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Oligopolistic Pricing with Sequential Consumer Search

By DALE O. StaHL IT*

N-identical stores compete by choosing prices for a homogeneous good with
constant marginal costs. Consumers search sequentially with perfect recall. Some
consumers have zero search costs, while all others have a positive search cost, c.
There is a unique symmetric Nash Equilibrium price distribution that changes
smoothly from “marginal cost pricing” to “monopoly pricing” as search cost and
population parameters change. Remarkably, as the number of stores increases, the

NE becomes more monopolistic.

This paper bridges the gap between two
starkly contrasting results of Nash Equilib-
rium (NE) price-setting for a homogeneous
good with identical costs and no capacity
constraints. If consumers can search cost-
lessly (i.e., they are fully informed of the
price set by each store), then the unique NE
is the Walrasian price (Joseph Bertrand,
1883). On the other hand, if search costs are
bounded above zero, then the unique NE is
the monopoly price (Peter Diamond, 1971).
Results for other cases do not provide a
smooth transition from the Bertrand result
to the Diamond result.

There is a rich but spotty literature on
consumer search. Most models with a finite
number of stores (for example, Avishay
Braverman, 1980; Hal Varian, 1980; Steven
Salop and Joseph Stiglitz, 1977; and Stiglitz,
1979) do not consider sequential search; in-
stead, a consumer is either fully informed or
totally ignorant of store prices. Kenneth
Burdett and Kenneth Judd (1983) consider
noisy sequential search and optimal nonse-
quential search. Louis Wilde and Allan
Schwartz (1979) consider ad hoc nonsequen-
tial search rules. John Carlson and Preston
McAfee (1983) consider sequential consumer
search from a finite number of stores, but
the search rule is based on a conjectured
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distribution of prices that is unrelated to the
equilibrium distribution. Stiglitz (1987) con-
siders optimal consumer search from a finite
number of stores with no recall. Jennifer
Reinganum (1979) and Raphael Rob (1985)
consider optimal sequential search for a
model with a continuum of stores and con-
sumers. Search costs are bounded above zero
for Reinganum; nonetheless, there is price
dispersion via nonidentical store costs. The
distribution of search costs is not bounded
above zero for Rob. However, Rob (like
Stiglitz) makes the dubious assumption that
consumers can “see”’ deviations by stores
before they actually search. This departure
from the notion of an NE is crucial to their
results. It is more reasonable to assume that
consumers know only the NF distribution of
prices upon which they base their search
rules; information about actual prices is ob-
tained only via search. The literature does
not include a proper game-theoretic study of
optimal sequential search from a finite num-
ber of identical stores with recall.!

'Burdett and Judd (1983), Richard Manning and
Peter Morgan (1982), and Morgan and Manning (1985)
consider optimal search in a broader context that in-
cludes multiple samples at one time. Newspapers and
trade magazines are often cited as a justification for
considering “parallel” search, but the parallel search
models assume that the consumer can choose the sam-
ple size, which is not the case in the examples cited.
Even after obtaining published prices (usually subject to
change without notice), an individual consumer often
must search sequentially to verify the published price,
availability, quality, style, etc. Therefore, sequential
search is a practical constraint in most situations.
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The motivation for most of this literature
seems to have been the desire for a model in
which price differences among stores could
be explained as an equilibrium result. Ac-
cordingly, these models produce mixed-
strategy NE which are interpreted as price
dispersion. No attention was given to the
gap between the Bertrand and Diamond re-
sults.

Rob’s and Stiglitz’s models also necessar-
ily exclude a mass of consumers who search
costlessly, so no consumer is ever fully in-
formed. Casual empiricism suggests that
there is a non-negligible measure of con-
sumers who seem to derive enjoyment from
shopping itself. To capture the impact of
these consumer types, our models need a
mass of costless searchers. Any model that
cannot accommodate costless searchers as
well as costly searchers is seriously deficient.

This paper considers a two-stage model in
which there are N > 2 stores who each fix a
price for a homogeneous good in the first
stage. Stores have identical constant marginal
costs of supply which, without loss of gener-
ality, we take as zero. Let F( p) denote the
NE distribution of prices. As is commonly
assumed in the literature, we assume the first
sample is free, but thereafter each sample
costs ¢'. In stage two, consumer i/ adopts an
optimal sequential search strategy given
search costs ¢' and perfect recall. When a
consumer stops searching, she purchases an
amount D( p) from the lowest-priced store
in her sample. The static nature of store-
pricing strategies is justified when the cost of
revising prices is sufficiently high as to make
it suboptimal to do so in the time it takes
consumers to search.

We assume that the revenue function,
R(p)= pD(p), is continuous and has a
unique maximum at p, and that for all
p < p, R(p) is continuously differentiable
and strictly increasing. Consumers are effec-
tively identical except for search costs about
which stores have no individual information.

We will focus on the case in which there
are two types of consumers. A proportion
p<€[0,1] of consumers have zero-search
costs; we will call these consumers ““shop-
pers.” The remaining 1—p proportion of
consumers have a common search cost ¢ > 0.
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The Bertrand result and the Diamond re-
sult obtain in our model when p=1 and
p =0, respectively. When p € (0,1), there is
no pure-strategy NE, but there is a unique
symmetric NE in mixed strategies; thus, our
model produces price dispersion. Moreover,
the NFE distribution F( p) changes continu-
ously from the degenerate distribution at the
monopoly price (Diamond) to the degener-
ate distribution at zero price (Bertrand) as p
goes from 0 to 1. Further, as the search cost
¢ tends to zero (given p <1), the NE con-
verges to the degenerate distribution at zero
price. These two properties fulfill the objec-
tive of closing the gap between the contrast-
ing Bertrand and Diamond results.

