in Eq. (2) can be justified as follows: first, if v and x* are joint-
normally distributed and E(x|x* w) = E(x|x*), the conditional mean of v on x* is a
linear function of x*. Second, when x and x* are two 0—1 dichotomous variables, x
and x™* also satisfy Eq. (2).

The linear structure in Eq. (2) allows the correlation between the measurement
error and the latent variable. Such a correlation has received increasing attention in
the literature, especially in studies relating to earnings and wages. For example,
Angrist and Krueger (1999) compare the self-reported hourly wage in CPS with
corresponding employers’ records, and find that the variance of the log self-reported
wage is 0.355 while that of the employer-reported wage is 0.430. The fact that the
latter is larger than the former implies that the measurement error v must be
correlated with the true value x* if we assume employers’ records are accurate. This
is because the variance of the self-reported wage o, would be larger than that of the
employer-reported wage o+, if the measurement error v were uncorrelated with the
true wage x*. Eq. (2) implies that the conditional mean of the measurement error v is
linear in x*, i.e., E(v|x*,w) = p + (r — 1)x* and that ¢, >r?g «+. Therefore, we have
r<0.91 if we assume r>0. The fact that r<1 means that the measurement error in
the self-reported wage is negatively correlated with the true wage. This is also
consistent with the existing findings, such as those in Rodgers et al. (1993).

The method in Erickson (1993) is not applicable to this framework because the
latent regressor in this paper is correlated with its measurement error. It has been
shown that no informative bounds on the parameters of interest exist when
measurement error is correlated with both the latent regressor and the error of the
regression (Krasker and Pratt, 1986; Bekker et al., 1987; Erickson, 1989). Therefore,
additional information is needed to find the bounds on the parameters of interest.
Since we may observe the latent variable from other sources, the additional
information may be the variance of the latent variable. In other words, the researcher
may observe y, x and w in one data set and x* in another data set. This framework is
reasonable for several applications. For example, wages are usually mismeasured in
the survey data, while the administrative data may contain accurately measured
wages.

Other useful additional information may include the bounds on the parameter r. It
is plausible to assume the parameter r is bounded away from zero if x contains
enough information on x*. We may then assume there exists an m such that r>m > 0.
One can show r = p«1/0xy /0 Where p,.« is the correlation coefficient between x
and x*. Since oy, and 0.+ are identified, a lower bound on p,. implies a lower
bound on r. When x and x* are two 0—1 dichotomous variables, the lower bound on r
implies an upper bound on the total misclassification probability. We will show that
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this information is very useful for finding informative bounds on the parameters of
interest.

The paper is organized as follows: Section 2 derives the bounds for a
single regressor linear model. Section 3 provides the main results of the paper.
A linear model with a dichotomous latent regressor is discussed in Section 4
as an application. Section 5 concludes the paper. The appendix includes all the
proofs.

2. The single regressor model: an illustration
We consider a single regressor model in this section to illustrate how to find the

bounds on the parameters using the variance of the latent variable. The model is
formally represented by model I

y=o+px*+u, (3)
x=p+rx*+e, 4)
E(ulx™) = E(elx™) = 0, ®)
r>0, (6)

The assumption »> 0 is not restrictive because one can always use —x as the proxy of
x*. We will also assume Pxy>0. This assumption is not restrictive either, since one
can multiply the regression equation by —1 and discuss the bounds on —f instead of
f. Define

b Oxy d Oyy Oxy O xx
=—, = , pxy:—, ry = . (7)
O xx Oxy /OxxOyy O %

The bounds on the parameter of interest § can be derived as follows.

Theorem 1. Given model I, without loss of generality, assume p,,>0. Then,

1. 0<r<ry;

2. —ry\/b(d — b)y<f<r,/bd.
These bounds are tight. In the case that p,, = 0, we have

L pyru<r<ry;

2. ryb<p<r,/bd.

Proof. See the appendix. [

Theorem 1 provides bounds on the regression coefficient f and also on the
parameter r when the variance of the latent variable o+« is known. The most
important point here is that all these bounds are finite regardless of how severely the
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measurement error and the regression error are correlated. Furthermore, these
bounds are very easy to calculate.