Remarkably, the NE does not converge to
the degenerate distribution at zero price as
the number of stores increases. To the con-
trary, the NE approaches the degenerate
distribution at the monopoly price. The rea-
son for this result is that as N increases, the
probability of being the lowest-priced store
decreases exponentially, thus undermining
the incentive for lowering price. In this
model, entry has a noncompetitive outcome.
With few exceptions, the literature has fo-
cused on “long-run” (free-entry) equilibria.
Robert Rosenthal (1980) shows that in Var-
ian’s model with (exogenously) informed and
uniformed consumers, the NE becomes more
monopolistic as the number of stores in-
creases. It is interesting that we obtain the
same result with endogenously informed and
uninformed consumers. Stiglitz (1987), not-
withstanding the above reservations, shows
that prices can become less competitive as
the number of firms increases.

As pricing becomes more monopolistic
with an increase in the number of stores, the
consumers with positive search costs are ob-
viously worse off. It turns out that the cost-
less shoppers are better off, so the effects on
net welfare depend on the proportion of
shoppers, u. As a robust example demon-
strates, it is possible that total surplus de-
clines monotonically in N.

Section I of this paper develops the opti-
mal consumer search strategy. Section II de-
rives the NE of prices. Section III presents
asymptotic results, and Section IV presents
local comparative statics. Section V develops
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welfare effects. Section VI concludes with a
further discussion. The Appendix contains
the formal proofs.

1. Optimal Consumer Search

For consumers with search cost ¢, contin-
ued search is profitable if the expected bene-
fits from continued search exceed the costs.
The benefits are measured by consumer sur-
plus. Given an observed price z, the benefit
of finding a price p <z is

(1) CS(p;z)Z-'[I)ZD(x) dx.

We assume that CS(0; z) <oo for all z>0.
Recalling that p is the excess of price above
marginal cost, this is an innocuous assump-
tion. To find the ex ante expected benefits,
we integrate CS(p;z) with respect to the
price distribution F( p):

(2) ECS(z)E/thS(p;z)dF(p),

where b is the lower bound of the support of
F(p).2 Let P denote the upper bound of the
support of F(p). Then, given z <P, and
integrating by parts:

(3) ECS@)EID(,,)F(,))@,

Sampling the last store is profitable if
ECS(z) > c. Clearly, ECS(z) is strictly in-
creasing for all z € [b, P), as long as D(z) >
0, which we will see holds for NE distribu-
tions F since P < p. Therefore, if there exists
an rp <P such that ECS(rg)=c, then
ECS(z)s ¢ as zSrg; that is, rp is unique.

efine rp. to be equal to this unique root of
[ESC(z)— c], if it exists, and otherwise, let
rr = + co. Then, the optimal search rule can
be stated as: search the last store if the
lowest observed price, z, is greater than “re-

*The “support” of a probability distribution is the
smallest closed set with probability one.

SEPTEMBER 1989

servation price” rg; stop and purchase from
a store with price z if z < rg; the indifferent
case (z = rg) can be specified either way.

In a symmetric NE, a consumer samples
from the same price distribution, F( p), each
time she visits a new store. In these circum-
stances, it is well-known (for example, Meir
Kohn and Steven Shavell, 1974), that when
there are K >1 stores left to search, the
optimal stopping rule is independent of K.
In other words, there exists a unique reserva-
tion price rg, as defined above, such that it is
optimal to continue search if the lowest ob-
served price is greater than r, and optimal
to stop search if the lowest observed price is
less than r,. In the event that all of the first
N —1 stores visited have prices exceeding r,
then the consumer visits the last store and
picks the store with the lowest price among
the N stores. If more than one store has the
lowest price, we assume that the consumers
are equally distributed among the lowest-
priced stores.>

For price-setting behavior, it does not
matter how we specify the indifferent case
for the consumers with ¢ > 0; however, it
does matter how we specify the indifferent
case for the consumers with ¢ = 0. Indeed, if
shoppers (consumers with ¢ = 0) stop at the
first store with price p < rp (which equals b
for shoppers), then the monopoly price is an
NE because all consumers will visit one store
only! This is not a reasonable NE in the
presence of shoppers, because at zero cost
the shoppers could visit one more store, and
this behavior will induce beneficial price
competition among the stores. Moreover, if
shoppers were prone to err slightly in their
assessment of the NE-price distribution, then
additional searches would occur and induce
price undercutting. Therefore, in the spirit
of “trembling hand perfection” (Reinhard
Selten, 1975), we assume that the shoppers
do not stop before they sample at least two

’As a matter of methodology, optimal search is an
important benchmark. On the other hand, the results
will be qualitatively unchanged if, instead, the high-
search-cost consumers had a reservation price fixed at a
constant, or equal to a monotonic transformation of the
optimal reservation price.
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prices equal to b. We will see in the next
section that the event p = b has zero proba-
bility in equilibrium. Therefore, the shoppers
(who have zero-search costs) will, with prob-
ability one, sample the prices of all N stores
and choose the lowest price.

II. Store Price-Setting

We focus on symmetric NE; from here on
we suppress the qualifier “symmetric.”* Ini-
tially, we will assume an exogenous con-
sumer reservation price r, and determine an
NE in price-setting conditional on r: let
F(p;r) denote the cumulative probability
distribution of prices adopted by each of the
N stores in such a conditional NE. This
distribution will produce a reservation price
re. Obviously, we want a consistent reserva-
tion price r* that produces an NE distribu-
tion F( p; r*), which in turn produces rp =
r*. Finding such a consistent reservation
price will be the last step in this section.

We take the number of stores, N, as ex-
ogenously fixed. It is important to character-
ize equilibrium for arbitrary N rather than
focusing exclusive attention on the long-run
free-entry case. After all, the dynamic story
behind free entry refers to profits with N
above and below the long-run equilibrium
number, N*.

LEMMA 1: Given p€(0,1), if F(p;r) is
an NE-distribution conditional on reservation
price r, then it is atomless.

The intuition for this fact is that profits
could be discretely increased by undercut-
ting atoms, so price distributions with atoms
cannot be optimal.

Let P be the maximal element of the
support of F(p;r), and let b(r) be the
minimal element of the support.

“In an asymmetric NE, the consumer’s posterior
distribution on prices will change as observations are
made. This nonstationarity makes it much more difficult
to solve for asymmetric NE, and I have not attempted
to do so.
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LEMMA 2: If F(p;r) is an NE-distribution
conditional on reservation price r, then P, =
min{r,p}.

In other words, the upper limit of the sup-
port of F( p; r) is the lesser of the monopoly
price p and the consumer reservation price
r. Intuitively, if p, > b(r), then only the ¢ > 0
type consumers will buy at p.= P, <r; but
then P, yields less revenue ti\an pi=r It
should not be surpnsmg that pricing above
the monopoly price p is never optimal. Given
a conditional NE-distribution F( p;r), con-
sumers with positive search cost always ob-
serve p, <r and hence stop with probability
one at the first store they visit. Only the
shoppers engage in real search activity.

Given Lemmas 1 and 2, it is easy to derive
the profits a store (say j) can expect when it
sets price p; < p while all other stores play
F(p;r).

@ (. F) = {ul1=Fin) "
+(1=p)/N}-R(p).

The first component is from the shoppers
and involves the probability that p; is lower
than the other N—1 prices. The second
component is the share of captured con-
sumers with positive search costs.

Definition: A distribution F( p;r) is a condi-
tional NE iff Ew( p, F) is equal to a constant
(say m) for all p in the support of F and not
greater than @ for any p. F(p;r) is a consis-
tent NE iff F is a conditional NE and r is a
consistent reservation price.

Then conditional NE-expected profits

m=En(P,F)=R(P)-(1-p)/N.
Solving Ew[p, F(p;r)l=a for F(p;r)
yields:
(5) F(p;r)

S

W (ETL
N ( Nu )(R(p)
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The density function f(p;r) is the deriva-
tive of F( p; r) with respect to p:

ORI =

R(P,) R'(p)
R(p) R(p)’

which is nonnegative on [0, P,] since R(p) is
strictly increasing for all p < p. To complete
the characterization of the F( p; r), we need
to derive the lower bound of the support,
b(r). At the lower bound, F[b(r); r]=0; so
from equation (5) and the fact that R( p) is
strictly increasing below p, b(r)is the unique
solution to

I-u

(7) R[b(r)] = [m

}R(P,).

Given the consumer reservation price r,
which defines P,, and the lower bound
defined by equation (7), the distribution
F(p;r) defined by equation (5) constitutes
an NE in price-setting conditional on reser-
vation price r. This fact can be demon-
strated with three observations. First, note
that Ex(p, F)=R(p)-QA—-p)/N<z if
P <p<r, or En(p, F)=0 if r<p.
Second, for all p <b(r), the store cap-
tures (p+(1—p)/N) of the customers, so
En(p, F) < R(b)[p + (1= p)/N]=m.
Third, for all p €[b(r), P,], by construction
of F(p;r), En(p,F)=m,and F(p;r)isa
proper probability distribution.

However, before we declare our problem
solved, we must establish that the consumer
reservation price r is consistent with F( p; r)
as defined by equations (5) and (7), or that
there exists at least one such consistent r.
Recall that r. was defined as the unique
solution to ECS(z) =c, if one exists, or oo
otherwise. Thus, a consistent reservation
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price r* < p must satisfy:

(8) H(r*;p.N,c)

= fb::)D(p)F(p; r*,u,N)dp—c=0,

where b(r*) is defined by equation (7); the
parameters (u, V) are listed among the argu-
ments of H to highlight their effect via equa-
tion (5). Note that due to Lemma 2 reserva-
tion prices at or above p might as well be
infinite from the point of view of the stores;
thus, without loss of generality, we can focus
attention exclusively on solutions in the [0, p)
interval. Observe that if H(-;pu, N,c) is
strictly increasing on [0, p), then there is
either a unique root or none at all. To ensure
this uniqueness, we can impose a further
restriction on the revenue function.

ASSUMPTION C: pR’(p)/R*(p) is de-
creasing for all p €0, p).

This restriction can be rewritten as: D”( p)
<R'(p)/p*+2[D'(p)I>/D(p); note that
the right-hand side is positive for all p e
[0, p). It is also satisfied for convex demand
functions of the form D(p)=(1- p)? for
B € (0,1). C is clearly satisfied for all con-
cave (and linear) demand functions.

LEMMA 3:
all r < p.
Hence, C is sufficient to ensure the exis-
tence of a unique root of H(r,¢) in the [0, p)
interval or none at all.
Now we formally define a consistent reser-
vation price

Given C, dH(r,c)/dr >0 for

r*, A H(r*;p,N,c)=0
and r* €0, p)
+ 00, otherwise.

(9) p(n,N.c)=

Observe that this p defines a unique distri-
bution function F(p;p), which in turn
reproduces the same p as the optimal reser-
vation price for F( p; p). Thus, we have es-
tablished our first major result.

PROPOSITION 1: F( p; p), defined by equa-
tions (5), (7), and (9) specify a consistent
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NE; further, given C, there is no other sym-
metric NE.

The structure of this NE is very similar to
that of Rosenthal (1980) and Varian (1980).
The essential difference is that their unin-
formed consumers essentially have an exoge-
nous reservation price greater than or equal
to the monopoly price, so the upper bound
of the NE distribution is always the monop-
oly price p. In contrast, the model of this
paper has the consumer reservation price
endogenously determined, and consequently
the upper bound on the NE distribution
depends on the parameters (u, N,c). This
dependency is explored in the next sections.

Before closing this section, we should note
that the Bertrand and Diamond results are
degenerate special cases. When p=0 (ie.,
no shoppers), from equation (4) Ew(p, F)
= R(p)/N, so clearly the unique NE is for
all stores to choose the monopoly price p.
When p =1, equation (4) becomes En( p, F)
= {[1—= F(p; )" '+ TYR(p), where T
stands for a complicated expression repre-
senting the probability that p is tied for the
low price. Now observe that there can be no
atoms above b(r) since a p slightly below
such an atom would avoid ties and earn
discretely more profits. But then since F
must be atomless above b(r), F(P,;r)=1,
so Em(P,F)=0, but Ew(p,F)>0 for
some p € (b(r), P,), thus contradicting the
optimality of P. Thus, F must be concen-
trated at b(r), and the usual undercutting
argument establishes that the unique NE is
for all stores to price at marginal cost (i.e.,
Zero).