The upper bound on f can be written as \/o,,/0.+, which can be derived
directly from the condition a,,>0. This means the variance of fx* is bounded by
that of y. And the variance of x* reveals f§ from the variation of fx*. Therefore,
we obtain a finite upper bound on f. If there are other regressors, say, w, it is
possible that the variance of fx* is larger than that of y because x* and w can be
either positively or negatively correlated. Therefore, we would expect that the
upper bound on f is larger than ./¢,,/0.« or is even infinite in a general
linear regression model. This multivariate case will be discussed in the next
section.

Theorem 1 shows that o,++ does help find the finite bounds on the parameters.
The useful variation in o, is 1. If 7 (Or 0 «) is very small given g, (or r),
then the variable x does not contain much information on the latent variable. And
the bounds on the parameters will be large in the absolute value. In the extreme case
that o+ — 0, the bounds on f approach infinity. That is the reason why we cannot
find finite bounds on f if g.«,+ is unknown. In this simple linear regression model,
|B1<+\/0yy/0x+ holds even when x does not contain any useful information, i.e.,
r = 0. That means f is always bounded. Unfortunately, this result can only be
generalized in the unlikely case of the latent variable x* being uncorrelated with
other regressors.

To compare our result with the existing ones, suppose the variance of x* is
unknown. Define x¢ = E(x|x*). We can rewrite the model as

y=0o +60x°+u, ®)

x=x°+e, 9)

where o/ = o — pf/r and 6 = 8/r. If ¢ and u are uncorrelated, it is well known that 0
can be bounded by b and d. One can show that 0 = oy, /0y so that bounds on
Oyeye (= 1?0x) can be found. But no further information on  and r can be revealed
without knowing o,+,+. If € and u are correlated, Erickson’s results show the bounds
on oy and 0. Again, no further information on f and r can be revealed if o+ is
unknown. With the variance of x* known, we can reveal r from ¢,.. The bounds on
r can be developed from those on ¢y and the bounds on f can also be derived from
those on 6.

The information on the first moments helps bound the parameter o and p but does
not help bound f and r in general. In some cases, however, we may have extra
restrictions on p or r. These restrictions may make the first moments useful to bound
B and r. This does happen when x and x* are dichotomous. In the end, the bounds
generated in this procedure are tight because there exist possible values of
unobservables to support any f or r in the feasible region, including the bounds
themselves. We will prove the tightness of the bounds in the next section, in which we
consider a general linear regression model.
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3. The general linear regression model

The single regressor model illustrates how the bounds can be developed with the
variance of the latent variable known. This section shows that there are still certain
features of the bounds which are not captured by this simple model. First of all, the
bounds on f may be infinite because of the existence of other regressors. In order to
find meaningful (or finite) bounds on 5, we introduce a known lower bound on r,
say, r=m. This assumption is meaningful because r should be bounded away from
zero if x contains enough information on x*. A similar assumption is also made in
Bollinger (1996). Second, we will show that the bounds on f can be expressed as a
function of r. Moreover, the upper bound function of  may not be monotonic in r.
This makes it more complicated to find the bounds.

Consider a linear regression model named as model II:

Y=o+ px*+wy+u, (10)
x=p+rx*+e, (11)
E(u|x*, w) = E(e|x™, w) = 0, (12)
r>0. (13)

We are interested in the bounds on f,r and y. Define 6.y, = 0y — ZXWZ;]LZWX,
Oypw = Oyy — Zywz,;izwyn Oxyw = Oxy — waz);}vvzwy and Pxyw = O'xy.w/\/m~
Redefine b = 0y.0/0xxs d = Gyy1/0xy. The values b and d can be estimated
directly from the observed data by regression of y on x, w and regression of x on y,

w. Also define

Oxx — Oxx.w

= C =P (= 02,0, (14)

O y# x*
and the two bounds functions

B(r) = b(1 + R(")r,

p(r) = b(1 — R(r)r, (15)

where

22
R0 = /pi2, — 1 /rg — (16)

The bounds on 8 and r are developed from the functions (r) and B(r). One can
show that fi(r) is always monotonic in r but (r) may not be. The upper bound on f is
found by maximizing f(r) with respect to r. The properties of the function B(r)
depend on the value of p,,,, as follows.