II1. Asymptotic Results

We now want to explore how the parame-
ters (u, N, c) affect the consistent reservation
price, the resulting NE distribution of prices,
the lower and upper bound of the support of
this distribution, and NE-expected profits.
For convenience of notation, let

(10) B(u,N,c)=blp(p,N,c),u,N],
P,(p,N,c)=min{p(u, N,c),p},
@(pip.N,c)=F[p;p(p,N,c),p,N],
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and

m(p, N,c) =R[P,(u,N,c)]-(1—p)/N.

In this section, we will consider the asymp-
totic results as p approaches 0 or 1, as ¢
approaches 0 or increases without bound,
and as N increases without bound. To aid in
the statement of convergence results, let §( p)
denote the degenerate probability distribu-
tion with unit mass at p.

Our first asymptotic result concerns the
effect of the proportion of shoppers, u, on
the NVE.

PROPOSITION 2: (a) Asp— 0, B(r, N, c)
_’P,([.L,N,C)—)ﬁ, and @(,‘LL,N,C)—‘)
8(p); hence m(p, N,c) > R(p)/N. (b)
Conversely, as p—1,p(p, N,c) = r € (0, p),
B(p, N,c) >0 and ®(-;p, N,c) converges
weakly® to 8(0); hence m(p, N,c)— 0.

In other words, as the proportion of shop-
pers becomes vanishingly small, the entire
NE distribution converges to the monoply
price p (the Diamond result). Intuitively,
most consumers will accept a price of p, so
it is not optimal to price much lower to
attract the small number of shoppers. The
proof establishes further that for sufficiently
small p, the upper bound P, =p. As the
proportion of shoppers approaches one, the
lower bound of the support approaches zero
because more shoppers induce more cut-
throat competition. On the other hand the
upper bound does not approach zero be-
cause the costly searchers will purchase at
prices significantly above zero. Nonetheless,
the probability mass shifts toward zero, in
the sense that for any store and positive
price p, the probability that the store charges
more than p coverages to zero.

PROPOSITION 3: (a) As ¢—0, P(, N, c)
= B(n, N.c) >0, and ®(-; 4, N, ¢) - 8(0),
and w(u, N, c) — 0. (b) There is some &> 0
such that for all ¢>¢, P.(p,N,c)=p, and

>That is, for all p >0, ®(p; u, N, c) - 1: see Patrick
Billingsley (1968).
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B(u, N,c), ®(-;p, N,c), and w(u, N,c) are
constant in c.

In other words, as the search cost decreases
to zero, the entire NE distribution converges
to the degenerate distribution at zero (the
Bertrand result). Intuitively, less costly search
lowers the reservation price and hence these
consumers behave more like shoppers. Con-
versely, for ¢> [D(p)dp, which is greater
than [D(p)F(p)dp, it follows from equa-
tion (8) that there does not exist a root of
H(r;p, N,c)in [0, p), so the upper bound of
the support of the NE distribution is the
monopoly price. From then on, the NE dis-
tribution is independent of c.

Next, we explore the asymptotic effects
of N.

PROPOSITION 4: (a) There is an N’ such
that for all N> N’, P(u,N,c)=p. (b) As
N—>oo, B(u, N,c)—0, ®(-;pu,N,c) con-
verges weakly to 8( p), and =w(p, N,c) — 0.

The proof shows that all the probability
mass becomes more and more concentrated
at P.. The reason for this seemingly paradox-
ical result is that as N increases, the likeli-
hood of being the lowest-priced store de-
creases exponentially, thus undermining the
incentive to lower prices. Given this result
and equation (8), it follows that as the num-
ber of stores increases, eventually there is no
root of H(r;p, N,¢) in [0, p), so the upper
bound on the distribution becomes the
monopoly price p. Expected profits are
R(p)1—p)/N, which clearly goes to zero,
and similarly, using equation (7), the lower
bound must also approach zero.

We now address the long-run free-entry
case. Suppose there is a fixed cost k to entry.
Then, the long-run equilibrium number of
stores is the largest integer, N*(k), such that
a[p, N*(k), c] = . (By proposition 4, N*(k)
is well-defined for k > 0.)

PROPOSITION 5: N*(kx) is a decreasing
step function, and N*(x) — oo as k — 0. Con-
sequently, as k—0, ®(-;p, N*(k),c) con-
verges weakly to 8( p).

In other words, as entry costs decrease,
more stores will enter, and then Proposition
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4 tells us that pricing eventually becomes
more monopolistic!

IV. Local Comparative Statics

When H(r;u, N,c) has a root in (0, p),
we use the implicit function theorem to de-
termine the local behavior of r, 8, ®, and .
For this purpose, we derive the signs of the
partial derivatives of H with respect to
(r,p,¢). It is immediate that JH(r;pu,
N, ¢)/dc= —1. Not quite immediate, but still
straightforward, we have dH(r;u, N,c)/du
> 0. Lemma 3 established that under as-
sumption C, dH(r; n, N,c)/dr > 0.

Our first comparative statics result con-
cerns the effect of the proportion of shop-
pers, u, on the NE.

PROPOSITION 6: Given C,(a) dp(p, N,c)/
du <0 (strict inequality iff p(p, N,c) < p),
(b) dB(p, N,c)/dp<0, (c) I®(p;p, N,
¢)/0u>0 for all pe(b,P), and (d)
dn(p, N,c)/dp<0.

In other words, the NE moves continu-
ously and monotonically from the Diamond
result to the Bertrand results as the propor-
tion of consumers with zero-search costs goes
from 0 to 1. As the proportion of shoppers
increases, the entire NE distribution shifts to
lower prices: the lower and upper bounds of
the support shift down; moreover, probabil-
ity mass shifts down everywhere (i.e., the
new distribution is first-order stochastically
dominated).