Lemma 2. There exists a & such that B(r) is monotone when Pryw <&, and has a unique
local maximum and a unique local minimum on r|<r<r, when p., > ¢.
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Proof. See the appendix. [

In fact, ¢ is the value of p,,,, for which B(r) has a saddlepoint. The detailed
derivation of ¢ is in the proof of Lemma 2. We also define ryax as the solution of
0B /or = 0 satisfying 0>f/dr> <0. The bounds on f and r can be found as follows.

Theorem 3. Given model I1, assume p,, >0 and r=m. Then
1. max(r;,, m)<r<r,.

The bounds on f are as follows:

. ML= — oo< ff<o0;

- Py <E and m>ri= B(m) < B< fm);

Py > € and rongx =m>ri=> f(m) < f< max{B(m), f(rmax)}:
< Py > E and m> rpa=> B(m) < < B(m).

AW N —

Furthermore, these bounds are tight. In the case that p,, = 0, we have

5.1, <r<ry;
6. r,b<p<ryd.

Proof. See the appendix. [

Theorem 3 considers a multivariate regression model, which is more applicable
than that in Theorem 1. Theorem 3 requires both the variance of the latent variable
and a meaningful lower bound on r to obtain bounds on . The bounds on r are
always finite even if m is unknown, while the bounds on f are finite only if m>r;. The
intuition of this result is that § can be finitely bounded as long as we know the
mismeasured variable x contains enough correct information on x*. These bounds
are easy to compute because the bound functions are known and well defined.

Figs. 1 and 2 provide a straightforward way to demonstrate how these bounds are
derived. In both figures, the horizontal axis stands for ff and the vertical axis stands for
r. The solid curve on the left is the graph of the lower bound function f(r) and the
dotted curve on the right is the graph of the upper bound function ,B(r) The third curve
in the figure is the graph of the implicit function (12 — r#)b — (r —Mp / r = 0. The area
to the right of the third curve implies that f and r satisfy (22— r )b (- r B/r<0,
ie., p,, <0. Since B(r) and B(r) are derived when p%, = 1, the condition pm<1 implies
that all the possible combinations of f and r lie between p(r) and B(r) in the graph.
Note that f(r) - —oo and B(r) — oo only when r — r;. Fig. 2 shows that the upper
bound function f(r) is not monotonicif p,,,, > ¢. But the bounds on f and r can still be
found in this case by maximizing f(r) with respect to r.

From Theorem 3, we have r; <r<r, in general. The lower bound is strictly positive
if x* is correlated with w. It implies that the other regressor w helps reveal certain
information about r because w is uncorrelated with the error ¢. Moreover, the
bounds on f are not finite if and only if » = r;. Therefore, we can find finite bounds
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Fig. 1. The bound functions of f with p,, <.
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Fig. 2. The bound functions of § with p,,,, >¢.

on B for any value of p2, if we know a lower bound m such that r>m>r,. If there is
no other covariate, we have r; =0, m — 0, and rpax =1,y = Pylu- The results
degenerate to those in theorem 1.

The bounds on the coefficient y on the other regressor can be obtained through the
following equation:

Y= Zy;l},vzwy - Z;‘lvzwx(ﬁ/r)' (17)
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Therefore, it is enough to find the bounds on f/r. Since f(r) and f(r) are known
functions, we can directly derive the bound functions of f8/r to obtain those of y. Let
7, ¢ and ¢ denote the jth elements of y, X! ¥,,, and X! ., respectively. Then the
jth equation in Eq. (17) can be written as

Y =q —5B/r). (18)
Without loss of generality, suppose § <0. Then bounds on 7/ are summarized in the
following theorem.

Theorem 4. Given model I, assume p,,,, >0, ;<0 and r=m. Then

1. m<r= — 00<y/ < + o0; _
2. m>r==q — 5 fm)/m<y <q — 5 P(m)/m.

These bounds are tight.

Proof. See the appendix. [

4. An application: the linear regression model with a dichotomous latent regressor

As mentioned before, one special case of the measurement error structure
satisfying Eq. (2) is that x* and x are 0-1 dichotomous variables with the following
relationship:

P(x = 1|x*,w) = (1 — g@)x™ + p(1 — x™). (19)

The constants p and ¢ are the misclassification probability. And r =1 — p — ¢ in Eq.
(2). The additional information here contains the mean of the latent dichotomous
variable and a lower bound on r. Bollinger (1996) provides bounds on the parameters of
interest based on the methodology developed by Klepper and Leamer (1984) and
Klepper (1988a). Black et al. (2000) discuss the bounds on parameters when two noisy
reports of the variable of interest are available. In these studies, the measurement errors
are assumed to be independent of the dependent variable, conditional on regressors.