PROPOSITION 7: Given C,(a) dp(p,N,¢)/
dc=0, and dB(pn, N,¢)/dc>0; (b) 3D(p;
B, N,c)/dc<0 for all p€ (b, P,); and (c)
dmw(m, N,¢)/dc =0 (all strict inequalities iff
p(p, N,c) < p).

In other words, as the search cost decreases
to zero, the NE moves continuously and
monotonically toward the Bertrand result.
Conversely, as search cost increases, the up-
per bound of the support and the probabil-
ity mass move monotonically toward the
monopoly price p. Since search costs enter
only through the consumer reservation price,
if p(u, N,¢) £ p, then the NE is unaffected
by c.
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TABLE 1 —EXAMPLE OF A CONSISTENT NE: D(p) =1— p, p = 0.5, AND ¢ = 0.05

N= 2 3 4 20 30 100 1000
P = 0.1139 0.1305 0.1471 0.2379 0.3764 0.4879 0.5000 0.5000
b= 0.0349 0.0292 0.0257 0.0168 0.0113 0.0081 0.0025 0.0003
m= 0.0252 0.0189 0.0157 0.0091 0.0059 0.0042 0.0013 0.0001
p= 0.0594 0.0754 0.0914 0.1790 0.3112 0.4163 0.4702 0.4952
L= 0.0525 0.0520 0.0512 0.0464 0.0392 0.0315 0.0126 0.0021
TCS = 0.3218 0.3148 0.3079 0.2733 0.2285 0.2005 0.1918 0.1881
TS = 0.3723 0.3715 0.3707 0.3640 0.3459 0.3269 0.3168 0.3131

We next explore the local effects of N.
Treating N as a real number instead of an
integer, we can differentiate equation (5) with
respect to V.

dF(p;r,un,N)

(11) aN

1-F

N(N-1) (NIn(1-F)+1).
Since F(b; r) = 0, the partial derivative of H
with respect to N, dH(r; p, N,c)/dN, is just
the integral with respect to p €[b, P,] of
D(p)-dF(p,r,pu, N)/IN. From equation
(11), note that JF/dIN=0 at p=r, and
dF/AN=1/[N(N—-1)]>0at p=b; dF/IN
is positive up to the p’, where F (p’)=1—
exp(—1/N); and 9dF/dN is negative be-
tween this p’ and r. If the interval (b, p’) is
not too large relative to the (p’, r) interval,
then a reasonable conjecture is

Hypothesis HN.
dH(r;pu,N,c)/dN <0.

So far, a proof of this hypothesis for general
demand functions has eluded me. However,
I do have a proof for constant demand
(available from the author upon request),
and I have numerically verified this hypothe-
sis for linear demand functions and a variety
of other demand functions. On the other
hand, for any admissible demand function,
HN will be satisfied when there are suffi-
ciently many stores.

LEMMA 4: There is an N’ such that for all
N> N’, HN is satisfied.

PROPOSITION 8: (a) Under hypothesis HN
and C, dp(p, N, ¢)/dIN >0 (whenever p(u,
N, ¢) < p), and (b) under hypothesis HN
and C, and/or whenever p(p, N,c)=o0,
d®(p;u, N,c)/IN <0 for all p between p’
and P.(p, N, ¢).

Thus, under hypothesis HN and assumption
C, p(p, N,c) will increase monotonically
with N until there ceases to be a root of
H(r;u, N,c) in the range [0, p) at which
time p(u, N,c¢) is defined as + oo and
P.(u, N,c) = p. Moreover, since F(P,)=1,
the probability density function at the upper
bound P,.(p, N, c¢) must also increase indefi-
nitely as N increases. This local effect is
consistent with the asymptotic result (Pro-
position 4) that for large N, P.(u, N,c)=p
and the distribution converges to §(p). It
also follows that the mean price, p = [pdF,
will also increase with the number of stores.

Table 1 shows results for the canonical
linear demand function D(p)=1- p. Fig-
ure 1 displays the density function plotted
on [b, P.] for selected values of N; it shows
how probability mass is shifted toward P, as
N increases.

To investigate the total effect of N on the
lower bound, B(u, N, ¢), we apply the chain
rule to equation (7) to derive that

a ,N,c
(12) sign(-g(—‘;——ﬁ———))
L B _R(P)
TN TY (V- R(P)

ap(u,N,C))
X —— .
IN
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f(p;p,u.N)

b P Py

FIGURE 1. DENsSITY FUNCTION FOR:
D(p)=1- p, u=05, AND ¢=0.05

Observe that when either P, equals the
monopoly price, or marginal revenue is arbi-
trarily close to zero, the second term is negli-
gible, so dB(u, N, ¢)/dN < 0. Thus, recalling
Proposition 4, for sufficiently large N,
dB(u, N,c)/dN < 0.° For constant demand,
linear demand, and a variety of other cases, I
have numerically verified that the sequence
of B(u, N, ¢) generated by the integers N > 2
is strictly decreasing, given any p € (0,1) and
¢ > 0 (for example, see Table 1). Thus, for a
wide class of demand specifications, as the
number of stores increases, competition in-
duces stores to consider low prices (so 8
decreases), but the probability of being the
lowest-priced store decreases thereby dis-
couraging the stores from putting much
probability mass on these low prices; in-
stead, they put more probability mass at the
higher prices. Unfortunately, a proof that
dB(p, N.¢)/dN <0 in general has eluded
me.

Similarly, one would expect the total effect
of N on expected profits to be negative. For
constant demand, linear demand, and a va-
riety of other cases, I have numerically

®Note that HN is not required; indeed, if HN does
not hold, then dp/dN <0, so dB/IN <0. Also recall
from Propositions 2 and 3 that for small g and/or large
¢, P_is close to p, so we would have d8/dN <O0.
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verified that the sequence of 7 (u, N, c) gen-
erated by the integers N > 2 is indeed de-
creasing, given any p€(0,1), and ¢>0.
While a general proof that d=(u, N,c)/
dN < 0 has eluded me, the behavior of prof-
its and the lower bound are closely linked via
equation (7).