The difference between this model and the general linear regression model is that
we have two extra restrictions: 1>p>0 and 1>¢>0. These restrictions imply a new
upper bound on r. Let P, = P(x = 1), P+ = P(x* = 1) and

. [1 =Py Py
rg = mln{m,Pﬁ}. (20)

It will be shown that r<r; and r; <r,. That means the restrictions on p and ¢ provide
a smaller upper bound on r. This new upper bound on r may reveal information on
0., as follows.

Lemma 5. Given model I with Eq. (19), then

1. 0<r<ry;
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2ora>pyri=>12p,2 - 1 Y
3' rdgpxyru2>1>pgu> 1_(1_p2 - ) *

' r2—r2

These bounds are tight.

Proof. See the appendix. [

Applying Theorem 1 to the dichotomous model with the additional restriction
r<ry, we have the bounds on f and r as follows.

Corollary 6. Given model I with Eq. (19), then

1. "d>ﬂxy”u: — Fun/ b(d_ b)<ﬁ<£u\/b‘da
2. ra < pyylru==> — ru\/bld — b) < B B(ra).

These bounds are tight. In the case of p,, = 0, assume ry=p,,ry. Then

1. Paylu SE<Tra;
2. rib/rdéﬁéru\/bd.

Proof. See the appendix. [

Bollinger (1996) shows the finite bounds on § when p,, = 0 and P+ is unknown.
In the following discussion, we compare Bollinger’s results with ours to show how
P, affects the bounds. It is straightforward to show that the lower bound developed
in Corollary 6 is always larger than or equal to b, the lower bound in Bollinger’s
results, since ri >ry. It takes two steps to show our upper bound ruNbd is no larger
than the upper bound in Bollinger’s results, i.e., max{dP, + b(1 — Py),d(1 — P,) +
bP.}. First, we need to find the bounds on P, since P+ is unknown. Note that
Py = 0 implies o, = Pros+. As defined before, 0 = f/r. Then, 0 is bounded by b
and d. The bounds on P, can be solved from

Oy = O Po(1 — Pys),

b<0<d,

r< min I_Px,Px
l1—Pu P

One can show that
1— P, P
S ek 0 NPy P S Q1)
(I =Py +o0y/d Pi+o,/d
Second, the upper bound on f can be solved by
A — max  [— 2 /pa. (22)

P \| Pue(1 — P
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The solution of maximization (22) subject to (21) is just the upper bound in Bollinger
(1996), i.e., ™ = max{dP, + b(l — P,),d(1 — P,) + bP,}. Therefore, the upper
bound developed in this paper is smaller because P+ is known.

The mean of the latent regressor x* plays two roles in the analysis. First, as shown
in Eq. (22), P+ helps find narrower bounds because we do not need to maximize

v Oxx/ ov++/bd with respect to P.+. Second, P+ provides a new upper bound on r,
ie., r<ry.

When there are covariates in the regression model with a latent dichotomous
regressor, we have r; <r<r, by Theorem 3. At the same time, r<r,. The intersection
of the two sets of r has to be nonempty for us to make the assumption that the mean
of the latent variable is observed consistent with the data. Therefore, we must have

r<ry. (23)

The results in Lemma 5 and Corollary 6 can be extended to a general linear
regression model with a dichotomous latent regressor by applying Theorem 3.

It is straightforward to check the above results with the real data. We consider the
case of the regression error being uncorrelated with the misclassification error so that
we can compare it with Bollinger’s bounds. Take, for example, model I. Suppose the
coefficient of x in the regression of y on x is 1, i.e., b = 1, and the reciprocal of the
coefficient of y in the regression of x on y is 4, i.e., d = 4. Let P.» = 0.3, p = 0.2 and
g = 0.6. The bounds on f suggested by this paper are [1.06, 1.83], while Bollinger’s
bounds are [1,3.22]. The result shows that the variance of the latent variable does
help find narrower bounds.

It is also necessary to discuss when the informative (or finite) bounds can be
found. As mentioned before, the bounds on f are finite if there exists an m such that
r=m>r;. The constraint r=m means an upper bound of p + ¢, i.e., p + g<1 —m. It
suggests that the sum of misclassification probabilities is less than 1. Therefore, if we
know the total misclassification probability p 4+ ¢ is not very large, we may find
informative bounds on f§ regardless of how severely the two errors are correlated. We
consider the model II. Let b,d, P,+,p and ¢ take the same values as shown above.
Suppose oyy, = 0.19." Then, r; = 0.107. Therefore, if we know an m such that
P+ g<m<0.893, we can always get finite bounds on . Suppose we know m = 0.85,
then the bounds on f are [—2.18,2.48] for any p,,.

In reality, researchers can obtain estimates of .+« and r from a validation sample.
For example, we consider the estimation of wage function with college education as a
0-1 dichotomous independent variable. If an individual has at least some college
education, this variable equals 1, otherwise it equals 0. The education level is subject
to reporting error in most survey samples. Kane et al. (1999) use a validation sample
containing self-reported data and transcript data to show the empirical joint
distribution of true education level and misreported education level (Table 1). From
this validation study, one can find that P = 0.573, p =0.1235 and ¢ = 0.0681 so
that 7 is equal to 0.8084. Therefore, one can bound the coefficient on the education
variable in the wage function. Furthermore, one may find narrower bounds on the

"Note the inequality 6> 0y, =0y — 120+ must hold.
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Table 1
Sample proportions of true and misreported education in Kane et al. (1999).
Transcript data Self-reported data

No college education College education Total
No college education 0.376 0.053 0.429
College education 0.039 0.534 0.573
Total 0.415 0.587

parameter f§ with other types of additional information on p 4 ¢ (or r). For example,
let p=¢q or p=0. Then, r = (P, — P»)/(1 — 2P\x) or r = P,/P,+. These conditions
also provide narrower bounds on f§ (Table 1).

Another example of the use of a validation sample with a continuous regressor
would be bounding the impact of earnings on consumption. When a consumption
function is estimated using a survey sample, researchers usually are worried about
the reporting error in earnings. Bound et al. (1994) use a validation sample
containing 416 observations of self-reported earnings in PSID together with
corresponding employers’ records. They provide not only the sample variance of
self-reported and true earnings, but also the sample correlation coefficient between
self-reported and true earnings. Their study shows that the sample variance of true
log earnings o+, is 0.0416, that of self-reported log earnings o, is 0.0488, and the
sample correlation coefficient between the two earnings is 0.8862. That means 7 is
equal to 0.9598, and therefore the 95% confidence interval of r is [0.9115, 1.0082]
based on its asymptotic distribution. One may then take 0.9115 as a lower bound on
r. Thus, the bounds in this paper apply even if the reporting error and the regression
error are correlated.

Bound et al. (2001) provide an excellent summary of these validation studies.
Moreover, most of those studies provide the sample variance of the true value x* and
a point or interval estimate of r, which makes the method in this paper easy to apply.

5. Conclusion

This paper discusses a linear regression model with a mismeasured regressor under
the assumption that the variance of the latent regressor is available. The main result
is that the parameters of interest can be finitely bounded with additional
information, the variance of the latent variable and an additional lower bound on
the parameter r, regardless of how severely the measurement error is correlated with
the regression error. If the regression error and the measurement error are
uncorrelated, the variance of the latent regressor helps provide narrower bounds
compared with those in the existing results. We also discuss the model with a latent
dichotomous regressor as an application of the general result. In this case, the
additional information needed includes the mean of the latent variable, and an upper
bound on the total misclassification probability. The additional information may
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lead to bounds not only on the parameters of interest, but also on the correlation
coefficient between the measurement error and the regression error. The presented

results suggest that the variance of the latent variable is very useful in solving the
nonclassical measurement error problem in the linear regression model.
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Appendix

Proof (Theorem 1). By the assumptions in model I, we have

Oyy = ﬁ2ax*x* + Cuus (24)
Oxy = Proxs + oo, (25)
Oxx = VZGx*x* + 0. (26)

The sign of p,, is the same as g,,. Then,

sign(p,,) = sign(cx, — Pro ). 27
The expression p,, = 0,/ \/0ecOm 2 leads to
pgu(o'xx - Vzo'x*x*)(o—yy - .Bzox*x*) = (O—xy - ﬁrax*x*)2~ (28)