LEMMA 5: If dB8(u, N,c)/dN <0, then
dm(p, N,¢)/dN < 0.

It would be desirable to have a more
definitive general result on the local effect of
the number of stores on expected profits and
the lower bound of the NE-price distribu-
tion. Nonetheless, given any specific demand
function, the NE can be explicitly computed
via equations (5), (7), and (9), and these
effects will be manifest.

V. Welfare Analysis

We have characterized the NE distribu-
tion of prices and how it depends on the
parameters, but what is the ultimate impact
on social welfare? In cases where pricing
becomes more monopolistic, clearly the posi-
tive-search-cost consumers suffer. On the
other hand, if the lower bound of the sup-
port decreases, then perhaps the shoppers
are benefiting. Given consumer surplus as
our measure of welfare, we can compute the
expected consumer surplus, the expected
producer surplus, and the expected total sur-
plus.

First, we characterize the price that the
shoppers expect to receive, having gone to
the trouble of sampling all N stores. The
cumulative distribution function of the low-
est price of N samples from the price distri-
bution F(p;p)is

(13) G(p)=1-[1-F(p;p)]"

[R(®) [R(R)=R(p)] 5
R(p) [R(P,)~ R(b)]

The second expression follows by substitu-
tion from equations (5) and (7); clearly,
G(P,)=1 and G(b)=0. Let L(p, N,c) de-
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note the expectation of the lowest price.
Then,

(14) L(u,N,c)=b+fb”'[1—G<p)1 dp.

Recalling the asymptotic and comparative
statics results of Sections IV and V, as the
proportion of shoppers, p, goes from 0 to 1,
the NE goes from having all mass at the
monopoly price p to having all mass at zero;
hence, L(u, N,c) goes continuously from j
to 0. Similarly, as the search cost approaches
zero, L(p, N,c) — 0.

It is also straightforward to verify that as
the number of stores grows without bound,
L(p, N,c) — 0 also. Thus, while consumers
with high search costs suffer because the
mean price they face is close to the monopoly
price, the shoppers benefit from more stores
because the mean price they face is close to
zero. The total effect would appear to de-
pend on the proportion of shoppers.

Using consumer surplus as our welfare
measure and taking the monopoly price
as our benchmark, the consumer surplus
of the positive-search-cost consumers is
{CS(p; p)dF(p), and for the shoppers it
is [CS(p; p)dG( p), where the integration is
over [b, P.]. It is convenient to define G( p)
=uG(p)+(Q—p)F(p). Then, using equa-
tion (1) and integrating by parts, total ex-
pected consumer surplus is

(15) TCS=CS(P,;p)
P, A
+ ["D(p)G(p) dp.
b
Producer surplus from the positive-

search-cost consumers is just [R(p)dF(p),
and from the shoppers it is [R(p)dG(p).
Then total expected producer surplus is

(16) TPS= R(P,)—LP'Rf(p)é<p)dp,

which is also equal to N7 = (1— p)R(P,).
Finally, total expected surplus is just the
sum of expected consumer surplus and pro-
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ducer surplus:

(17) TS=CS(P; P)+R(P,)

—fhp’pD’(p)(f(p)dn

Of course, the efficient outcome (Bertrand)
would have 7PS =0 and TS =TCS =
CS(0; p) the maximum possible. Observing
that dG/dP, <0, and 9G/db <0, it fol-
lows that anything that decreases P, (or b)
will increase both TCS and TS and decrease
TPS. Thus, not surprisingly, increasing the
proportion of shoppers or lowering search
costs, will unambiguously increase social
welfare. The effect of the number of stores is
less transparent.

The behavior of TCS as a function of
N depends on 6p/8N (Proposition 8) and
4G /N, which in turn depends on dF/dN
equatlon (11). TPS is 1ncreasmg in N until
P, = p, after which TPS is constant. TS de-
pends on the integral of pD’(p)dG/dN,
which is difficult to analyze. While a gener-
al result has not been derived, given any
specific demand function and parameters
(p, N,c), the NE and the above surplus
measures can be computed. Table 1 shows
these results for linear demand when p =5,
and ¢=0.05 (10 percent of p). Despite the
relatively large proportion of shoppers, TCS
and TS decline monotonically in N. (Indeed,
given p<0.7, TCS and TS decline mono-
tonically in N). It appears that with N =2,
shoppers can already expect to find a very
low price, so there is not much more to gain
from further entry, but the positive-search-
cost consumers suffer from entry. While this
remarkable result is not a general theorem,
the point is that it is easy to construct rea-
sonable, robust examples in which social
welfare declines with entry!

VI. Discussion

This paper has provided a bridge between
the contrasting Bertrand and Diamond re-
sults. As the proportion of shoppers goes
from 1 to 0, the NE changes continuously
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from the Bertrand NE to the Diamond NE.’
As the cost of search goes to zero, the NE
converges to the Bertrand NE. Remarkably,
as the number of stores increases, the NE
moves toward the Diamond NE. The reason
for the latter result is that with more stores,
the probability of being the lowest-priced
store decreases exponentially, thus lowering
the expected gain from low prices relative to
the profits from the captive consumers with
high search costs. Consequently, entry dis-
courages more competitive pricing, and in-
stead leads to more monopolistic pricing. On
the other hand, the shoppers benefit from
having more stores. The effects on total so-
cial welfare depend on demand specifica-
tions, but for a robust class of reasonable
examples total surplus declines monotoni-
cally with entry.

The uniqueness of the NE as well as the
local comparative statics results rested on
Assumption C. Since C is a sufficient but
not necessary condition, these results hold
for a wider (yet to be characterized) class of
demand functions. The local effect of the
number of stores also depends on the de-
mand function, but a characterization of this
effect in terms of the properties of the de-
mand function has not been derived (other
than for linear and constant demand func-
tions). Another shortcoming is that the effect
of N on the lower bound of prices and
expected profits has so far eluded analytic
determination. Nonetheless, for any specific
demand function, the NE is computable,
and all the effects will be manifest.

"This smooth transition between the Bertrand and
Diamond results depends crucially on the shoppers
having zero-search costs. If, instead, there are two types
of consumers with search costs ¢, > ¢; > 0 respectively,
the Diamond result would prevail. It would be desirable
to have a smooth transition as ¢; = 0. One way to
obtain such a result is to consider e-perfect NE. Specif-
ically, suppose consumers compute their reservation
price with some error. Given e, for ¢, sufficiently small,
there is positive probability that the ¢, types have a
reservation price below b, which induces price-cutting
by the stores. The resulting e-perfect NE will be similar
to the one derived in this paper and, in addition, will
depend continuously on ¢;.
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It would be desirable to extend this model
in several ways. First, the model should be
extended to permit more general distribu-
tions of search costs. Second, the model could
be modified to permit a positive cost to
second visits; consumers would have perfect
recall but would incur some cost to return to
a store. This modification will alter the reser-
vation prices of consumers. Third, it would
be interesting to know if there are any asym-
metric NE.

In terms of the store specifications, the
model could be modified to permit increas-
ing marginal costs, fixed costs, capacity con-
straints, and heterogeneous marginal costs.
These modifications would permit the study
of the robustness of various results in the
literature to the Bertrand assumption (For
example, David Kreps and Jose Scheinkman,
1983, and Stahl, 1988).

Last, but not least, we have allowed con-
sumers to act over a time, but we have
required stores to adopt a static strategy.
The defense of this assumption was that the
cost of revising prices makes it suboptimal to
do so in the time it takes consumers to
search. On the other hand, it may be inter-
esting to investigate a dynamic model in
which stores could choose time-dependent
pricing strategies.

APPENDIX

PROOF OF LEMMA 1:

See Varian (1980), Proposition 3. (Varian’s proof
assumes the shoppers have sampled all N stores. Never-
theless, his argument is valid if the shoppers have sam-
pled at least two stores. Specifically, to show there can
be no atom at p’, it is enough to observe that if
shoppers sample at least two stores with p = p’, then by
undercutting an atom at p’, a store will discretely
increase its share of shoppers.)

PROOF OF LEMMA 2:

Lemma 1 implies that b(r) < P,, and no shoppers
stop at any p > b. Then, if P, <min(r, p), by charging
p slightly above P,, the store will lose no non-shoppers
and gain revenue. Therefore, this p dominates P, a
contradiction; hence, P, > min(r, p). Suppose r < p and
r<P,. For p=P, the store “captures” no consumers
—that is, all consumers leave and search again, and no
consumer will return because 1— F(P.)=0. On the
other hand, p=r will at least capture 1/N of the
non-shoppers, which gives positive profits, a contradic-
tion. The remaining case has p < P, < r. Since p is the
unique maximum of R(p), En(p, F) is strictly decreas-
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ing for p> p, implying that P, > p is suboptimal
Therefore, P, = min{r, p}. O

PROOF OF LEMMA 3:

Given r < p, from equation (8), dH(r; p, N,¢)/dr=
D(ry+ [y D(x)-(dF/dr)dx. Now by differentiating
equation (5) with respect to r, and using equation (6),
we find that

D(x)dF/r rR'(r)/R*(r)
D(r)dF/dx  xR’(x)/R*(x)’

which, given C, lies in the interval (—1,0) for all x <r.
Therefore, dH/dr > D(r)[1— [J(IF/dx)dx]=0.

PROOF OF PROPOSITION 2:

(a) Since 1—p/[1+(N-1p}—-1 as p—0, from
equation (7), B(p, N,¢) > P.. Then H(r;p, N,¢c) > —¢
< 0. Therefore, for sufficiently small p, p(p, N, ¢) does
not have a root in [0, ), implying that P (u, N,c) = p.
Clearly, @(n, N,c) = R(p)/N. (b) From equation (7),
as u =1, B(u, N,c) = 0. Note that p(u, N, ¢) is contin-
uous in p (for example, see the proof of Proposition
5(a)). Suppose p(p, N,c) = 0; but then H(r) - — ¢ <0,
a contradiction. Therefore, p(u, N,c) = r>0.Let p=1
—1/t. Then for any pe(0,r], 1- F(p,r,1-1/
t, M)W '={R(r)/R(p)—11/N(t—1) >0 as 1 — o0,
implying that @( p; p, N, ¢) = 1. Clearly, #(g, N,c) — 0.

[m]

PROOF OF PROPOSITION 3:

(a) Suppose to the contrary that as ¢ = 0, P.(g, N,¢)
— P*> 0; but then H(r; p, N, ¢) > 0, since by equation
(7 B(p,N,c¢) <P, (u, N,c), which is a contradiction.
Clearly, 7(p, N,c) = 0. (b) Suppose to the contrary
that for all ¢> 0, p(p, N,¢) < p; but H(rip, N,c) is
bounded above (by say K), so for ¢> K, we have a
contradiction. m]

PROOF OF PROPOSITION 4:

(a) Suppose to the contrary that for all N, p(p, N, ¢)
< p; thatis, H(r; p, N, c¢) has a root in [0, p) for all N.
Let r be a limit point of p(p, N,c¢) as N—oo. For
a € (0, r}, choose p < r — a. Note that F(p; r,u, N) has
the form 1—(wy/N)V/¥~1 where w,, is determined
by (p, P.n,p), and is bounded above zero. It follows
that then F(p;r,p, N)—= 0as N — co. Therefore, given
a and any &> 0, there exists an N,, such that for all
N>N,, F(pir,u,N)<e for all p<r—a Thus,

ag?

H(rip, Nyo) <

frD(X)F(X:",;L,N)dX—C
0

< r*ﬂD(x)sdx+fr D(x)dx—c¢
b(r) r—-a
<eCS(r)+aD(r—a)—c.