Rearranging the terms and dividing by o2

.+, WE have

AB* + BB+ C =0, (29)
where

A= P02 =),

B = —2brﬁr,

C = bt — p? bdr’ (2 — ).
It can be shown that

B* — 4AC = 4bdryp (rs — (1 — p2)r* + (03, — pa)ral.

u

The existence of f§ requires B> —44C>0, which leads to the bounds on r for
different values of p,,. The bounds on f are derived as follows: first, let

- —B+ VB —44C —B— VB’ —44C
B(r,p;,) = Y and  B(r,p;,) = Y : (30)

>Without loss of generality, we set p,, =0 if ,, =0 or g, = 0.
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Define f(r) = f(r,1) and p(r) = B(r,1). Since p2,<1, these two functions provide
bounds on S, i.e., ,B(r)<,[3<,[3(r) One can show that fi(r) is increasing in r and B(r)
reaches its unique maximum at p,,r,. Therefore, we have B(0)<f <ﬂ(px) ry). It is
straightforward to show B(0) = —r,+/b(d — b) and ﬁ(pwru) = r,/bd.

In the case that p, =0, f = 0,,/ro=». And 0,,>0 implies o), >/3 0. These
two conditions on f§ and r lead to Pyl u<T. The condition r<r, follows from o, >0.
The bounds on f follow from the bounds on r.

Since Theorem 1 considers a special case of the model in Theorem 3, we will show
the tightness of the bounds in the proof of Theorem 3. [

Proof (Lemma 2). We consider the upper bound function f(r) = b(1 + R(r))r. The
shape of the function f(r) depends on the value of p,,,, given r; and r,. We will show
that there exists a ¢ such that S(r) is monotone when Py <&, and that B(r) has a
unique local maximum and a unique local minimum on r; <r<r, when Py >¢. In
other words, if p,, , <¢, then 0p(r)/or = 0 has no roots on r; <r<r,; if Payay > ¢ then
the function df(r)/0r = 0 has two roots; if p,, , = ¢ then the function has only one
root. From 0f(r)/or = 0, we have

1 2
——n(r) =1 + 2('7(?) +1)% (3D
\/ Pt — 1
xy.w
where
22
= |5 (32)
— r/

Since r;<r<r,, we have 5 € [0, 00) and On(r)/0r <0. The left-hand side of Eq. (31) is
a linear function of n whose slope is a strictly increasing function of p,, . (0, >0).
The right hand side of Eq. (31) is a simple quartic function strictly increasing in 7.
Given r2 and r7, the right-hand-side function is fixed while the slope of the linear
functlon on the left-hand side changes with p., . If p., is close to 1, the linear
function is so steep that it will intersect the function on the right-hand side. That
means 0f(r)/0r = 0 has two roots. If Pxyw 18 close to 0, the linear function is so ﬂat
that it will not intersect the function on the right-hand side. That means 0f(r)/0r =
has no roots. The equation 0(r)/0r = 0 has only one root if the two functions on the
two sides of Eq. (31) are tangent to each other. That means 62_/ 0r? = 0. This critical
value of p,,,, is named as ¢, wh1ch can be solved by 0f(r)/0r = 0 and 0°f(r)/0r* = 0.
Moreover, ¢ is a function of 72 and 7. O

Proof (Theorem 3). By the assumptions in model II, the second moments can be
written as

Oyy = ﬁzax*x* + V/wa”/ + 2ﬁ2x*wy + O, (33)
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Oxy = ,BO'XX* + wa"/ + T, (34)

Zwy = ﬂzwx* + wa% (35)

Oxx = VZGX*X* + O, (36)

wa = sz*w. (37)
Eliminating y from the system, we have:

Oyyw = (ﬁ/r)z(rzo-x*x* — Oxx + Oxx) + Ouus (38)

Oxyw = (ﬁ/r)(rzo-x*x* —Oxx + O'xx.w) + oz, (39)

Oxx = rzax*x* + 0. (40)
From p2, = 62,/0,:6., We can get

AR +Bf+C =0, (41)
where

A= (,,2 - V%)[(Vz - V%) + pfu(}’i - },,2)]’
B= —2b(r5 — r?)r(r2 — r]2),
C= bz(rf, — r,z)zr2 — pgubd(ri — r%)rz(ri —r).
And p,, has the same sign as o, so that
sigtp) = sian{ 07 = b~ * = H L. @)
The bounds on r are derived from the condition B> — 44C>0. The upper bound
function of f§ can be written as