First, observe that if r =0, so a= 0 is our only choice,
then the above inequalities still hold, so by choice of e
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we would have H(r; p, N, c) <0, a contradiction; hence
r> 0. Second, given r > 0, for sufficiently large N, we
would again have H(r;p,N,c) <0, a contradiction.
Therefore, for sufficiently large N, H(r;p,N,c) ceases
to have a root in [0, p), implying that P, = p. (b) In
addition, taking any a € (0, r], we have shown that for
all p< P, ®(p;p, N,c)— 0. Next, given N sufficiently
large so P.= p, @(p, N,¢)=(1—-p)R(p)/N—0, and
from equation (7) R[B(p, N, ¢)]={N/[1+(N -1Dpul}
-a(p, N,c¢) = 0; hence, we must have B(u, N,c¢) - 0 as
well. O

PROOF OF PROPOSITION 5:

Define n(k)={x€XR|x >x’ for all x’ such that
m(p, x’,c) >k }; that is, the optimal industry size when
not confined to be an integer. Now observe that we
must have d7/dx <0 at . If dm/dx <0, then dn/dk
< 0. Suppose instead that dm/dx =0, and consider a
decrease in k; it must be that 5 increases. Therefore,
dn/dk = — oo. In any event, dn/dx < 0; in other words,
n(k) is a strictly decreasing function. But then N*(x) is
the unique decreasing step function characterized by the
largest integer not exceeding n(x). Next, consider a
monotonic sequence of positive k — 0. If for all k>0,
1(x) < N’ for some N’ <oo, then for k sufficiently
small, #[p,n(k),c]>7(p,N’,¢)/2>0. However, by
Proposition 4, limy _, m(p, N,¢) =0, so for « suffi-
ciently small, there is some N’ > N’> 5(x) that is
feasible, which contradicts the definition of 7n(-). There-
fore, n(k) = co as k = 0; consequently, N*(x) = oo as
k — 0. Now weak convergence of ®[-,u, N*(x), ¢] fol-
lows directly from Proposition 4. O

PROOF OF PROPOSITION 6:

(a) From equations (5) and (8), dH(r;p, N,¢)/
dp > 0. Thus, from Lemma 3 and the implicit func-
tion theorem, dp(p, N,¢)/dp<0. pm(p, N,c¢)/dp<0.
(b) From equation (7), db(r, p, N)/dr>0> db(r, p,
N)/du. Using the chain rule: dB(u, N, ¢)/du = (db(r,
B, N)/ar)(ap(“’ ch)/a”')_i_ ab(rv“» N)/a“’ <0. (C)
In the proof of Lemma 3, we saw that dF(p;r,p, N)/
dr < 0. From equation (5), dF(p; r,pu, N)/dp > 0. Then
using the chain rule: Jd®(p; p, N,c)/dp =
[OF(p;r,p, N)/3r}-[dp(p, N,c)/du] + OF(p;r,p,
N)/dp <0. (d) From equation (10), d=(p, N,c)/dp =
—R(P,)/N+ R'(P,)(3p/dp)-(1- )/ N <O. O

PROOF OF PROPOSITION 7:

Clearly, if p> p, then ¢ has no effect; so sup-
pose p< p. (a) From equation (8), dH(r;pn, N,c)/
dc¢=—1; thus, using Lemma 3 and the implicit func-
tion theorem, dp(p, N,c)/dc¢>0. (b) From equation
(7), db(r, p, N)/dr>0=3db(r, n, N)/dc; thus, IB(u,
N, ¢)/dc=(3b/dr)-(dp/dc)>0. (¢) From equation
(5), dF(p; r, un,N)/dr<0=3dF(p;r,p, N)/dc; thus,
IP(p;pu,N,c)/dc=(dF/dr)-(dp/dc)>0. (d) From
equation (10), d=(u, N,c¢)/dc=R’(P.)-(dn/dc)-(1—
r)/N>0. ]

PROOF OF LEMMA 4:

Let Y(p,N)= F(p, N)+exp(—1/N)—1, which
equals 0 at p’. Note that dY/dp=dF/dp>0, and
dY/dN=(1/N?)exp(—1/N)— dF/3N, which is posi-
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tive at p’ since gF/9N =0 at p’ (by definition of p”). Competition Yield Cournot Outcomes,

Hence, by the 1{np113t function theorem, dp /dN <0. Bell Journal of Economics, Autumn 1983

But suppose p’— p’>b. For large N there is a

constant w such that, 1— F(p’) = exp{ln(w/N)- 14, 326-37.

[1/(N—1)]} which is strictly less than exp(—1/N), =+ Manning, Richard and Morgan, Peter, “Search

contradicting the definition of p’. Hence, p’ — b, so and Consumer Theory,” Review of Eco-

limy _, (dH/IN)=— a<0. Therefore, there is an N’ : ; : _

such that for all N> N’, dH/IN < —a /2 <0. ] nomic Studies, April ,1982’, 49, 20‘9 16,'
Morgan, Peter and Manning, Richard, “Optimal

PROOF OF PROPOSITION 8: Search,” Econometrica, July 1985, 353,

(a) Using HN, Lemma 3, and the implicit function 923-44,

theorem, dp(p, N,¢)/dN > 0. (b) Using the chain rule: i i “ 1
BB p 1 ot JIN = (3F/iry- (G0 IN + SF/IN. Reinganum, Jennifer F., “A Simple Model of

Given (a). the first ter Equilibrium Price Dispersion,” Journal

(P where Fpy o1 oL, f,’!"‘s’ecﬁrj of Political Economy, August 1979, 87,

term is negative also. 851-58.

Rob, Raphael, “Equilibrium Price Distribu-
tions,” Review of Economic Studies July
1985, 52, 457-504.

PROOF OF LEMMA 5:
From equation (10),

dm(w. N. ¢)/IN = — R(b)(1— 2 Rosenthal, Robert W., “A Model in Which an
7k )/ (O)A-w)/N Increase in the Number of Sellers Leads to
+(8B/IN)-R'(b)-[1+ (N ~1)u]/N. a Higher Price,” Econometrica, September

1980, 48, 1575-79.
The first term is negative, and by the premise of this =+ Salop, Steven C. and Stiglitz, Joseph E.,
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