- —B+ VB —44C

Brpl) = = 43)
Moreover, f(r) = B(r,1). The upper bound on f is solved by

max f(r). (44)

rzm

Since we have the specific form of B(r), the explicit solution of the maximization
problem above does exist and has a complicated and less informative form. Here we
only discuss how many maxima the function has on its domain. Note f(r,) = r,b,
p(r) = oo as r— r; and f(r) is continuous on r € (r;,r,]. The behavior of the
function fB(r) at the two end points implies that a local maximum, if any, coincides
with a local minimum. If there were two local maxima, there would be five different
values of r satisfying Eq. (41) for the same value of f. This is impossible because Eq.
(41) is a quartic function in r. Therefore, f(r) is either monotone or has a unique
local maximum and a unique local minimum. The maximum is characterized by
0B/or =0 and 0°f/0r2<0. The in-between case is defined as the unique local
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maximum and the unique local minimum being the same point. This case is
characterized by 0f/0r = 0 and 8°f/0r? = 0. The lower bound on f is much simpler
to analyze since the lower bound function f(r) is a monotonic function.

The tightness of the bounds on f is shown by finding possible values of the
unobservables r, 6,4, 0,; and ¢, which lead to a given value f* between the bounds
(including bounds themselves) in Theorem 3. Obviously, these possible values may
not be unique for a given *. It is enough to show just one possible case. We let r = 7
as follows:

o] if m<ry,

m if py,,,<¢and m>r,

m if pxy.w>€9 Fmax = 1> 17, B(1) = B(Fmax),

m if pyyyp>E5 Fmax =m>ry, B(m) < P(rmax), and B*<r,b, (43)
Fmax  Af Py > &, Fanax =m> 11, Pm) < B(rmax), and f*>r,b,
m if py,,,>¢, and m>rmax.

The first two and the last cases in the definition of 7 correspond to the same cases of
the bounds on f§ in Theorem 3. The other three cases of 7 correspond to the third case
in the theorem. The idea is to find the value of r corresponding to the bounds, which
is derived when pfu = 1. Then a value of f between the bounds corresponds to a
value of p?, in [0, 1] with the value of r fixed. From the derivation above, we have
max(r;, m)<r<r,. We then let

Ouu = Oypw — (ﬂ*/?)z(720x*x* — Oxx + Oxxn), (46)

O = Oxyw — (ﬁ*/;)(fzax*x* — Oxx + O-xx.w)s (47)
~2

Oge = Oxx — I Oxkyx. (48)

From the procedure to find the bounds, we must have ¢,, >0, 7,,>0 and 0< pfu <l1.
Therefore, we find possible values of r, .., 0, and ¢, which lead to p*. Thus, the
bounds on f§ are tight.

The tightness of the bounds on r is shown by finding possible values of f, 6., 7.
and o, which lead to a given value r* such that max(r;, m) <r*<r,. We let

Oge = Oxx — V*ZO'X*X*, (49)

where 7, >0 because r*<r,. We can easily find 6,,, 0., and  satisfying Egs. (38)
through (40). For example, we let p,, =1 and =,

B = B0, p2), (50)
Ouu = Oyyw — (E/V*)Z(V*zax*x* — Oxx + Oxxn)s (51)

Oy = Oxyw — (E/V*)(r*zax*x* — Oxx + Gxx.w)- (52)
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The derivation of the bounds guarantees that ¢,,>0 and 0u/.\/0u0s = 1.
Therefore, the bounds on r are tight. Moreover, this argument holds not only for
P = 1, but also for p,, near 1. This is because the lower bound function B(r, p2,) is
continuously differentiable in both r and p2,. Since f(r, 1) is monotonic in r, we must
have B(r, p2,) monotonic in r for p,, near 1. Thus, the above argument is also true for
P,y n€ar 1.

In Theorem 1, we have r; =0, m — 0, £ = 0 and rmax = p,, 7. The definition of ¥
can be simplified as follows:

Pty if fF>rb,
7 { ’ (53)

“\mif pr<rb,

where m is some positive number close to 0. The tightness of the bounds can be
shown in the same way as above. [

Proof (Theorem 4). From the explicit expression of f(r) and (), one can show that
B(r)/r and B(r)/r are both monotonic in r. Therefore, the bounds can be derived
directly, given the range of r. These bounds on 7 are the same as in Erickson (1993),
since model II can be transformed to resemble the model in Erickson (1993) if rx* is
considered as the latent variable and f/r is its coefficient. The tightness of the
bounds also follows the existing results. [

Proof (Lemma 5). From the first moment condition P, = p + rP, and p=0, we
have r< Py/Py. Similarly, ¢=>0 leads to r<(1 — Py)/(1 — Py+). Therefore, r<r;. As
in the proof of Theorem 1, the existence of f§ requires B> —44C>0 in Eq. (29),
which leads to the bounds on r for different values of p,,, as follows:

if P> p3,s
(54)

We can write the lower bound on r as a function of p2, say, r/(p2), as follows:
0 if p7,=>p%,
CR)

Then, the condition r/(p2,)<rys implies a range of p2,. Note that r/(p2 ) reaches its
maximum p,r, when pgu = 0. From the expression of r,(pgu), one can show that the
informative bounds (other than —1 and 1) can only be found in the case of 1y <p,,ru-
Therefore, if rqg>p, ry, then p,, € [—1.1]; if rg<p,r. then rip;)<rq implies
pr, = (1 = (1 = p3 )ra/(ry — r7)). The sign of p,, is determined by that of g, so that
we have sign(p,,) = sign(r2b — Br). Since we have explicit forms of function B(r) and
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p(r), a tedious but straightforward calculation shows that p,, must be nonnegative if
r< Pt Thus, the bounds on p7, lead to those on p,, directly.

To directly prove the tightness of the bounds on p,,, we need to find the values of
¥, B, Ou, 0y and o, which lead to a particular value of p,, between the bounds
(including the bounds themselves). For a given value p¥ , we let r =7 and = f3, as
follows:

%(pxyru—}_rd) lf rd>pxyrua
N L[ [pi, — ok .
F=1{3 %ru +ra | if rg<p,r, and p¥ <p,, (56)
— Peu
Irg if rg<p,,r,and p% >p, .,

B0 if 14> pyyry and p, >0,
B =1 B p) if rg>p,r, and p¥ <0, (57)
BT pEn) if ra<pyru.

The last two cases in the definition of 7 correspond to the second case of bounds on
P,y 1n Lemma 5. In that case, the lower bound on p,, ie.,

pr=(1—(1— piy)ri/(rﬁ — rf,))l/Z, implies that \/(P,ny — ) /(1 — pi2yr,<rq. The

key is to choose an F such that (7, p¥?) or B(F, p¥?) changes with p¥,. In fact, 7 can
take any value in (p,,r,,74) in the first case in the definition of 7, any value in

(\/ (0%, — p¥2)/(1 — pE)ry,14) in the second case, and value in (0,r,) in the third case.

The values of ¢,,, 0, and o, can be found as follows:

Oge = Oxx — 720—)(*)(*’ (58)
~2

Cuu = Oyy — f Orrys, (59)

Oy = O'xy — fffax*x*. (60)

The derivation of the bound function f(r, p2) and B(r, p?) guarantees the ,,>0,
020 and 04,/ /00 = pk,. Thus, the bounds on p,, are tight. [

Proof (Corollary 6). Since the results in Lemma 5 suggest that p2, can equal 1, we
can apply Theorem 1 to the dichotomous model with an extra restriction r<ry.
From Theorem 1, we know that (r) is an increasing function and B(r) reaches its
unique maximum at rp,x = Pylu- Therefore, if r;> Prylus the bounds do not change.
Otherwise, the upper bound has to be adjusted to f(ry).

As shown in Lemma 5, we must have p, r,<rs and = Oxy/10 s if p,, = 0.
Therefore, the bounds on f follow from the bounds on r.
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The tightness of the bounds still holds by the relevant proof of Theorem 3. The
major difference between Corollary 6 and Theorem 1 is that there is an additional
upper bound on r, i.e., r<ry. To consider the additional restriction r <ry, we need to
redefine 7 in the proof of Theorem 3 as follows:

puytu  if rg>p r, and p*>r,b,
r=q Td if rg<p,,r,and g*>r,b, 61)

sk
m) ﬂ Srubn

where m is some positive number close to 0. The tightness of the bounds can be
shown in the same way as in the proof of Theorem 3. [
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